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A least-squaresapproximation of high-dimensional
uncertain systems

By A. Doostan, G. laccarino AND N. Etemadi y

1. Motiv ation and objectives

The behavior and ewolution of complex systemsare known only partially due to lack of
knowledgeabout the governing physical laws or limited information regarding their oper-
ating conditions and input parameters(e.g., material properties). Uncertainty quanti ca-
tion (UQ) plays a crucial role in the construction of credible mathematical/computational
models for such systems.In this cortext a set of a partial di erential equations (PDES)
are considered.The uncertain parametersare assimilated basedon the available informa-
tion and are described asrandom variablesin a probabilistic framework. A computational
model is then de ned to approximate the statistics of the solution of these PDEs, thus
propagating the uncertainty from the input parametersto the responseof the system.

Bringing the uncertainty propagation schemesinto focus, the Monte Carlo sampling
hasbeenutilized for along time asa generalpurposescheme. There hasrecertly beenan
increasinginterest in dewveloping more e cien t computational models for the analysis of
uncertain systemsas comparedto Monte Carlo techniquesthat are generally known to
have a slow rate of corvergence.In particular, perturbation-basel techniques, Kleiber &
Hien (1992), are shawn to be e ectiv e for situations wherethe input parametersexhibit
small variabilit y. Stochastic Galerkin schemeshave beensuccessfullyapplied to di erent
areasof engineeringand have been proven e cien t for situations where the number of
uncertain parametersare not large, e.g., Ghanem & Spanos(2003); Xiu & Karniadakis
(2002); Babuska, Tempone & Zouraris (2004). More recertly, there hasbeena great deal
of attention to collocation-baseal techniquesthat take advantage of existing deterministic
solversfor medium range, O(10), number of uncertain variables Xiu & Hesthaven (2005);
Nobile, Tempone & Webster (2006, 2007).

In many applications, one hasto deal with a large number of uncertain input param-
eters. In sud situations, with the exception of the Monte Carlo technique, the above-
mentioned methods (in their cornvertional form) su er from the so-called curse of di-
mensionality: the assaiated computational cost grows exponertially asa function of the
number of random variables de ning the underlying probability spaceof the problem.
More speci cally, the computational cost of the stochastic Galerkin schemeswith global
polynomials, e.g., Wiener Hermite chaos,Ghanem& Spanos(2003), dependson the num-
ber of terms in the solution expansion. For a caseof p th order approximation in d
independert random variables, the cardinality of the assaiated basisis P = &tk 1,
which increasesexponertially with respect to p and d. Model reduction techniques have
beendeweloped to reducethis drawbadk for the caseof stochastic Galerkin schemesby
Doostan, Ghanem & Red-Horse(2007); Ghanem, Saad& Doostan (2007); Nouy (2007).

Stochastic collocation schemes, Xiu & Hesthaven (2005); Nobile, Tempone & Web-
ster (2006, 2007) based on isotropic and anisotropic sparsegrids, reduce the problem
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of the curse of dimensionality assaiated to convertional tensor product schemes.The
computational cost of the stochastic collocation scheme using a tensor-product grid and
a sparse-gridconsistingof M points in ead direction of a d-dimensional spaceis O(M %)
and O(CYM (logM )¢ 1), respectively. Note that both estimatesgrow exponertially with
respect to d.

This work applies the alternating least-squaes (ALS) approximation technique of
Beylkin & Mohlenkamp (2002,2005)to tackle the curseof dimensionality issue.In theory,
the computational cost of this algorithm grows linearly with respect to the dimension of
the probability spaceof the system. The fundamental feature is the adoption of a low
separation-rank approximation of functions in the probability space.

The test problem consideredhere is a thermal problem on a domain with uncertain
thermal conductivity and initial temperature. The thermal di usivit y is modeled as a
random eld obtained from a truncated Karhunen-Loewe expansion. The assaiated co-
variancekernelis suc that alarge number of terms (hencerandom variables) are required
to capture a signi cant portion of the signal energy The uncertainty in the initial tem-
perature is characterized by two random variables. A simple implicit nite dierence
stheme is usedfor the spatial-temporal discretization of the governing equation. Given
the uncertainty, the discrete problem is essetially a random linear system of equations.
A low separation-rank approximation of the solution of this systemis obtained by mini-
mizing the L, norm of the residual on a tensor product grid in the physical-probability
space.The particular form of the separation-rank represeration of uncertain quartities
allow oneto perform the minimization task alternately in d + 1 dimensions.In theory,
the assaiated computational cost of this analysisis linear with respect to the dimension
of the corresponding probability spaced seeBeylkin & Mohlenkamp (2002, 2005).

The paper is organizedasfollows. Section2 brie y summarizesthe ALS approximation
of a general d-dimensional function proposedby Beylkin & Mohlenkamp (2002, 2005).
It will then be shavn how one can cast the discrete form of the governing stochastic
partial dierential equation (SPDE) in a form that can be readily incorporated in the
proposed least-squaresapproximation. Finally, in Section 3, a numerical experimert is
performedon 1-D unsteadythermal problemto illustrate the performanceof the proposed
procedures.

2. Numerical method

As mertioned above, the computational cost of two commonly useduncertainty prop-
agation schemes,i.e., stochastic Galerkin and stochastic collocation schemes,generally
speaking, grows exponertially with respectto the dimensionof the underlying probability
space.The present work tackles this problem by adopting the formalism of alternating
least-squaes approximation of high-dimensional functions of Beylkin & Mohlenkamp
(2002, 2005), which will be introducedin Section2.1.

2.1. Seprated representation

The separation-of-\ariable techniques have beenusedto approximate high-dimensional
functions using one-dimensional operations, thus virtually eliminating the curse of di-
mensionality, e.g., Pereyra & Sderer (1973). Let u be a d-dimensional function. It can
be approximated as

ulys;  iYa) 1(y1) d(Ya): (2.1)



High-dimensional uncertain systems 123

This approximation can be improved by introducing a seriesof suc represetations,
ie.,

X
Uy  5ya)=  soa(yn) alya) + O(); (2.2)

I=1
which is called a sefarated representation with seration rank r (Beylkin & Mohlenkamp
(2002,2005)). Given a target accuracy , the approximation (2.2) can be achieved by tai-
loring unknown quantities f !(yi)g, fs/g, and an optimal separationrank r, for instance,
through a nonlinear optimization scheme.The main advantage of adopting the separated
represenation (2.2) is that many algebraic operations in d dimensionscan be performed
using a seriesof one-dimensionaloperations. Therefore, in theory, the computational ef-
forts build up linearly with respect to d. Our goal is to presert the ALS algorithm of
Beylkin & Mohlenkamp (2002, 2005) for the separatedrepreseration of the solution of
a linear systemof equationsarising from spatial/temp oral discretization of SPDEs using
only one-dimensionaloperations. For this sake somepreliminary notations and de nitions
are introduced.

Notation 1. A scalarfunction u(y1; ;yg) in d dimensionsis a mapping from the Eu-
clideanspaceR? to realline R, u: RY! R. A vectoru is adiscreterepresetation of func-
tion u on a d-dimensional hyper-cube grid, i.e., u = u(j1; ;jq) with jx = 1; ;M.

Without lossof generality it is assumedthat My = M fork =1, ;d.
De nition 1 [Beylkin & Mohlenkamp (2002, 2005)] (Separated Represemation of a Vec-
tor). For a givenaccuracy, , avector u = u(j1;  ;jq) in d dimension is approximated

by

X
siup(i)ub(2)  ugia) siup U Ug: (2.3)
1=1 1=1
with s, being a salar and u} being one-dimensionalvectors with entries u} (jx) and unit
norm. The approximation error is required to be lessthan , i.e.,

X
ku siuf ub ubk (2.4)
I=1
where k k denotesthe Frokenius norm over all grid points.

2.1.1. Reducing the semration rank r

Let v be a function whosediscrete form v has a large separation rank r,. The ALS
algorithm aims at reducing the separationrank of v while maintaining an accurate rep-
resenation. More speci cally, let

Xv
v= s'vl v vy (2.5)
1=1
be known with larger,. Givenan , the goalisto nd
Xu
u= sfuy U uly; (2.6)

1=1
with ry ry suc that
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kv uk 2.7)

It is assumedthat sud lower separation-rank approximation of v exists, otherwise the
following reduction algorithm is not e cien t.

For a xed r,, onecan minimize the distance betweenv and u as much as possibleby
adapting fulg and f s'g. Due to the already separatedform of v and u such minimization
can be performedin the form of a seriesof linear one-dimensionaloptimization problems
and is referredto asalternating least-squaresalgorithm (ALS) in Beylkin & Mohlenkamp
(2002, 2005).

Alternating Least-Squaes (ALS) algorithm. For a xed ry, an initial guessfor u is
constructed by randomly initializing fulg and s'. The optimization steps are then as
follows:

Loop over dimensionsk = 1;  ;d
Loop over grid points jx = 1, ;M in direction k
| Fix fulgisk and solve the following normal equation assa&iated with a linear
least-squaresproblem to update f u[g and thus sﬁ:

Bg, = b (2.8)

jis

with

%
Bn= nl;ufi
i6k
and

Xv Y
b= s\viG) il
=1 i6k

1=2
Update s¢ = Pj ¢ (N and up(jx) = g, (N=g, where"= 1, ;r, and
jk=1 ;M.

Whereh; i denotesthe usualinner-product of two vectors The above algorithm mono-
tonically reducesthe di erence betweenv and u until the rate of the reduction is small.
This suggestshat the presumedseparationrank r, is not large enoughto reducethe er-
ror further and thus needsto be increasedif the desiredaccuracyhasnot beenachieved.
In general,there is no clear way of knowing the optimal r a priori . It is possibleto start
from a low separationrank, e.g.,ry = 1, and reducethe represenation error using the
ALS algorithm and, if necessaryincreasingr, until kv uk is obtained. The overall
procedureis then summarized as:

Sepration-rank reduction algorithm:
Setry, = 1; (randomly) initialize fulg and s}
Loop while kv uk >
Perform the ALS algorithm until kv uk decreaseonly slighgtly
Setry = ry + 1; (randomly) initialize fu{g and S

It canbe shown that onefull ALS analysisrequiresO d ry(r2 +r, M) operations.
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In theory, asfar asr, is nite and doesnot depend on d, the complexity of ALS algorithm
scaleglinearly with d. However, in practice, it hasbeenshown that r, mildly dependson
d, and thereforein practical caseghe computational costof the ALS schemeis near-linear
with respectto d (Beylkin & Mohlenkamp (2002, 2005)).

In the following, the ALS schemewill be extendedto the solution of the linear systemof
equations arising from spatial-temporal discretization of a stochastic partial di eren tial
equation (SPDE).

2.2. Solution of an SPDE

Considera linear partial di erential equation with stochastic operator and deterministic
input, which consistsof nding a stochastic function u(x;t;!):D [0;T] I R, sudc
that the following equation holds almost surely in ,

Litl,u)y=f;t!) (xt)2D  [0;T] (2.9)
Bt liu)=g(xt) (x;t)2@ [0;T]
I (x;0;!';u)= h(x;!') x2D;

where is the set of elemenary events, and! 2 . The randomnessof L is induced by
the uncertainty in the underlying parametersof the corresponding physical system, e.g.,
heat conductivity, viscosity, etc., and is assumedto be a function of a nite, possibly
very large, number of random variables. Such nite-dimensional noiserepresenation can
be obtained through, for instance, spectral decomposition of the covariance kernel of
the underlying (second-order)random eld/pro cesseswhich is referredto as Karhunen-
Loewve expansion. Therefore, the random operator of Eq. 2.9 can be represerted as

Loctlsu)y =Lt 1(1); 5 a(t)u); (2.10)

wheref (! )gﬂ:1 are the random variablesthat de ne the nite-dimensional noisein the
system, e.g., Karhunen-Loeve random variables. Similarly, one can rewrite f (x;t;!) =
fOoct a(t); 5 a(t)) andh(x;!) = h(x; 1('); a(')). Let « k() bethe
image of the random variable (! ). The underlying (Bzobability space is then the

product of imagesof random variables (!), i.e., k=1 k-
The solution of Eq. 2.9is a mapping of fx; t; 1('); ; 4(!)g,
uGG ) = uat a(t); s a(h))s (2.11)

which is in generalnon-linear.

Considering a spatial-temporal discretization scheme, the discrete equivalent form of
Eq. 2.9 typically simpli es to a solution of a random linear system of equations of the
form

An(Dun(t) = fa(t) 8n; (2.12)

where n denotesthe index assaiated with the time integration scheme. These indices
are omitted for the sake of simpler notation henceforth. Considering a tensor product
grid, G, of sizeM 9 in , and constructing a separatedrepresenation of the form (2.2)
for the discrete form of A(! ) andf(! ) on G, Eq. 2.12is
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XA X
Ay Al AL u= £y f] fl; (2.13)
1=1 =1
whereAL 2 RNN andf) 2 RN are deterministic matrices and vectors, respectively, whose
sizesare determined by the spatial discretization scheme. As speci ed in De nition 1.,
Al and f} are one-dimensionalvectors ass@iated with direction . Finally, u is the
tensor-product represertation of the solution to be calculated.
A separatedrepreseniation of u with low separationrank is sougtt to approximate the
solution of Eq. 2.13. This can be achieved asin Section 2.1.1 using the ALS algorithm.
In particular,

Xu
u= sfup ul U ul (2.14)
I=1
is seardied sudc that it satis es
!
Xa Xu
k Ay Al Al siupg uh U ul
1=1 =1
Xt
£ fl flk (2.15)

for somegiven . To this end, the separation-rank reduction algorithm of Section2.1.1is
modi ed as follows,
Linear systemof equations sepration-rank reduction algorithm:
Setr, = 1; (randomly) initialize fulgl, and thussy.
Loop while KAu  fk>
Perform a modi ed ALS algorithm, as described below, until kAu  fk does not
decrease
Setry, = ry + 1; (randomly) initialize ful"gl, andthussy.

Due to spatial-temporal discretization of Eqg. 2.9, one has to solve di erent normal
equationsin the alternating least-squaresalgorithm of Section2.1.1.The modi ed normal
equations for ead direction  in the probability spaceand also the spatial direction,
denoted by the subscript 0, are as follows.

Normal eguations along direction . Let denotethe Hadamard product of two vec-
tors. For eac grid point j along direction , fulgl, are updated by solving

Bjijk = bjk; (2.16)
where
Xa Xa | ;i I (3 Y | ol s
B, (1D = ALG)AKGK)  PAL Ul AL i (2.17)
=1 |=1 i6k

and
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X X | s | ¢ Y I | f
bj, (1) = frG)ALGK)  HAL uji (2.18)
=1 |=1 i6k

1=2
More precisely s = Pj ¢, (N and ui(jk) = ¢, (=g forall =1, ;ry.
Normal equation along spatial directions. For the caseof updates along the spatial
directions, one has to solve one linear system of equationsto solve for componerts of
vectors uh simultaneously, thus meaning that the size of the normal equation is the
number of spatial degreesof freedom, N, times the separationrank r,. The quantities
fubg and thus sfy are updated by solving the following normal equation,

Bjocio = bjo; (2.19)

where B;, cortains r, ry blocks of sizeN N. The (' 1)-th block is obtained from

- Xn X I I ¥ o mal of
B ;i (ioifo) = PAG . Aoil  PAT UL AT Ui, (2.20)
=1 |=1 i=1
WhereA'O;j0 denotesthe jo-th column of the A}y matrix. b;, contains r, vectors of sizeN
in which the f*th oneis computed as

_ Xr Xa Y N
b, o) = Mo Aby, i HEGAL i (2.21)
I=1 =1 i=1

It is worthwhile to note that, in theory, the computational cost of the above procedures,
similar to those in Section 2.1.1,to obtain a low separation rank of solution u remains
linear with respect to d. Howewer, in practice, r, depends mildly on d thus increasing
the computational costto more than linear growth.

In the following section, it will beillustrated how one can apply the above procedures
for the solution of a stochastic heat equation in one-dimensionalphysical spacebut with
high-dimensional probability space.

3. Results
Consider the following 1-D stochastic heat equation that holds a.s.in :

@xt!) @ a(x: ! )@J(x; t!)

@ @ @
u@©O;t;!)=u@;t;!)=0 t 2 [0;1]
ux;0;1)=h(x;!) x 2 (0;1);

=0 (xt)2(©1) [01] (31)

where the thermal di usivit y coe cient a(x;! ) is random but a.s. bounded away from
zeroand alsoboundedfrom above. In order to investigatethe performanceof the proposed
algorithm for high-dimensional probability spaces,the following model, similar to that
of Xiu & Hesthaven (2005), for a is considered,
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Ra 1
a(x;!')=a+ ———co92 kx) (!); (3.2
k1l=4 4

k=1
where f (! )gﬁf;1 are i.i.d. uniform random variables on [ 1;1]. Such represenation
is similar to those obtained from d, term truncated Karhunen-Loeve expansion of an
underlying) random eld for which the eigernvaluesof its covariance kernel decay with the
rate of 1= k. Moreover, the initial temperature, h(x;!), is also assumedto be random
given by

Wn
h(x;1)= " sin(k x)( «k+ « (")) (3.3)

k=1
with f (! )gﬁ":1 being i.i.d. uniform random variables on [ 1;1] and are independert
from f (! )gﬁ;l. Having the represenations (3.2) and (3.3) for a and h, respectively,
the underlying probability spaceof the problem is readily discretized as required for the
proceduresof Section 2.2 and has dimensiond dy + dy. In particular, for the presen
study, the parametersof the thermal di usivit y coecient, a, and d, are chosento be
a=1 = 03andd, = 40, respectively. For such a choice of these parameters, one
can easily verify that a is both bounded away from zero and bounded from above. The
initial temperature is de ned by setting d, = 2, ; = 0:80, , = 0:16, ; = 0:20and
2 = 0:04. Therefore, the underlying probability spaceof the problem has dimension

d= 42

3.1. Discretization schemes

Smatial-temporal discretization. A standard Euler badkward-implicit schemeis utilized for
space-timediscretization of the heat equation (3.1). Considering a uniform grid of size
X, here x = 0:02, on (0;1) and time integration size t, here t = 0:002, this will

lead to

(I + tC)Un+1 = Un n 0, (34)

P
with ug(jo) = ﬁ*;l sin(k jo X)( k+ «k (') and up+1 (0) = Up+1 (N + 1) = Ofor all
n 0.In Eq.3.4,1 2 RNN is the identity matrix and C 2 RN'N is given by

1
al + ab al 0 0
m m p p
L aj ay + aj a5 :
C= ( X)2 0 0 ; (3-5)

m m p p

ay 1 Ay 1tay g ay !

m m
0 0 ay ay + ay

in which a" and ajp denotea(j x x=2;1)anda(j x+ x=2;!), respectively. Re-
placing the componerts of C from Eq. 3.2, C can be rewritten as

Wa
C=0Co+  Cxk() (3.6)
k=1
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Figure 1. Temperature meanatt = 0:002and Figure 2. Temperature variance at t = 0:002
t = 0:200(Monte Carlo simulation ;ALS and t = 0:200 (Monte Carlo simulation ;
algorithm with ry, = 2 ). ALS algorithm with ry, = 2 ).

in which Cq and Cy correspond to the cortribution of mean of thermal di usivit y a and
the coe cien ts of (! ), in the represeration (3.2), respectively.

Discretization of probability space. In order to implement the ALS algorithm of Section
2.2,onehasto de ne agrid Gin . In the presen study, a uniform grid of sizeM = 5in
any direction  or  is considered.Accordingly, the (discrete) separatedrepresertation
of the problem (3.4) is given by

x | [ [ X | [ [
Ay A Ay Upyr = Uy Uz Ug; (3.7)

I=1 I=1
where A} = 1+ tCpand, forl =2 ;da+ 1, A) = tC ;. Also, Al(jx) = 1and,
for1=2 ;da+ 1, A (k)= 1+ (jx 1)=5ifk=1 1andA}(jx) = 1 otherwise.
Moreover, the right-hand side of Eq. 3y is the separatedrepresenation of u,. For the
caseof n = 0 (t=0), ry, = 3, ud(jo) = gh:l ksin(k jo x), and,forl =2, ;dy+ 1,
ubGo) = 1 1sin((l 1) jo x)ui(jx) = 1.Finally, u}(jx) = 1and,forl = 2; ;dn+1,
uk(Gk) = 1+ (jx 1=5ifk=1 21landul(jx) = 1 otherwise.

To verify the proposedprocedures,a Monte Carlo simulation on an identical problem
(as de ned above) is performed. The quartities of interest are mean and variance of u
in time aswell asthe probability distribution of the u(x = 0:5;t) at the rst, t = 0:002,
and last time step, t = 0:200, of the analysis, which are compared in Figs. 1{4. For
all time steps of the analysis, a rank 2, r, = 2, approximation of u was sucient to
achieve a target accuracyof = 1 10 2. As is seenfrom Figs. 1{4 the algorithm hasan
acceptableagreemen with predictions from the Monte Carlo simulation. The impact of
long time integration on the proposedalgorithm is illustrated in Fig. 4. As is expected,
the accuracy of the schemedecreasessit movesforward in time dueto an accumnulation
of approximation error at ead time step and propagating to proceedingtime steps
basedon relation 3.4.
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Figure 3. Probabilit y density function of tem- Figure 4. Probabilit y density function of tem-
perature at x = 0:5and t = 0:002(Monte Carlo perature at x = 0:5andt = 0:200(Monte Carlo
simulation ; ALS algorithm ) simulation ; ALS algorithm )

4. Conclusion and future directions

The work of Beylkin & Mohlenkamp (2002, 2005) has beenextended here to approxi-
mation of high-dimensional stochastic partial di erential equations.The method is based
on an alternating least-squares(ALS) algorithm that minimizes the di erence between
the quartit y to be estimated and a generalseparation-rank represertation. This is consid-
eredto be a generalization of the singular value decomposition technique without being
optimal. The minimum separation-rank approximation is achieved asa result of the ALS
implemertation. It can be shown that the number of the required operations, and hence
the computational cost, for the proposedscemeis linear with respect to the dimension
of the underlying probability spacein which the solution exists. The ALS algorithm is
implemerted for the solution of a 1-D (in spatial domain) heat equation with uncertain
thermal di usivit y aswell asinitial temperature. The total number of random variables
de ning the underlying probability spaceis 42. Reasonableagreemen betweenthe Monte
Carlo simulation and that of the ALS algorithm with only rank 2 approximation, r, = 2,
has beenobsened to achieve an accuracyof =1 10 2.

The e ect of long time integration has beenobsened in the analysis. The target ac-
curacy, , of the ALS algorithm can be adjusted a priori basedon a desirable accuracy
at the nal analysistime. Howewer, this might require a relatively small to begin with,
thus making the proposed procedureslesse cien t. The issueof long time integration
therefore requires further attention.
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