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Flat-plate boundary-layer transition in hypersonic
°ows

By C. Stemmer

1. Motiv ation and objective
Knowledgeon transitional °ows at elevated Mach numbers is very limited due to the

immensedi±cult y in conducting experiments { be it wind-tunnel or free-°ight. Therefore,
direct numerical simulation provides a very powerful tool to gain signi¯cant insight into
these high-temperature °ows. These high-temperature hypersonic °ows becomechemi-
cally reacting creating additional challengesfor the modeling of chemical reactions and
the thermodynamic properties of such °ows. The simulation of laminar-turbulen t tran-
sition in boundary-layer °ows for entry scenarioscan deliver estimatesof °igh t-relevant
physical properties such as drag and heat transfer important for the °igh t path design
and the designof the heat shield of an entry vehicle, respectively.

Early e®orts to investigate hypersonic °ows involved rockets in free-°ight experi-
ments, where qualitativ e results where obtained for the transition location (seeSchnei-
der (1999)). These experiments, according to Schneider, are not very reliable in terms
of quantitativ enesssince the angle of attack is not measuredaccurately enough.Recent
e®orts to investigate hypersonic °ows include Ma=21 experiments by a Russian group,
Mironov & Maslov (2000), at Novosibirsk, which can serve as a qualitativ e comparison
to the presented direct numerical simulations. Free-°ight hypersonicexperiments are not
to be expected in the near future due to the sheercost involved.

Direct numerical simulations with high-order ¯nite-di®erence schemesshall be em-
ployed to unveil someof the important mechanismsin the evolution of laminar-turbulen t
transition in °at-plate boundary-layer °ows. The di®erencesbetweentransition assuming
ideal-gasand chemically-reacting °ows is the main goal of this ongoing investigation.

2. Numerical method
The well-documented numerical method developed by Adams (1996), Adams (1998)

and Adams (2000) for turbulent compression-ramp°ow is employed for the high Mach-
number simulations. The discretization is on the baseof the conservative, compressible
Navier-Stokesequations.The meshis uniform in the downstream direction and variable
in the wall-normal direction allowing for the collocation of grid points at the boundary-
layer edge.The numerical method is a compact one and sixth-order accurate in space
with periodic boundary conditions in the spanwise direction. The time advancement is
done with a Runge-Kutta time integration scheme of third order accuracy. Very sharp
gradients that cannot be resolved through the numerical schemeare captured in all three
spatial directions through a hybrid ENO-schemesingling out the regionswhere it needs
to be applied only. For the incorporation of the chemical and thermal high-temperature
e®ects,the modeling of Stemmer & Mansour (2001) is used.
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Figure 1. Wall-normal pro¯les of streamwise-velocity, temperature and density for Rex =4 ¢106

in dimensional units. Note that the density has been multiplied by a factor of 105 to show on
the graph.

Disturbances are intro duced at the wall through a disturbance strip. Blowing and
suction is applied simultaneously to ensurethat zero net massis intro duced at any one
time step (seeEi¼ler,(1995))

(½v)jwal l = Ag(z; t)
81
16

³ 3(3³ 2 ¡ 7³ + 4); 0 · ³ · 1;

(½v)(2 ¡ ³ )jwal l = ¡ A(½v): (2.1)

The function g(z; t) is a trigonometric function in time and space.
The dimensionalquantities of the Ma=20 °ow at free-streamconditions at an altitude

of H=50km areU1 =6596 m/s, ½1 = 1.027¢10¡ 3 Kg/m 3, T1 = 270.65K and the viscosity
is ¹ 1 = 1.703¢10¡ 5 Kg/(m ¢ s) according to the US Standard Atmosphere (1976). An
isothermal caseis investigated with Twal l = 3T1 = 811.95K .

The ideal gasboundary layer equations,Anderson (1989), were solved for the starting
solution of the base-°ow calculations. The wall-normal pro¯les of downstream velocity
(u), temperature (t) and density (½) are shown in ¯gure 1. The sharp rise in density at the
boundary-layer edge(y=0.29 m) is a prominent feature of the boundary-layer pro¯les,
which underlines the necessity of a ¯ne resolution at that wall-normal position.

For the present simulation, a resolution of 1500x 240x 6 points in x, y and z-direction
are used. This yields a resolution of ¢ x = 0:066, ¢ ymin = 7:717 ¢10¡ 3 and ¢ z =
0:146,where the lengths are madedimensionlesswith the boundary-layer thickness±1 =
0:2197m.

In deviation to the ideal gascase,vibrational degreesof freedomwere incorporated in
the code for the calculation of the thermodynamic properties.
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3. Stabilit y properties
After Lees & Lin (1946) had laid the foundation of a compressiblestabilit y theory

through an asymptotic viscousapproach, Mack (1969) developed the full parallel theory
for ¯nite Reynoldsnumbers. The stabilit y properties are evaluated through linearization
of the complete Navier-Stokesequations in a locally parallel °ow. The disturbancesare
assumedto be harmonic in nature

q0(x; y; z; t) = q(y) exp[i (®x + ¯ z ¡ ®ct)] ; (3.1)

whereq= f u,v,w,½,p,tg. The wave numbers® and ¯ are complex in the most generalsense
and describe temporal as well as spatial growth. The reader is kindly referred to Gaster
(1965) for the transformation of spatial ampli¯cation rates into temporal ampli¯cation
rates and vice versa.

Mack's original computer code for ideal-gas °ows was available to produce the pre-
sented stabilit y results for the Ma=20 °ow. Mack normalizes the stabilit y results with
the Reynolds number de¯ned as

Rx =
p

Re(x) =

vu
u
t

Ã
~½~U~x

~¹

!

; (3.2)

where variables with a tilde denote dimensional variables. The wall-normal coordinate ~y
is non-dimensionalizedthrough

´ = ~y ¢
Rx

~x
: (3.3)

The boundary-layer thicknessfor this caseis ´ (±) ¼ 29:1 .
The frequency parameter F is de¯ned as F= ~f 2¼~¹ =( ~½~U2). For the dimensionlessfre-

quency of F=3.6416¢10¡ 5, the dimensional frequency is ~f = 15.2 KHz. Firstly , two-
dimensional disturbances are investigated since they turn out to be the most ampli¯ed
waves for the chosenfrequency. The spatial ampli¯cation rate ¡ ®i over a wide range of
Reynolds numbers is shown in ¯gure 2 compared to two-dimensionaldisturbances with
a slightly higher frequency. For the higher frequency, the samepattern appears but is
shifted to smaller Reynolds numbers Rx . Two local peaks of the spatial ampli¯cation
can be identi¯ed at Rx ¼ 1000 and Rx ¼ 2250. Comparing the eigenfunctions for the
pressurep at these respective Reynolds numbers, one can identify the ¯rst peak with
a ¯rst mode disturbance (according to the classi¯cation by Mack). At these high Mach
numbers, the areasof instabilit y mergeand the ampli¯cation rate shows unstable waves
as the eigenfunctionsswitch to a secondmode disturbance. The peak at Rx ¼ 2250 is
associated with such a disturbance exhibiting a zero in its wall-normal amplitude pro¯le.
The number of zerosis one lessthan the mode number given by Mack. At Rx ¼ 3500,
the third mode is present with a slightly lower peak in the ampli¯cation rates. Down-
stream of Rx ¼ 4000, the two-dimensional disturbance will encounter damping as the
ampli¯cation rate ¡ ®i becomesnegative for this frequency.

The phasevelocities of the unstable eigensolutionis shown in ¯gure 3. Inviscid theory
predicts a phasespeedof cph = 1 ¡ 1

M a = 0:95 which is very closeto the observed phase
velocities of cph ¼ 0:98 which in turn is very closeto the free-streamvelocity. Every peak
in the spatial ampli¯cation rates coincideswith a local minimum in the phasevelocities.

Wall-normal pro¯les of the eigensolutionsof the stabilit y problem areshown at the local
Reynoldsnumber of Rx = 1000(¯rst mode disturbance) in ¯gure 4. This two-dimensional
mode represents the ¯rst peak in ¯gure 2. The eigenfunctionsof the downstream velocity
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Figure 2. spatial ampli¯cation rates ¡ ®i vs.
the downstream direction for two-dimensional
disturbances at F=3.6416¢10¡ 5 ( ) and
F=3.9 ¢10¡ 5 ( )
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Figure 3. phase velocity cph vs. the down-
stream direction for two-dimensional distur-
bances at F=3.6416¢10¡ 5 ( ) and
F=3.9 ¢10¡ 5 ( )

0 20 40

­20

­10

0

10

20

30

40

50

60

0

5

10

15

20

uamp

uphs

vamp

vphs

PSfrag replacements

´

u,
v

P
ha

se

Figure 4. u and v eigensolutions at
Rx =1000 for two-dimensional disturbances
at F=3.6416¢10¡ 5 . uamp ( ), vamp

( ), uphs ( ), vphs ( ).
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Figure 5. t, ½ and p eigensolutions at
Rx =1000 for two-dimensional disturbances at
F=3.6416¢10¡ 5 . t is scaled by a factor of 0.1.
t amp ( ), ½amp ( ), pamp ( ),
t phs ( ), ½phs ( ), pphs ( ).

u and the wall-normal velocity v both show a distinct maximum inside the boundary
layer and a second,much smaller maximum outside the boundary layer typical for the
¯rst modedisturbance.The pressure(see¯gure 5) hasno zeroin it's pro¯le distinguishing
the ¯rst mode eigenfunction.

At the local Reynolds number of Rx = 2450,the secondmode disturbance is the most
unstable eigenmode. The wall-normal pro¯les of the eigensolutionsof the stabilit y equa-
tions are shown in ¯gure 6 and 7. For higher Mach-numbers, the secondmode is generally
strongly ampli¯ed. For the high Mach number chosen,the ampli¯cation rates of the two-
dimensional ¯rst and secondmodesare very close.

In ¯gure 6, the eigenfunctionsfor the downstream velocity u and the wall-normal ve-
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Figure 6. u and v eigensolutions at
Rx =2450 for two-dimensional disturbances
at F=3.6416¢10¡ 5 . uamp ( ), vamp (

), uphs ( ), vphs ( ).
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Figure 7. t, ½ and p eigensolutions at
Rx =2450 for two-dimensional disturbances at
F=3.6416¢10¡ 5 . t is scaled by a factor of 0.1.
t amp ( ), ½amp ( ), pamp ( ),
t phs ( ), ½phs ( ), pphs ( ).

locity v are shown together with their phasedistribution for that local Reynoldsnumber.
Comparedto the earlier station Rx = 1000(¯gure 4), the eigenfunctionsnow show a dou-
ble peak inside the boundary layers. As one goesfurther downstream (not shown here),
the number of maxima inside the boundary layer increases.The pressureas shown in
¯gure 7 shows a phaseshift of ¼ at ´ =4 identifying the secondmode. It can be noted,
that the density eigenfunction looks almost identical to the caseat Rx = 1000.

The results for the third modeat Rx = 2800will beshown together with the simulation
results further into the report.

The importance of the three-dimensional modes for the above described conditions
is discussedby meansof ¯gure 8 showing the dependenceof the ampli¯cation rate on
the obliquenessangle of the disturbance ' . Four downstream locations are shown. For
Rx = 800, before the ¯rst-mo de instabilit y sets in, there is almost no dependenceon the
obliquenessanglefor the dampedwaves.As the ¯rst-mo deinstabilit y is at its peakat Rx =
1000, low obliquenesswaves are almost as unstable as the two-dimensional disturbance
up to approximately 20±. The ampli¯cation rates drops continuously down to neutral
at about ' = 65±. For Rx = 2250, the picture is very similar to the station where the
¯rst-mo de instabilit y is at its maximum.

The presented stabilit y results are basedon a non-reacting ideal-gas°ow. The e®ects
of the chemical reactions have beenstudied among others by Johnson,Seipp & Candler
(1998), which have found that chemical reactions can diminish ampli¯cation rates and
delay transition. This coincideswith other work on chemically reacting °ow.

4. Results
The simulations have been carried out under free-°ight conditions at an altitude of

H=50 Km (compare page 390 for the dimensional properties). The disturbances were
intro duced at a Reynolds number of Rx = 2250 (x=58). An acoustic disturbance is
intro duced which propagatestowards the upper boundary at the Mach angle of µ ¼ 3±.
This accounts for the elevated amplitudes in the presented results for y > 0:3.
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Figure 8. spatial ampli¯cation rate ¡ ®i vs. wave propagation angle ' for F=3.6416¢10¡ 5 .
Rx = 800 ( ), Rx = 1000 ( ) Rx = 2000 ( ) Rx = 2250 ( ).
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Figure 9. Comparison of simulation ( )
and Linear Stabilit y results ( ) of the
downstream velocity u at Rx = 2800
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Figure 10. Comparison of simulation ( )
and Linear Stabilit y results ( ) of the
wall-normal velocity v at Rx = 2800

The results for the most-ampli¯ed two-dimensionaldisturbance are comparedwith the
stabilit y results acquired through Mack's stabilit y code in ¯gures 9-12at Rx = 2800.The
downstream velocity (u) in ¯gure 9 shows very closeagreement to the theoretical results
reproducing the phaseshift at the right wall-normal distances.The way the disturbances
are intro duced opens the possibility of the presenceof multiple instabilit y waves with
the samefrequencybut di®ering wave numbers.

The deviation from the theoretical results can be explained through the inclusion of
the vibrational modes in the calculation of the thermodynamic properties. In areasof
high temperature ( above » 3000 K), this will alter the temperature pro¯le compared
to the ideal-gascase.This happensat 0:2 < y < 0:3 for Rx = 2800and can explain the
di®erencesthere.

The wall-normal velocity (v) is presented in ¯gure 10, pressure(p) and density (½) are
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Figure 11. Comparison of simulation ( )
and Linear Stabilit y results ( ) of the
pressurep at Rx = 2800
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Figure 12. Comparison of simulation ( )
and Linear Stabilit y results ( ) of the den-
sity ½at Rx = 2800

shown in ¯gure 11 and ¯gure 12, respectively. The temperature results are qualitativ ely
the sameas the presented results.

The ampli¯cation rate given by the stabilit y theory results is ®i = ¡ 0:0186[1=m] and
the rate obtained from the simulation is ®i = ¡ 0:017[1=m].

5. Conclusionsand future work
It has been shown that the numerical method presented is capable of tackling the

hypersonictransition problem proposed.The results of the Linear Stabilit y Theory match
well with the simulation results for a third mode unstable two-dimensionaldisturbance.

Fundamental and oblique transition scenariosfor the described Ma=20 °ow will be
performed. Simulations will be undertaken to provide for chemical and thermal non-
equilibrium conditions.

To mimic closer the intro duction of disturbances in an experimental environment, a
point source disturbance, Stemmer (2001), will be intro duced. Therefore, a single fre-
quency with all possiblespanwise wave numbers can be excited simultaneously leaving
the °ow to naturally amplify the unstable components of the disturbance.

Laminar-turbulen t transition scenariosunder varying disturbance conditions will be
investigated to understand more about the physical behaviour of chemically reacting
°ows in transition on a °at plate.
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