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Stable second-orderformulation of Einstein's
equations

By K. Mattsson

1. Motiv ation and objectives

This project is focusedon the numerical solutions of Einstein's equations, which de-
scribe processesud as binary black holesand neutron star collisions. The outcome of
this kind of simulation is consideredto be crucial for the successfuldetection and inter-
pretation of gravitational waves, expectedto be measuredby laser interferometers suc
as LIGO, GEO600, LISA and others. In turn, measuremeh of gravitational waves will
constitute a strong, direct veri cation of Einstein's theory, and opena new window to the
universe.The construction of thesenumerical solutions requireslarge-scalecomputations
and researt on a variety of physical, mathematical, numerical and sciertic computing
issues.The simulation of black holeshasprovedto be a di cult computational problem.

In the harmonic description of generalrelativit y, the principal part of Einstein's equa-
tions reducesto 10 curved spacewave equations for the component of the space-time
metric. Although these equations can be reduced to rst-order symmetric hyperbolic
form (Fisher & Marsden 1972), this has the disadvantage of intro ducing auxiliary vari-
ableswith their constraints and boundary conditions. The reduction to rst-order form
is also lessattractiv e from a computational point of view consideringthe e ciency and
accuracy (Kreiss et al. 2002; Mattsson & Nordstrom 2006). The reasonsfor solving the
equationson rst-order form are most likely related to the maturity of CFD, which has
ewlved during the last 40 years. Many of the stability issuesfor rst-order hyperbolic
problems have already beenaddressed.

For wave-propagation problems, the computational domain is often large comparedto
the wavelengths, which meansthat waves have to travel long distancesover long times.
As a result, high-order accurate time marching methods, as well as high-order spatially
accurate schemes(at least third-order) are required. Such schemes,although they might
be G-K-S stable (Gustafssonet al. 1972) (convergenceto the true solutionas x! 0),
may exhibit a non-physical growth in time (Carpenter et al. 1994)for realistic meshsizes.
It is thereforeimportant to deviseschemesthat do not allow a growth in time that is not
called for by the di erential equation. Such schemesare called strictly (or time) stable.

Deriving time-stable numerical simulations of Einstein's equations on second-order
form hasprovento beavery di cult task (Szilagyl et al. 2005;Calabrese?2005), especially
for higher order discretizations. The major di cult y is the treatment of the boundaries.
This situation is modeledby a 1-D model problem (3.1) that capturesmost of the stability
issueswithout intro ducing unnecessarynotation.

In this paper it will be shavn how time-stabilit y of the model problem can be obtained
by employing the newly deweloped narrow-stencil summation by parts (SBP) operators,
SBP preserving arti cial dissipation (Mattsson et al. 2004), and the Simultaneous Ap-
proximation Term (SAT) method (Carperter et al. 1994) for implemerting the physical
boundary conditions. This technique can be extendedto addressthe full 3-D problem.

In Section2 we discussthe SBP property for the rst- and second-deriative di erence
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operators, and showv an important relationship betweenthe rst- and second-deriative
SBP operators, referred to as full compatibility . A 1-D model for Einstein's equationsis
introduced in Section 3, and we shav how to combine the SAT method and the SBP
operators to obtain stable nite-di erence approximations using the energy method in
combination with an eigernvalue analysis. Conclusionsand future work are presened in
Section 4.

2. De nitions

The 2-D and 3-D schemesare constructed using 1-D SBP nite-di erence operators
(seeKreiss & Sderer (1974);Strand (1994);Mattsson & Nordstrom (2004)). We begin
with a short description and somede nitions.

Let the inner product for real-valued functions u;v 2 L?[0;1] be de ned by (u;v) =

Oluvwdx, w(x) > 0, and let the corresponding norm be kuk2, = (u;u). The domain
(0 x 1)isdiscretized using N+1 equidistant grid points,

xi=ih; i=01N; h=3:

The approximate solution at grid point x; is denotedyv;, and the discrete solution vector
is vl = [vo;vi; ;vn]. Similarly, we de ne an inner product for discrete real-valued
vector functions u;v 2 RN*1 by (u;v)y = u' Hv, whereH = HT > 0, with the
corresponding norm kvk = v H v. The following vectorswill be frequertly used:

e = [1,0;::;0]"; ey =[0;::0;1] : (2.1)

2.1. Narrow-diagonal SBP operators
To introduce narrow-diagonal SBP operators, we presen the following de nition:

De nition 2.1. An explicit pth-order accurate nite-di er encee schemewith minimal
stencil width of a Cauchy problemis called a pth-order accurate narrow stencil.

We say that a sthemeis explicit if no linear system of equations needto be solved to
compute the di erence approximation. Spatial Pade discretizations (Lele 1992) are often
referred to as \compact schemes". The approximation of the derivative is obtained by
solving a tri- or penta-diagonal system of linear equations at every time step. Hence, if
written in explicit form, Pade discretizations lead to full-di erence stencils, similar to
spectral discretizations.

Considerthe hyperbolic scalarequation uy + uyx = 0 (excluding the boundary condi-
tion). Multiplying by u; and integrating by parts (referred to as\the energy method")
lead to
%kutkz = (Uux) (Ux;up) = Utzj%) ; (2.2)
whereu?jy  u?(x = 1) u?(x = 0).

De nition 2.2. A dier ence operator D; = H 1Q approximating @@, using a pth-
order accurate narrow stencil, is said to be a pth-order accurate narrow-diagonal rst-
derivative SBP operator, if H is diagonal and positive de nite, and Q + QT = B =
diag( 1;0:::;0;2).

As an example of its use, considerthe semi-discretization of uy + uyx = 0, which is
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Vi + D1v; = 0. Multiplying by v] H from the left and adding the transposelead to

%kvtka: ViH Tow)n  (H "Quavdn = W (Q+QNwvi= (W)2 (W) : (2.3)

Estimate (2.3) is the discrete analog of Eq. 2.2.
For hyperbolic problemson second-orderform, we needan SBP operator for the second
derivative. Consider the wave equation

Ut = Uyy - (2.4)
Multiplying EQq. 2.4 by u; and integrating by parts lead to
% kugk? + kuxk? = 2ugUyjd (2.5)

Denition 2.3.Let D, = H ( M + BS) approximate @=@x?, using a pth-order
accurate narrow stencil. D, is said to be a pth-order accurate narrow-diagonal second-
derivative SBP operator, if H is diagonal and positive de nite, M is symmetric and
positive semi-de nite, S approximatesthe rst-derivative operator at the boundaries and
B =diag( 1,0:::;0;1).

(High-order accurate narrow-diagonal second-deriative SBP operators were constructed
in Mattsson & Nordstrom (2004).) An example of its use is the semi-discretization
vi = Dv of Eq. 2.4. Multiplying by v{ H and adding the transposelead to

d
gt kvikZ + VIMV = 2(v)n (BSV)N + 2(v¢)o(BSV)o : (2.6)
Estimate (2.6) is a discrete analog of Eqg. 2.5. Obtaining energy estimates for schemes
utilizing both D; and D, requiresthat both are basedon the samenorm H.

The following de nition is certral to the presen study:

De nition 2.4. Let D, and D, be pth-order accurate narrow-diagonal rst- and second-
derivative SBP operators. If D, = H ( DIHD; R® + BD;), and the remainder
R(P) is positive semi-de nite, D, and D, are called fully compatible.

Employing the rst-deriv ative SBP operator twice (leading to a wide stencil) yields
D;D;=H I DJ/HD;+ BD;). Hence,for fully compatible pth-order accurate SBP
operators, the following property holds: D, = D1 D1 H R® whereR(® is symmetric
and positive semi-de nite. Fully compatible SBP operators for the sixth-order caseare
preseried in Section5.

For the Cauchy problem, i.e., disregarding the one-sidedboundary closuresof the SBP
operators, the following relations for the remaindersR(®) (p = 2; 4; 6; 8) hold:

3
R(z) = hTD4
4 — 4 h° h’
R® = + 18Des  1zDs @2.7)
o _ h he hit .
R® = %DB"' WD]-O lez
g _ ho pi his hi® .
R® = +a55D10 250D 12t 15700P14 7gagg Dt
D2n = (D+D )" is an approximation of (& For example, (D+D V); = (Vjs

2v; + v; 1)=h? is the second-orderaccurate narrow second-deriative nite-di erence
approximation.
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The action of a derivativ e of order n on a pure Fourier modee' ' X, resultsin (i! )" &' X.
The secondderivative, for example,gives ! 2€' X, Considerthe sameFourier mode on
a grid over [ 1;1] with grid spacingh. The Fourier mode de ned on the grid is given

by a7 = [@' x1;€! *2; ;! Xn] assumingperiodicity (01 = Oy). It is corveniert to
introduce a scaled waverumber k = ! h, where k 2 [0; ]. The Fourier mode for the
waverumber k = ,is 0" = [1; 1;1; ; 1;1](the highestfrequencythat can exist on

the grid). It can be shown that a certered, second-orderaccurate undivided di erence
operator of order n, applied to a Fourier mode results in Dy, & = (2i)" OSin”(g). This

showsthat R(P) constitutes only dissipative terms.

De nition 2.5. Let R(P) be the remainder for the Cauchy problem, given by Eq. 2.7.
Let R(®) pe de ned as the minimal stencil, suchthat R® & R 0. Then we say that
R(P) dominates R(P).

For the Cauchy problem R(P) (p= 2; 4; 6; 8) is given by:
3 5 7 9
R@ = hTD4; R® = 2_2D6; R®) = %DS; R® = %Dloi (28)

De nition 2.6. Let R(P) be the remainder for the boundary-value problem. Let R(P) be
de ned asthe minimal stencil, suchthat the eigenvaluesof (R(®) R(P) are non-negative.
Then we say that R’ dominates R(®).

For the boundary-value problem, an eigervalue analysisresults in

R@ = 1:002°DID,; R® = 1:0615D]Ds; RO = 2:0470 DT D,; (2.9)
where (D . 3. 4.5)V are consistent approximations of Uyy ; Uxxx ; Uxxxx &N Usxxxx 5 FE€SPEC-
tively (seeMattsson et al. (2004)).

3. The linear 1-D problem
We consider
Ug  (auy)r  (au)x  ((b az)ux)x =0 (3.1)

to be a 1-D model of Einstein's equations, with the assumption that b is positive. We
note that (3.1) can be written as

(@ .ee)(e@ @@)u=0; 3.2)

where 1., = a pB, indicating the characteristics. The model (3.1) was analyzed in
Szilagyl et al. (2005), using a secondorder non-SBP discretization. Here we want to
extend the analysisi) to higher-order, and ii) to introduce an energy-stable boundary
treatment employing SBP operators and the SAT technique.

The casewherec (b a?) < 0in (3.1) requires special attention to obtain a valid
energy estimate, and hencea stable numerical approximation. To simplify the analysis
(without restriction to the cortin uousproblem) we study the constart coe cien t problem

Ug 2aUy ClUyy = 0; (3.3)

(obtained by linearizing and freezingthe coe cien ts in (3.1)). Articial boundariesare
introducedat x = 0; 1. The energymethod is usedto derive suitable boundary conditions.
The regular technique (seeSection2), multiplying Eqg. 3.3 by u; and integrating by parts
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lead to

%Eo = 2u;(au + cuy)js ; (3.4)
where

Eo= kuk?®+ ckugk?® : (3.5)

This is a valid energyfor ¢ 0, but not for ¢ < 0. To obtain an energy for c < 0, we
multiply Eg. 3.3by u; auyx and integrate by parts to obtain

d

—E, =
dt *

S 2u)? S au)? g5 (36)

where
Ei1= ku; augk?®+ bkugk?® : (3.7)

This is a valid energyfor any c. The problem is to devisea stable and accurate narrow-
stencil approximation to Eq. 3.3, including the boundary treatment.

To obtain a well-posedproblem we closeEq. 3.3 with appropriate boundary conditions
(depending on the sign of ¢). With no restriction we assumethat a > 0 (if a < 0 the
number of boundary conditions that needsto be speci ed at ead boundary is reversed).
We have three di erent scenarios:.c> 0,c= 0and c< 0.

3.1. Casel,c>0

If c> 0, the energymethod using Eg Eq. 3.4 or E; Eg. 3.6 (or by studying the direction
of the characteristics Eq. 3.2) shaws that we needto specify one boundary condition at
ead boundary. The characteristic boundary conditions (CBC) are given by

Lou = u¢ 1Ux =g X=0

Liu= u Uy =01 X= 1: (38)

To simplify the analysiswe assumethat the boundary data is homogeneous(The analysis
holds for inhomogeneoudata, but intro ducesunnecessarynotation.) The energymethod
applied to Eqg. 3.3 with the CBCs (3.8) leadsto

d p_ p_
GEo= 2 b(uo)? 2 b(uy)f; 3.9)
or
p_ p_
d 2 b 2 b
aEl = T (up)Z+ ——(uy)?: (3.10)
1 2

A semi-discretization of (3.1) using narrow-diagonal SBP operators D1, D, and the
SAT method to imposethe CBCs (3.8), can be written as

Ve 2aDivy cDov = SATg+ SAT;: (3.11)

The penalty terms in Eq. 3.11 are given by SATo = oH ley(L{v go) and SAT; =
1H len(LTv @1). The discrete versionsof the CBCs (3.8) are given by

Lov=ve  1(SV)o = Qo

3.12

LIv=w  2(SVn =& (3.12)

Lemma 3.1. The scheme(3.11) with homgyen®us data is stableif c> 0, = , and
1= 1 hold.
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Proof. Let go = g = 0. Multiplying Eq. 3.11by v H from the left and adding the
transposelead to
d
a(kvtkﬁ + oV MV) =2(Vo)f (- a+ o) + 2(w)f(a+ 1)

2(Vo)t(SV)o(C+ o 1) + 2()i(SVIn(C 1 2);

assumingthat M is symmetric. To obtain an energyestimate requiresthat M is positive
semi-de nite, g= ¢= 1 >and 1 =c¢=>, 1 hold. This leadsto

Skt + oM = 22w 2 27

which exactly mimics the corntinuous estimate (3.9). By assumption, D, is a narrow-
stencil SBP operator, meaning that M is both symmetric and positive semi-de nite.
Il

3.2. Case2,c=0

If ¢ = 0, Eq. 3.3 reducesto a hyperbolic rst-order problem. In this case , = 0 and
1 > 0, meaningthat we needto specify only one boundary condition u; = g, at x = 0.
The energy method applied to Eq. 3.3 leadsto

%kutkz = 2a(g® (w)?): (3.13)
A semi-discretization of (3.1) is given by
Ve 2aD;vi= 2a H leg((vo): 0): (3.14)
The energy method applied to Eq. 3.14 leadsto '
d 2 _ § 2 2 2
Ekvt ki, = 2a 1g (vo)f (2 1) (vo) 3 1g

An energy estimate existsfor > 1=2. The choice = 1 yields

%kvkﬁ =230 (Vo)i (Vo) 9)%);

which is a discrete analog of the integration by parts formula Eq. 3.13in the corntinuous
case,wherethe extra term ((vo); Qo)? introducesa small additional damping.

3.3. Case3,c< 0

If ¢ < 0, an energy estimate can be shawvn in the energy E; Eq. 3.7, which is obtained
by multiplying Eq. 3.3 with u; auy and integrating by parts. For the semi-discrete
approximation, this complicatesthe imposition of boundary conditions using SAT. We
begin by studying this caseusing only a rst-deriv ative SBP operator, to shaw that the
stability problem is not restricted to the narrow-stencil approximation (although the
narrow-stencil approximation intro ducessomeadditional complications, shown later in
this section).

With ¢ < 0 we needto specify two boundary conditions at x = 1. No boundary
conditions should be given at x = 0 (with a < 0 it is the other way around, i.e., two
boundary conditions at x = 0). Well-posedboundary conditions are given by

Luyu=u=9gn x=1

Lipu=uUx =012 X=1: (3.15)
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A semi-discretization of (3.1) using only the rst-deriv ative SBP operator D1, and the
SAT method to imposethe boundary conditions Eq. 3.15, can be written as

Vit 2aD 1 v; cD;D1v = SAT,: (316)

The penalty term in Eq. 3.16isgivenby SAT, = 11H ey (L1av 0u1)+ 12H ley (Liav
012)- The discrete versionsof the boundary conditions (3.15) are given by

LIv= (W)t = gu
3.17
LLv= (D1V)n = 012 : (3.17)

Let g11= g12= 0 to simplify the notation. Multiplying Eq. 3.16by vy H av' QT
from the left and adding the transposelead to

d
gt (EDH = W Rnwy wg Rowo;
introducing the discrete energy
(E1)n = (kv aD1Vk|2_| + U(D1Vk|2_|): (3.18)
Herewg. \ = [(Vo;n )t 5 (D1v)o;n] and
Ry = at u cCaut . o _ a C
N c all+ o, ac 2a1, ' 9T ¢ ac

SinceRy is positive de nite, stability followsif Ry canbe madenegative semi-de nite by
proper tuning of the penalty parameters 1; and 1,. Howewer, it can be found (although
not showvn here) that Ry can not be made negative semi-de nite with only these two
penalties.

By introducing the auxiliary variable w v, Eq. 3.16 can be written

Vi = W

w; = 2aDiw + cD1D1v + SAT, ; (3.19)

where SAT, = 11H ey(wn  0u1) + 12H len((D1v)n  012). The reasonfor intro-
ducing Eq. 3.19is twofold: 1) We would like to employ a Runge-Kutta method to time-
advancethe semi-discreteproblem, and 2) We need another penalty SAT; to turn Ry
negative semi-de nite. The newpenalty term is givenby SAT; = 13H DJey ((D1V)n

012) and is addedto the rst equationin Eq. 3.19,i.e., we obtain the modi ed problem

Vi = W+ SAT,
w; = 2aDiw + ¢cD1D1v + SAT, :
This meansthat w 6 v;. To obtain a hint of properly tuning the penalty parameters,we

corntinue with the falseassumptionthat w = v, in the secondequation in Eq. 3.19.The
energy method then leadsto

(3.20)

d
a(El)H = Wi RvWn W, Rowo;

where now
a+ 11 C ant 1

Ry =
N C ap+ 12 ac 2a 1p+ 213

Stability would then (under the false assumption) follow if R is negative semi-de nite.
By choosing

1= a; p=agy; C;2i13=ac+?2a 1p; (3.21)
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Eigenvalues 6th order case, a=5, b=1, m=51

1000 T

5001

-500 -

-1000 ‘ ‘ ‘
-10° -10° 10° 107 107

I-og(Re)

Figure 1. The eigervaluesto Eq. 3.20 using the sixth-order accurate operator, with
b= 1; a= 5; m = 51. The penalty parameters are given by Eq. 3.22.

we obtain Ry = diag( a;0). An eigervalue analysis (not shavn here) revealsthat this
particular choice does not lead to a time-stable approximation since we obtain small
positive eigervalues. This shaws that the assumptionis not valid and the energy method
fails.

Howewer, a more careful eigervalue analysis (not shavn here) shows that the following
parameter choice

1= a; p=20c+a+h ;3 13= h%a b; (3.22)

leadsto a stable approximation. The eigernvaluesto Eq. 3.20 using the sixth-order accu-
rate D1 operator (preserted in Section 5), with b= 1; a= 5; m = 51, and the penalty
parametersgiven by Eq. 3.22is preseried in Fig. 1. Our main focusis to derive stability
conditions for a semi-discretization of (3.1) using narrow-diagonal SBP operators D; and
D,. We will shaw that this can be doneif 1) D; and D, are fully compatible, and 2) a
suitable amourt of arti cial dissipation is added.

Consider the narrow-stencil approximation

Vi = W+ SAT 1+ D1

W; = 2aDiw + cDyv+ SAT, + Dl5 ; (323)

where
SAT:= 13H 'STey((SV)n  Gr2)
SAT,= pH 'en(Wn  Gu)+ 12H len((SV)n  G2) ;
and
Di;=c H *RP+¢c ,H 'DJRIPD,
Dil,=c 3H IR ;
Possibleformulations of R(P) are given in Eq. 2.9.

Lemma 3.2. The pth-order accurate scheme(3.23) is stableif Eq. 3.20 is stable,if D1
and D, are fully compatible, andif ;= ,=a, a 3= 1hold.

Proof. By multiplying the rst row in Eq. 3.20by vT H from the left and the second
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row by wTH av' QT and adding the transpose,we obtain
d
—(E =BT;

where BT corresponds to the boundary terms. By assumption BT is non-positive. For
fully compatible pth-order accurate SBP operators, the following property holds: D, =
D;D; H R® whereR ispositive semi-de nite. This meansthat the energymethod
applied to Eq. 3.23leadsto

%(El)H =BT+ cx"AX;

where

2 v 3 22 1 RO aR(®P R(P) 3
X = 4D1U5, A= 4 aR(p) 2 ZR(p) aR(p)S :
w R aR® 2 SR
SinceR( dominates R(P), the matrix A is positive semi-de nite if
2 3
2 1 a 1
A=4a 2, abd
1 a 2 3
is positive de nite, whichistrue if ;= ,=a,a 3= 1hold. O

A more careful eigervalue analysis(not preserted here) revealsthat we can useslightly
lessarti cial dissipation to maintain time-stabilit y. By using fully compatible SBP oper-

ators it is found that Eq. 3.23is stableif ,=0and ;= 3= (P (weusep to denote
di erent orders of accuracy), where
— h. — h. —_ h .
@ = U @ = s ©® = 5 (3.24)

The eigervaluesof Eq. 3.23 using the fully compatible sixth-order accurate operators,
with b= 1; a= 10, m = 81,the penalty parametersgivenby Eq. 3.22,and the dissipation
parametersgiven by Eq. 3.24 are presened in Fig. 2.

4. Conclusionsand future work

We have proven that narrow-stencil approximations of Einstein's equations written
on second-orderform are time-stable, if the rst- and second-deriative nite di erence
operators are fully compatible, and a suitable amourt of arti cial dissipation is added.
Our approac has beento use SBP operators and the SAT technique to enforce the
boundary conditions.

The next step will be to simulate the full non-linear 3-D problem utilizing the same
technique. To addressmany of the more challenging (interesting) problems, for exam-
ple colliding black holes, will require a structured-unstructured hybrid discretization
approadc to e cien tly capture all the relevant solution features. Unstructured volume-
integrated SBP operators utilized in CDP were described in Ham et al. (2006). Hybrid
coupling of unstructured nite volume and high-order nite dierence discretizations for
the compressibleNavier-Stokes equations is described in Nordstrom et al. (2007), uti-
lizing the SBP and SAT technique to guarantee a stable and accurate coupling. The
Discortinuous Galerkin method is also a good candidate for the unstructured part, since
it naturally utilizes SAT to couplethe elemerns.
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Eigenvalues 6th order case, a=10, b=1, m=81
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Figure 2. The eigervaluesto Eq. 3.23 using the sixth-order accurate operators, with
b=1;,a= 10, m = 81.
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5. Fully compatible SBP operators

The sixth order accurate fully compatible SBP operators are given below. The left
boundary closurefor the norm is given by:

3
7493827
25401600 0 0 0 0 0 0 0
o WL o o 0 0 0 0
0 0 2|0 0 0 0 0
H o= 0 0 0 iﬁg?gg 0 0 0 0
0 0 0 0 % 0 0 0
0 0 0 0 0 % 0 0
o o o o 0o o I o
0 0 0 0 0 0 0 25631027

25401600



Einstein's equations 119
The left boundary closureof Q is given by:
49651253 O34 = joaer— 906379
Gii6 = 3oag1so00 T ssesee Usi6 = 73545600
— 111 Q3;5 = %‘7“7)233 — 654643
G1;7 = 2600 Gs;:7 = 3110400
03,6 = g 1158071
Q1= g Oi;8 = 0 ' 403200 O5:8 = 76934400
— 144243419 X — 3554203 gs; 7 = % — 59430457
qi; 2 217728000 O2; 3 21772800 Je: 7 108864000
100087 _ 13951541 O3;8 = % — 5026031
Qi;3 5096384 G2;4 = 21772800 ' 06;8 = 150409600
. = 31487
was S wsc 8B e ” i wo= &
- 8487881 - 54569873 Qsa;6 = éﬁiggg% — 30506159
G1:5 = 152409600 G2;6 = 108864000 ' G7;8 = 23545600
— 24209 Qa;7 = 4%13%% - 3
82:7 = 129600 qr;9 = 35
. Qa. s = 338713 .
O2; 8 = 00 ' 152409600 07;10 = &
. . . . 1 3
In the interior we have the skew-symmetricstencil (Qv); = —Vj 3+ =Vj 2 —V 1+
3 3 60 20 4
—Vi+1  ==Vj+2 + —Vj+3 . The left boundary closureof h M is given by
4 20 60
mi. 1 = 1:2000574331050846310 Mg, 4 = 4:4952269369790344874
mi, 2 = 1:3493191282870869603 mg, s = 3:1817949974047985393
my, 3 = 0:070178887841234707543 ma4 6 = 1:0808018521848171469
mi. 4 = 0:069590525249539236244 ma;7 =  0:45961997566890306308
mi.s = 0:067470908000967733967 ma; 3 = 0:086484339407630035030
mi.s = 0:078177900310564991388 ms; 5 = 3:7441205742402132321
mi.7 = 0:020199274400825642921 ms, ¢ = 2:2187585468457396535
mig=0 ms. 7 = 0:60169480955006113403
my. , = 2:3771262429420204291 ms;g = 0:082630532112906639616
my 3 = 0:67656041117548601149 me; ¢ = 3:3035989548189179514
my 4= 0:17119675741265170011 me;7 = 1:7308643575320354723
my s = 0:49114472782781516546 me g = 0:13993549254962779959
my. s = 0:41999078952455211907 M6 o= g5
mo. 7 = 0:11648186968013573680 my, 7 = 2:6978965450148505391
m,. g = 0:0075858619166030259199 my7,g = 1:4482136587990443235
m3. 3 = 1:6154560822068650044 M7o= 5
ma 4 = 1:9194919233346676031 mz 10 = &
ma. 5 = 1:5610425124000178977 mg g = 2:6996599266341938109
ma s = 0:90541517327846378866 Mg o= 2
m3, 7 = 0:29650034382549239075 Mg 10 = &
ms3 g = 0:041710318484992597153 Men = &
In the interior we have the symmetric scheme: h(M V)] = v 4+ 35V 3
1y 8y 205, 4 8, 1y 8 v Y -
5Vi 2+ cV) 1 SRVitEVisr EVi+2 + 31 Vj+3 g5 Vj+4 - 1he fourth-order accurate
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boundary derivative operator is given by:

12700800 1009703933 2502175 913407 8487881 49651253 7048944
7493827 449629620 44962962 1362514 44962962 89925924 37469135
BS= 0
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