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Numerical simulation of 2D compressible
heat-driven cornvection

By K. V. Parchevskyy

1. Introduction

We study the properties of heat-driven compressibleturbulent convection. Two prob-
lems were considered.The rst concernsan industrial application: numerical simulation
of the sedimenation of a polydisperse suspension in a cornvectively unstable medium
using a perfect gas equation of state. It is shawvn that corvection acts as a size lter,
separating particles into settled and suspendedfractions with respect to particle radius.
Heat driven cornvection can thus be used for separation of suspensionswith a cut-o®
particle radius depending on the temperature di®erenceonly.

The secondproblem concernsthe large scalenumerical simulation of compressiblecon-
vection in the solar corvection zone.Here the 2D compressiblehydrodynamic equations
were solved by an explicit MacCormadk scheme. An equation of state including real-gas
e®ectgthe OPAL equation of state) wasused.Large dynamical structures were obsened
in the simulation which can beidentied with solar supergranulation. A power spectrum
of g-mode solar oscillations, excited by turbulent corvection, was also obtained.

Convection plays an important role in many elds of applied physics as well as in
industry. The rst part of this work is dewted to studying sedimernation of a polydis-
persesuspensionin a corvectively unstable medium. Many technological processeaise
sedimenation for sizeseparation of the particles in suspension.Thus, the settling behav-
ior of polydispersesuspensionsis a matter of great importance. Furthermore, very often
the particles are settling in a non-static medium. In industrial applications unwelcome
motions of the medium can sometimesbe reduced, but in many casesthe motion is sig-
ni cant and must be taken into account. This motion may have a preferred direction, as
in a pipe °ow; in other casesthere is no preferred direction, asin the caseof thermal
convection. Since, if we do not make special e®ortsto stabilize the temperature, convec-
tion arisesalmost everywhere, knowledge of convective in°uences on the sedimenation
processwould be extremely important.

The secondpart of this work is a 2D numerical simulation of large scalecompressible
corvection in the solar convection zone. Convection is one of two main medanisms of
energytransport in the Sun, the other being radiation. The dynamics of the convection
zonedeterminessud global phenomenaas di®erertial rotation, the solar dynamo, exci-
tation of 5-min. solar oscillations, granulation, and supergranulation. On the surface of
the Sun corvection appearsas the granulation network. Using local correlation tracking
methods one can map the horizontal velocities. Supergranules can be seenon such a
map; without sud processingthe supergranulation pattern is smoothed by the move-
mernts of individual granules. The aim of this researd is to simulate solar convection in a
spatial region containing many granulesin order to study granule evolution in time and
to deducethe supergranulation pattern using the movemerts of separategranules. Our
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simulations were designedto answer the following important question in solar physics:
Is supergrarulation a surface phenomenon,or it is causedby the deep subphotospheric
structure of the secondhelium ionization zone?In order to include the e®ectsof helium
ionization, the OPAL equation-of-state tables were usedto calculate the thermodynamic
state.

2. Governing hydrodynamic equations

Two dimensional viscouscompressiblecorvection is simulated by solution of the com-
pressibleNavier-Stokesequations. We write the equationsin terms of dimensionlessvari-
ables
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whereR is the gasconstart. Subscript O indicatesthat the valuesare thosein a reference
state, taken to be the state at the top boundary.
DimensionlessparametersRe, P, and F,, given by the following expressions

Yeagl Ic 2

= 2do o P = _p; Fr2 = i

1 . gL
represen Reynolds, Prandtl, and squared Froude numbers respectively, where ! is the
viscosity, - is the thermal conductivity, g is the gravitational acceleration,a is the speed

of sound, and L is the characteristic size of the computational region.
The equationsto be solved are
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where ¢; is the viscousstresstensor
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The rate of heat transfer is written in accordancewith Fourier's law
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In the caseof an ideal gas,p » %T, the pressurep can be expressedn terms of the total
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energy per volume unit E asfollows
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where ° = ¢,=¢, is the adiabatic exponert, Y4is the density, and u and v are the x and
y velocity componerts. In our solar convection simulation p is calculated from a real-gas
equation of state through interpolation in the OPAL tables.

At the Reynoldsnumbers characterizing the solar convection zone,the °ow will be tur-
bulent. A turbulent viscosity 1 and a turbulent thermal conductivity - ; are introduced
to approximate the e®ectsof turbulence:
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where ¢ is the mixing length and P, is the turbulent Prandtl number (P;; = 0:9 for
air). Sincewe want to accourt for subgrid turbulence, ¢ represens a characteristic grid
cell size, and we take ¢ 2 = ¢ x¢y. To add turbulence to the dimensionlessequations
(2.1) the following changesare made:
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where C = 0:2 is an empirical dimensionlessconstart.
The governing equations are written in divergenceform and can be expressedas a
single vector equation:
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The vector of dependert variable q = (%%u¥%VE)T. An explicit MacCormadk scheme
is directly applied to Eq. (2.2) asfollows:
Predictor step:

+S=0 (2.2)

jo N+ 1,
k- Ny,

O'j'Nx . O'j'Nx

] ¢t ¢t
Ojk = Ok i ¢_X(an+l;ki Flw)i ¢_y(Gjn:k+1i Gix)i CtSy
: k0. k- Ny+1' 0- k- N,

0
Fla s g

Corrector step:

1 A €t o . .
A% =5 Akt Wi gy (Pl Fiiud i gy(Glii Gl 1) i €S
0- J Nxi 1.
1. k- Nyj1°

1'j'in1. 1'j'in1

Fii 0- k- Nyj 1’ 1-k-Nyj1

a .
i Gi;k'

This scheme has secondorder accuracyin both spaceand time.
Convection is driven by the temperature gradient betweenthe top and bottom bound-
aries. Dirichlet boundary conditions are applied at the top and bottom:

Ttop = TO = 27315|<; U[Op = Vtop = 0,
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To calculate the pressureand density on the top and bottom boundaries we use the
following procedure. We have temperature, pressure,and density at the inner nodes of
the computational domain. On the boundary we have a given xed temperature and
zero velocities as boundary conditions. Assuming that the temperature changeslinearly
acrossone cell, we can write the following system of equationsfor the bottom boundary
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whereR = p;=%T; is the local gasconstart and ¢ T = Tponom | T1 iS the temperature
di®erencebetween the bottom and top of the cell. We assumethat the gasis perfect
locally, that is, that the gasconstart is constart in the cell. This systemof equationscan
be solved analytically for %
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Similar conditions can be written for the top boundary. Lateral boundary conditions are
taken to be periodic.
As aninitial condition we choosea hydrostatic state with alinear temperature gradiert

T(Y)=1+¢T(1i y)= Toottom i Y¢ T
Yy) = [L+ ¢ T(Li y)]—+m e
p(y) = Uy)T(y) = [1+ ¢ T(Li y)]77T

wherein our dimensionlessvariables Ty = prop = Ywp = 1. TO provide a "soft" start of
the cornvection without shock waveswe intro duce a seedvelocity “eld of small amplitude
A:

u(x; y) = A sin(2¥x) cogvy)
v(X;y) = i Acos(2x) sin(¥y)

A is chosenso that absolute seedvelocities are 10° times smaller than the "nal hydro-
dynamic velocities.

3. Simulation of sedimertation

We chooseair at standard conditions as the compressibleviscous medium for hydro-
dynamic simulation. A square computational region is used with side L = 10m and
consistsof 50£ 50 nodes. Convection is driven by the temperature gradient betweenthe
top and bottom boundaries. The temperature of the top boundary is set to 0 degrees
Celsius (Tiop = 27315K). The computational region is heated from the bottom. Cal-
culations were carried out for two cases:¢ T = 20K and ¢ T = 50K. The suspension
consistsof 50,000small cemert particles (Y2= 2200kg/m ). Particle radii are assumedto
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be lognormally distributed
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(3.1
with the following parameters:t = 1; 3= 1=2. Radii of the particles were chosenin
such a way that the settling time of particles with the most probable radius from the
height L = 10m in a static medium is equal to 1 minute. Usually a suspension of small
particles is made by breaking. It can be showvn (Kolmogorov (1941)) that particles of
such a suspensionhave a lognormal distribution of radii. When the hydrodynamic system
reachesa stationary state the small particles of the suspensionare randomly distributed
in the computational region. We start the particle positions at random valuesy uniformly
distributed on the interval 0 - y < 1. Rather then using the standard random number
generators, which are almost always linear congruential geneators and do not satisfy
our requiremerts for random number generators,we used instead the procedure ran2()
from Presset. al. (1992). It usesa conbination of three random generators with an
additional shu2e which breaks up serial correlations. To obtain a random value x with
prede ned normalized density distribution function q(x) from a uniformly distributed
random number y the following nonlinear equation must be solved for x
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The velocities and positions of the suspension particles are calculated simultaneously
with the solution of the hydrodynamic equations (2.1). The particle velocity has two
componerts: (i) a constart settling rate

2¢% ,
Usettl ing = 51—gr

which dependson the particle radius r, gravitational accelerationg, and medium param-
eters, and (ii) the hydrodynamic velocity of the motion of the medium Vhygro = (U; V).
The total weight P(t) of settled matter is recorded during the numerical experimert.
Settled particles are excluded from further calculations.

The numerical simulation providesboth a sedimenation curve P (t) (the total weight of
settled matter versustime) and alsoinformation about the radii of settled and suspended
particles. To obtain the particle sizesof these two fractions we have to calculate the
particle radius distribution function. It can be obtained from the sedimenation curve,
for settling without convection, by solution of the following integral equation of the rst
kind i}
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This is an ill-p osedinverse problem, and we are forced to use special regularizing algo-
rithms to solve it. We usedthe Tikhonov regularization method (Tikhonov & Arsenin
(1979), Tikhonov et. al. (1990)). Details of this method for the reconstruction of a particle
radius distribution function can be seenin Parchevsky (2000a) and Parchevsky (2001).
This approad is basedon calculation of the rst derivative from the empirical cumulative
distribution function F¢(x) (Parchevsky (2000b)) and can be described as follows. The

(3.2)
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Figure 1. Reconstruction of particle radius distribution from the sedimertation curvein the
caseof a static medium. Time and radius are given in normalized units.

probability density distribution and cumulativ e distribution are related by the formula
Z X

q(»)d»= Fe(x) (3.3)
0

To obtain g(x) we have to substitute an empirical normalized cumulativ e distribution
8
< Q; X < X1
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Fe(X) = .

and then solve the integral equation.

4. Numerical simulation of solar convection

We carried out 2D simulations of solar compressiblecorvection in a rectangular re-
gion 47.95 Mm £ 7:99 Mm with a mesh of 600£ 100 nodes. The density ratio was
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YBottom =Y&p = 1800.The full system of hydrodynamic equations was integrated by an
explicit MacCormadk scheme. The total simulation time equals9.317 days of solar time
(775000iterations). After a transient period of 265000iterations, the temperature, ve-
locity, and density were stored every 104 seconds.A movie of the temperature map asa
function of time was produced from this data.

For the numerical simulation of solar convection we used the same code as for the
sedimenation simulation exceptfor the equation of state. The simulation doesnot include
radiativ e transport, but employs the realistic OPAL equation of state, which is more
important to include than radiation for our purposes.

Since chemical composition in the convection zoneis uniform we use the OPAL ta-
bles for "xed chemical composition X and Z (hydrogen and heavy elemen abundance
respectively). In the simulated hydrodynamic equations we use “2and E (mass density
and total energy density) as dependen variables. The OPAL tables are constructed to
useand T asinput parameters. To speedup the interpolation processthe OPAL ta-
bles were inverted with respectto T and internal energydensity 2 and reinterpolated on
logarithmically uniform %2and 2 grids. Cubic interpolation was usedfor this procedure.
This eliminates the needfor searting in the tables.

The velocity of the °uid in the superadiabatic zone (immediately below the photo-
sphere)is suxciently high that we have to usea fully compressiblecode. The computa-
tional domain is chosensothat the horizontal sizeis comparableto the supergrarule size
and the vertical sizeto the density scaleheight. The grid is chosento be sutciently ne
for good spatial resolution.

5. Results and discussion

1. Sedimeration.

Our computational procedure consistsof three steps: (i) numerical simulation of the
corvection until the system reades a statistically stationary state, (ii) calculation of
the sedimenation curve, (iii) reconstruction of the particle radius distribution from the
sedimernation curve and from the samplesof particle radii of both settled and suspended
fractions. We simulated sedimenration of an identical particle distribution in a static
medium aswell, results of which are shown in Fig. 1. The dashedline in Fig. 1b represers
the initial particle radius distribution (3.1), and the solid line represens the particle
radius distribution reconstructedfrom the sedimenation curve shown in Fig. 1a obtained
by solution of Eqg. (3.2). One can seea good agreememn of initial and reconstructed
distributions.

Convective motions of the medium lead to the following e®ects.The ne dispersed
fraction of the suspensionremains suspendedmuch longer than without cornvection, and
someparticles with suxciently small radii never settle at all. The massof the suspended
fraction depends on the average corvective velocity of the medium, which in turn de-
pendson the temperature di®erencebetweenthe top and bottom boundaries. A greater
temperature di®erence(and convective velocity), leadsto a greater massof suspended
matter. The results of our numerical simulation of sedimenation in the presenceof com-
pressibleconvection are shown in Fig. 2. For comparisonwe shaw results of sedimeration
in a static medium in the same gure. The curveswere calculated for two temperature
di®erencesetweenthe top and bottom boundaries:¢ T = 20K and ¢ T = 50K. Time
is given in normalized units. The asymptotes are calculated by extrapolating the curve
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Figure 2. Sedimertation curves showing the mass fraction of settled matter versus time in
the presenceof 2D compressible convection. Asymptotes show the mass fraction of suspended
particles which will never settle. For comparison the sedimertation curve of the samesuspension
in a static medium is also shown.

P(1=t) to the y axis, at which the ordinate of the intersection point is taken as the
asymptotic value.

The distribution of particle radii in the settled and suspendedfractions is a matter of
great interest. Normally, experimerts provide only a sedimenation curve. In numerical
simulation the radii of settled particles are available aswell, so we have samplesof radii
of settled and suspendedparticles for every momert of time. The problem of reconstruc-
tion of the particle radius distribution is reducedto the problem of reconstruction of the
probability density function from a sample of nite size, and we can use the approact
discussedabove. Results are shown in Fig. 3. Dashedlines represen the particle radius
distribution in the suspendedand settled fractions. Thesecurveswere obtained from the
samplesof particle radii. Thick solid linesrepresen the initial particle radius distribution.
If this were a laboratory experiment, only a sedimenation curve (asin Fig. 2) would be
available, and the particle radius distribution curve would have to be constructed from it.
If we reconstruct the particle radius distribution from the sedimenation curve, it is clear
that we shall not obtain the correct radius distribution becauseconvection distorts the
result of radius reconstruction. Thin solid lines in Fig. 3 represen particle radius distri-
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Figure 3. Numerical results of reconstruction of the particle radius distribution function of
suspended and settled fractions.

butions obtained from the sedimenation curve by solution of integral equation (3.2). One
can seea gap for small radii, becausethese particles remain suspendedand do not settle.
This is detectedasa lack of particles with small radii. Thus, corvection actsasa size lter

which separatesparticles by radius. The average (and most probable) particle radius of
the suspended and settled fractions dependson the temperature di®erencebetweenthe
top and bottom boundaries. A separation technology basedon the simultaneous action
of sedimenation and corvection would have a cut-o® particle radius cortrolled by the
temperature di®erencebetweenthe top and bottom boundaries.

2. Solar corvection.

Results of the numerical simulation of solar corvection are shovn in Fig. 4. Color
denotesa temperature di®erencebetweenthe medium and a referencemodel with alinear
temperature pro le. Blue denotesregionswith temperatures smaller than the reference
model, and red denotesregionswith temperature higher than the referencemodel. Arrows
show the direction and amplitude of the °uid motion. The ratio of horizontal to vertical
domain length is 6:1.

A characteristic feature of solar cornvection is a fast cooling of solar matter in the
subsurface layer and the resulting formation of downdrafts. These are cool compact
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structures descendingwith high velocity (10:438 0:05 km/s) and penetrating deepinside
quieter regions. Such downdrafts form the boundaries of separategranules. Hot matter
risesin the certer of the granules at comparatively low speed (5:27 8 0:02km/s). The
whole pattern is shifting cortinuously. Represeitativ e granule lifetimes are 10-15min.

To study granule motion we plot a so-calledtime-spatial diagram. We choosea hori-
zontal slice of the computational region at a xed depth and plot its evolution with time.
Time-spatial diagrams for temperature and velocity componerts at a depth of 0.56 Mm
are showvn in Fig. 5. Characteristic feather-like structures are formed due to the hori-
zontal movemert of downdrafts. The deepblue color of these feather-like structures on
the temperature plot indicates their low temperature. Corresponding blue structures on
the vertical velocity map show that the matter is descending.On the total velocity map
these regions are red, indicating above averagevelocity. This indicates that in general
the cold matter is descendingfaster then the hot matter is rising. All left branches of
the feather-like structures on the horizontal velocity map are red, meaning horizontal
movemert to the right, and all right branchesare blue, meaning horizontal movemern to
the left. All brancheshave nearly the sameslope, indicating that they move horizontally
with the samevelocity. Horizontal movemert of downdrafts is causedby advection of the
small-scalegranulation pattern by the slower large-scalemotion of rising hot matter near
the surface.

Obsenations shaw the existenceof large-scalestructures on the surface| meso-and
super-granulation. Thesestructures are not seendirectly sincethe velocities are low and
the pattern is clouded by higher-velocity small-scalegranule motions. Supergranulation
can be seenonly on the horizontal velocity maps of granules or on the time-spatial
diagrams. Sud large-scalestructures arise naturally in our numerical simulations. Fig.
6 shows a large-scaletime-spatial diagram where structures with a characteristic size of
15-20Mm and a lifetime of 50-60hours are clearly seen.

Highly turbulent subsurfaceconvection excites acoustic and gravitational waves. To
“nd standing wave patterns in our model and determine their dispersionrelation (wave-
length versusfrequency) we plot 2D Fourier transforms of a large-scaletime-spatial di-
agram similar to the one shown in Fig. 6, but computed for a depth of 6.234Mm. The
result is shavn in Fig. 7 where the so-calledk j ! diagram is presened. Inversewave-
length , i1 in Mmi ! is along the horizontal axis and frequency® in mHz is along the
vertical axis. This "gure preseris a power spectrum of g-modesexcited by turbulent con-
vection. One can clearly seethree ridges similar those that seenin the power spectrum
of 5-min solar oscillations. A similar ki ! diagram plotted for a depth of 0.56 Mm does
not shaw ridges, just a larger total acoustic power. This may be due to an insuxcient
length of simulated time and high noisedue to motions assciated with granulation.
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Figure 6. Large-scaletime-spatial diagram for the temperature at a depth of 0.56 Mm.
Large-scalestructures identi ed with the supergranules are clearly seen.
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Figure 7. Power spectrum of g-modes excited by turbulent convection.



