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Uncertainty analysisof large-scalesystemsusing
domain decomposition

By D. Ghosh, C. Farhat A N D P. Avery

1. Motiv ation and objectives
A realistic analysis and designof physical systemsmust take into account uncertain-

ties contributed by various sourcessuch as manufacturing variabilit y, insu�cien t data,
unknown physics and aging. In a probabilistic framework these uncertainties are �rst
modeled as random quantities with assignedprobabilit y distributions. The probabilistic
nature of the responseof the uncertain systemunder deterministic or random loading is
then estimated using various available methods such asstochastic �nite element methods
(SFEM).

Let (
 ; F ; P) denote the underlying probabilit y spaceof uncertainty, where 
 denotes
the set of elementary events, � 2 
, F denotes a � -algebra on that event set, and P
denotesthe probabilit y measure.Let D denote the physical domain of the system, and
x 2 D. Consider the following elliptic equation to hold almost everywhere (a.e.) on 


L (u(x ; � )) = f (x ; � ) x 2 D; (1.1)

u(x ; � ) = ub(x ; � ) x 2 @D;

where u(x ; � ); f (x ; � ) : D � 
 ! R. The uncertain parameters in this equation are
embedded in the coe�cien ts, and sometimesin the boundary conditions. The external
forcing function f also can be random. In a general probabilistic framework, some of
theserandom parametersand sometimesthe force are modeled as random variables and
someas random processes.Since the random processesare in�nite dimensional objects,
for computational purposesthey are further discretized using a suitable basisset in the
spaceof square-integrable random variables L 2(
). For example,when the covariance of
a processis known, then the Karhunen-Lo�eve (KL) expansion(Ghanem & Spanos2003)
can be used for such discretization. The set of all these random variables completely
characterizesthe uncertainty in the underlying system.Theserandom variablesmay not
becompletely independent of each other, and their joint distribution will benon-Gaussian
in general. This set can be transformed to a function of a set of independent standard
normal (Gaussian) variables f � i (� )gi = m

i =1 , also denoted by the m-dimensional vector � ,
using various techniques (Ghanem & Doostan 2006;Das et al. 2006). In literature, m is
often referred to as the stochastic dimensionof the problem. Sinceu, the responseof the
system, will also be a function of � , therefore u(x ; � ) can now be denoted as u(x ; � ).

The responseof the system is next represented in a tensor product spaceas u(x ; � ) 2
V (D) 
 L 2(
). Here V (D) may be a space of deterministic �nite element bases,for
example.Similarly a set of orthogonal basesare chosenin L 2(
). Sincethe basic random
variables � are Gaussian,the natural choice of a set of orthogonal polynomials in these
variables becomesthe set of Hermite polynomials, and the resulting representation is
called the polynomial chaosexpansion(PCE) (Ghanem & Spanos2003). Let us assume
that the physical domain is discretizedusing an n degreesof freedom(dof) �nite element
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model, and the responseis represented using a P-term PCE. For this problem, in order to
estimate the chaoscoe�cien ts whena Galerkin projection is usedto minimize the residual
of the governing equation (Ghanem & Spanos2003;Bab�uska et al. 2005), the stochastic
problem is translated into the following system of linear deterministic equations

K u = f ; K 2 RnP � nP ; u ; f 2 RnP : (1.2)

Solving this large system of equations has drawn signi�cant attention (Ghanem &
Kruger 1996; Pellissetti & Ghanem 2000; Keese& Matthies 2005; Sarkar et al. 2006),
however, it still remains as a major challenge in quantifying uncertainty in large-scale
systems.This systemis block-sparse,and usually is solved using iterativ e solvers such as
conjugategradient (CG). Likemost large linear systems,a properly chosenpreconditioner
could help the convergenceof the iterativ e solver. In this work a Block-Jacobi type
preconditioner is used for this purpose,and is found to be very e�ectiv e. To apply this
preconditioner an (n� n) systemneedsto besolvedrepeatedly, for di�eren t multiple right-
hand sides.To this end,a domain decomposition method called �nite element tearing and
interconnecting - dual primal (FETI-DP) is usedas the solver. In particular, a variant of
FETI-DP that is adapted to solve for multiple right-hand sidesmore e�cien tly is used.
The proposedmethod is successfullytested by a numerical study. It should be noted that
the presented framework is equally valid for other basesthan the Hermite onessuch as
other types of polynomials (Xiu & Karniadakis 2003) or wavelet bases(LeMaitre et al.
2004).

It is noted that an overlapping additiv e Schwarz domain decomposition method with
the similar multiple right-hand sidesadaptation is used to apply a preconditioner in a
recent paper (Jin et al. 2007); however, there the uncertainty model remains only as a
special caseof the general model considered.In another recent work on using domain
decomposition in SFEM ( Sarkar et al. 2006), a decomposition of the physical domain is
considered�rst, and the Galerkin projection is applied considering this decomposition.
Our work is completely di�eren t from this work, since we consider the entire physical
domain during the Galerkin projection, and the domain decomposition is only usedwhile
implementing the preconditioner.

2. Detailed problem description and proposedsolving strategy
2.1. Polynomial chaosexpansion

In this paper the polynomial chaosbases(Ghanem & Spanos2003)are usedto represent
the stochastic counterpart of the response u(x ; � ). Accordingly, any square integrable
random variable, vector or processcanberepresented usinga basisset f  i (� )gi = 1

i =0 , where
the basesare chosento be Hermite polynomials in the set of orthonormal variables � .
Let the function p(� ) denote the joint probabilit y density function of the random vector
� . Intro duce the notation

Ef�g =
Z



�dP(� ) =

Z

Rm
�p(� )d�

to denote the mathematical expectation of a random quantit y. Then the bases i have
the following properties:

 0 � 1 ; Ef  i g = 0 for i > 0 ; and Ef  i  j g = � i;j Ef  2
i g ;
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where � i;j denotes the Kronecker delta function. For computational purposes,only a
�nite number of bases| P are used.P dependsupon m, the stochastic dimensionof the
problem and the highest degreeof polynomials retained | also referred to as the order
of expansion. Using both the deterministic or physical basesand the stochastic bases
f  j (� )gj = P � 1

j =0 , the approximation û(� ) to the responseu(x ; � ) can be represented as

û(� ) =
P � 1X

i =0

u( i )  i (� ) ; û(� ); u( i ) 2 Rn : (2.1)

The chaos coe�cien ts u( i ) completely capture the probabilistic description of û(� ). For
example,the meanand varianceof the responseat the j th node can be readily computed
from the above expansionas

Mean = �u = u(0) (j ); Variance= V ar (û) =
i = P � 1X

i =1

�
u( i ) (j )

� 2
Ef  2

i g ; (2.2)

where u( i ) (j ) denotes the j th element of the vector u( i ) . To obtain the representation
(2.1) the coe�cien ts u( i ) needto be estimated. For most applications, the computation-
ally fastest method for this estimation is the stochastic Galerkin �nite element method
(Ghanem & Spanos2003;Bab�uska et al. 2005), where a variational formulation is con-
structed using the basesfrom the tensor product spaceV (D) 
 L 2(
). Accordingly, when
a Galerkin projection is taken on the deterministic bases,Eq. 1.1 can be written as

K (� )u(� ) = f (� ) ; K (� ) 2 Rn � n ; f (� ) 2 Rn ; (2.3)

where

K (� ) =
L � 1X

i =0

K ( i )  i (� ) ; f (� ) =
M � 1X

i =0

f ( i )  i (� ) ;

P � L; M ; K ( i ) 2 Rn � n ; f ( i ) 2 Rn : (2.4)

Next, when Eq. 2.3 is projected on the chaos bases,it yields a system of systemsof
deterministic equations

Ku = f ; K 2 RnP � nP ; u; f 2 RnP ; (2.5)

where

K =

2

6
6
6
6
6
6
6
6
6
6
6
4

L � 1X

i =0

K ( i ) Ef  i  0 0g
L � 1X

i =0

K ( i ) Ef  i  1 0g : : :
L � 1X

i =0

K ( i ) Ef  i  P � 1 0g

L � 1X

i =0

K ( i ) Ef  i  0 1g
L � 1X

i =0

K ( i ) Ef  i  1 1g : : :
L � 1X

i =0

K ( i ) Ef  i  P � 1 1g

: : : : : : : : : : : :
L � 1X

i =0

K ( i ) Ef  i  0 P � 1g
L � 1X

i =0

K ( i ) Ef  i  1 P � 1g : : :
L � 1X

i =0

K ( i ) Ef  i  P � 1 P � 1g

3

7
7
7
7
7
7
7
7
7
7
7
5

;

(2.6)

u =

8
>><

>>:

u(0)

u(1)

�
u(P � 1)

9
>>=

>>;
; f =

8
>><

>>:

f (0)

f (1)

�
f (P � 1)

9
>>=

>>;
(2.7)
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2.2. Solving the linear system

The matrix K is block-sparse,where each of the blocks is of size (n � n) and is also
sparse itself. The block-sparsity results from the properties of the inner products of
the polynomial chaosbases,while the sparsity within the individual blocks results from
the deterministic �nite element discretization. Clearly the problem size | which can
be characterized by the number nP | depends on (i) the size of the physical system
and spatial mesh resolution | that a�ects n, and (ii) the level of uncertainty | that
a�ects P. The majorit y of the current literature addressessolvabilit y of Eq. 2.5 for
small or medium problems. However, as the problem size grows, solving this system
becomesmore challenging, as the memory and computational time requirement tend
to a prohibitiv e range. Development of e�cien t computational techniques to solve this
problem has therefore emergedas an active area of research in recent years.

The system (2.5) can be e�cien tly solved using an iterativ e technique such as the
MINRES, or conjugate gradient (CG) algorithm (Ghanem & Kruger 1996; Pellissetti
& Ghanem 2000; Keese& Matthies 2005) | the solver used in this paper. For solving
large-scalelinear systems,the preconditionershavebeenplaying an important role (Benzi
2002). Using a preconditioning matrix M , the system (2.5) is transformed as

solve MKu = Mf ; (2.8)

here M should be chosensuch that (i) MK is well-conditioned, if possibleM � K � 1,
(ii) M should be easily computable. To this end, the matrix K needsto be examined
closely.

Using the orthogonality of the chaospolynomials, it canbeshown that the matrix K (0) ,
sti�ness of the mean system, contributes only toward the diagonal blocks of the matrix
K and not to the o�-diagonal blocks. This can be interpreted asthe diagonal blocks have
a contribution from the meansystemproperties, and often also from the 
uctuation part
of these properties | depending upon the expansion of K (� ) in Eq. 2.4, whereasthe
o�-diagonal blocks have contributions only from the 
uctuation part. Thus the diagonal
blocks are dominant in somesense.For such matrices it is often expected and has been
observed that a block-Jacobi preconditioner helps to acceleratethe convergence.In this
paper a block-Jacobi-type preconditioner is used,which is de�ned as

M =

2

6
6
6
4

1
Ef  2

0 g K � 1
(0) 0 : : : 0

0 1
Ef  2

1 g K � 1
(0) 0 0

: : : : : : : : : : : :
0 0 : : : 1

Ef  2
P � 1 g K � 1

(0)

3

7
7
7
5

: (2.9)

The reason for deviating from the usual block-Jacobi preconditioner is as follows. In
general, the diagonal blocks of the matrix K are not equal, therefore in the usual block-
Jacobi preconditioner the diagonal blocks in M also will be di�eren t. However, in our
construction of the preconditioner all the diagonalblocks in M arekept assame| except
the scalingfactors, which allowsusinga multiple right-hand sidesversionof a linear solver
without sacri�cing the power of the block-Jacobi preconditioner. It can be shown that for
a Gaussianmodel of K (� ), that is, when in Eq. 2.4 the only non-zerocoe�cien ts K ( i ) -s
are K (0) and the ones corresponding to � i -s, the preconditioner M coincides with the
usual block-Jacobi preconditioner (Ghanem & Kruger 1996,Pellissetti & Ghanem2000).
In Keese& Matthies 2005,a preconditioner similar to the onedescribed above wasused,
except there wasno 1

Ef  2
i g factor in the diagonal blocks. The reasonwe chosethe factor is
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that in the i th diagonal block of K , the coe�cien t of K (0) is Ef  2
i g. Although the results

are not mentioned in this paper, it was also veri�ed through numerical experiments that
this factor helps improving the convergence.

Each application of the preconditioner M requiresthe samematrix K (0) to be inverted
P times. Note that this is the count for each PCG iteration. However, in the PCG
algorithm the action of the preconditioner is implemented as a system solving approach
rather than requiring the accessto K � 1

(0) . Thus, a system K (0) z = d needsto be solved

instead of computing K � 1
(0) explicitly , where z; d 2 Rn , and d varies. The matrix K (0) is

sparse,and large for large-scaleproblems. Thus an iterativ e solver can be used to this
end. Since this system needs to be solved repeatedly for di�eren t right-hand sides, a
solution method that can reduce the computational cost in successive solving is greatly
desired.

Here a domain decomposition basedsolver named FETI-DP is used to solve K (0) z =
d. Since the application of the preconditioner requires solving the same linear system
repeatedly with di�eren t right-hand sides,a multiple right-hand sidesversion of FETI-
DP (Farhat & Chen 1994) is used here that acceleratesthe convergenceof the PCG
method. Typically any algorithm for solving a linear system with multiple right-hand
sidesrequires storing a set of vectors. This set is usedin subsequent solving to estimate
the initial iterate. The sizeof the storagedependson the sizeof the vectors. For FETI-
DP, thesevectors correspond only to the interface dof. Sincethe number of interface dof
is much smaller than the total dof in the whole domain, FETI-DP is storage-e�cient.

3. Domain decomposition
In domain decomposition methods the computational domain is decomposedinto a set

of subdomains, and a divide-and-conquerstrategy is developed that permits using mul-
tiple processorsmore e�cien tly than the traditional single domain approaches. In this
work a particular domain decomposition method called FETI-DP (Farhat et al. 2000)
is used. It is an iterativ e method where the subdomains communicate with each other
through a set of Lagrangemultipliers de�ned at subdomain boundaries.The equilibrium
of each subdomain is satis�ed at each iteration, whereasthe continuit y of the displace-
ment �eld is achieved at convergence.The FETI-DP solver is scalablefor fourth-order
plate and shell problems. It was further adapted to repeatedly solve a given system for
multiple right-hand sidese�cien tly (Farhat & Chen1994).This adapted version,referred
to here as the FETI-DP-mrhs, is described in Section 3.2, and will be usedfor applying
the preconditioner (2.9).

3.1. Description of the FETI-DP method

Let the physical domain D be divided into Ns subdomains, denoting the sth subdomain
by D (s) and its boundary @D (s) , as shown in Fig. 1. For the subdomain D (s) denote
the sti�ness matrix as K (s) , the component of the displacement �eld as u(s) and the
component of the external force as f (s) , respectively. Let the displacement �eld u(s) be
partitioned as

u(s) =

"
u(s)

r

u(s)
bc

#

; where u(s)
r =

"
u(s)

int

u(s)
br

#

; (3.1)
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Figure 1. Decomposition of the physical domain D

here the subscript bc denotesthe dof corresponding to the corner nodes, int denotesthe
internal dof, and br refers to dof at the nodes at the subdomain boundaries except the
corners.The subscript r is to abbreviate the word remainder, referring to all the internal
and boundary dof in the subdomain except the ones in the corners. The subdomain
sti�ness matrix K (s) and the force component f (s) can be partitioned accordingly as

K (s) =

"
K (s)

r r K (s)
r c

K (s)
r c

T
K (s)

cc

#

; f (s) =

"
f (s)

r

f (s)
bc

#

: (3.2)

At the subdomain interfaces, the continuit y of the displacement �eld can be expressed
as

u(s)
br

� u(q)
br

= 0 on @D (s) \ @D (q) : (3.3)

However, at the corner nodes, the continuit y of someor all components of the displace-
ment �eld is enforcedat each iteration. To implement this, a global vector is intro duced
to denote the corner dof as

uc =
�

u1
c ; � � � ; uj

c; � � � ; uN c
c

� T
; (3.4)

where Nc denotes the total number of corner nodes, uj
c denotesa subset or all of the

displacement dof associated with the j th global node that is also a corner node. Let �
denotea vector-valued Lagrangemultiplier de�ned globally over the subdomain interface
dof except the corner points, that is, on the dof denoted by br .

Detailed derivation of the equations can be found at Farhat et al. 2000. However, it
can be summarisedas follows. First, the equilibrium equations for each subdomain on
the residual dof level are constructed. Then, the equilibrium equation at global corner
dof level is constructed, consideringcontribution from all the subdomains. Finally, after
a few algebraic operations of these equilibrium equations and the continuit y condition
Eq. 3.3, a symmetric positive de�nite dual interface problem is formed as

A� = g A 2 RN � � N � ; g 2 RN � ; (3.5)

where N � denotesthe sizeof the vector � , expressionsof the matrix A and the vector g
can be found in Farhat et al. 2000.Eq. 3.5 is solved using a PCG algorithm. We will call



Uncertainty using domain decomposition 149

this PCG as the inner-PCG to distinguish it from the PCG usedto solve Eq. 2.5, which
we will refer to as the outer-PCG.

Let � k denotethe iterate at the kth inner-PCG iteration. To compute the corresponding
matrix-v ector (mat-vec) product, the following linear system needsto be solved

K �
ccxk = yk ; (3.6)

wherethe matrix K cc is de�ned over the global corner dof. Eq. 3.6 is called the FETI-DP
coarseproblem. The words dual-primal appear in the nameFEDI-DP becauseit involves
the dual Lagrange multipliers � and the primal displacement �eld uc. Implementation
details of the FETI-DP method, and �ner improvements such as augmentation of the
coarseproblem can be found in Farhat et al. 2000and Farhat et al. 2005.

3.2. FETI-DP with multiple right-hand sides

As can be seenin Eq. 2.9, application of the block-Jacobi-type preconditioner requires
solving the same system of equations with di�eren t right-hand sides. When a FETI-
DP solver is used to implement this preconditioner, e�ectiv ely the problem reducesto
solving repeatedly Eq. 3.5 for di�eren t right-hand sides.Here one advantage is that the
storagerequirement for the Krylo v subspacecorresponds to � , a vector de�ned only on
the interface dof and not on the entire domain, which is a signi�cant saving. Eq. 3.5 can
be written in its multiple right-hand sidesform as

A� j = gj ; A 2 RN � � N � ; � j ; gj 2 RN � ; j = 1; : : : ; nr hs ; (3.7)

where nr hs denotesthe number of right-hand sidesfor which the system is to be solved,
N � denotesthe sizeof the vector � j . A and gj denotethe matrix on the left and the vector
on the right-hand sides of Eq. 3.5, respectively. Computational cost of this repetitiv e
solving can be greatly reduced by re-using the Krylo v subspacesused by the iterativ e
method usedin solving Eq. 3.7.

For FETI-DP , a strategy of re-using the Krylo v subspace(referred to here as FETI-
DP-mrhs), was demonstrated in Farhat & Chen 1994.Here this strategy is described for
the �rst two right-hand sides,that is, how the Krylo v subspaceS1 generatedto compute
� 1 is usedto compute � 2. For the subsequent right-hand sidesthe samestrategy follows.
Consider for j = 1 the system A� 1 = g1 is solved, the generatedKrylo v subspaceS1 is
stored. For j = 2 the initial iterate � 0

2 will be chosenfrom subspaceS1 and the successive
iterates will be selected from the spaceA-orthogonal to S1, denoted here as S�

1 . For
achieving this, �rst the spaceRN � is decomposedas

RN � = S1 � S�
1 : (3.8)

Then the solution � 2 to be decomposedas

� 2 = � 0
2 + � �

2 ; where � 0
2 2 S1; � �

2 2 S�
1 ; � 0

2
T

A� �
2 = � �

2
T A� 0

2 = 0 : (3.9)

� 2 is computed in two steps: �rst to �nd � 0
2, and then to �nd � �

2. The �rst step is
done as follows. Let S1 denote a rectangular matrix of size N � � s1 whose columns
are A� orthogonal and span the subspaceS1, where s1 denotes the dimension of the
subspaceS1. Note that ST

1 AS1 is a diagonal matrix, let us denote the diagonal elements
as � i ; f i = 1; : : : ; s1g, then � 0

2 is computed as
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Figure 2. A �nite element model of the cylinder head

� 0
2 = S1y0

2 ; (3.10)

where the elements [y0
2 ]j of y0

2 2 Rs1 are computed as

[y0
2 ]j =

[ST
1 g2]j
� j

j = 1; : : : ; s1: (3.11)

Once � 0
2 is computed, then the PCG iterations are begun to solve A� 2 = g2, taking � 0

2
as the initial iterate and taking search directions as A� orthogonal to � 0

2, as follows from
Eq. 3.9.

4. Numerical study
Three �nite element models of a cylinder head of a car engine with three di�eren t

meshsizesare consideredfor implementing the proposedmethodology and studying its
e�ectiv eness.These three models will be referred to here as CH1, CH2 and CH3; a
typical model is shown in Fig. 2. The model CH1 has 54 198 dof, CH2 has 335 508 dof
and CH3 has 2 290 437 dof. All the models are built using three typesof elements: 3-D
8-node brick elements with 3dof/node, 3-D 3-AQR shell elements with 6dof/node, and
3-D 6-node pentahedral elements with 3dof/node. The cylinder head is made with �v e
di�eren t components. The Young's modulus E i of the materials of these�v e components
are assumedto be independent random variables, expressedas

E i = �E i +
� E ip

2
(� 2

i � 1) i = 1; : : : ; 5 : (4.1)

Here �E i are the mean values, � E i are the standard deviations, and � i are independent
standard normal random variables. To ensurepositivit y of the Young's modulus a con-
straint is imposed as � E ip

2
< �E i for all i . In the present study � E i is assumedto be

20% of �E i for all i , which satis�es this constraint. The system is loaded with a constant
body force of 10g. This loading is chosenarbitrarily and without lossof generality. Since
a linear static analysis is carried out here, the qualitativ e nature of the results should
also follow for any other loading. The rigid body modes are removed from the system
by properly constraining at the boundary. The displacement �eld is represented using
fourth-order polynomial chaosexpansion,the total number of chaospolynomials in this
expansionbecomesP = 126. The chaoscoe�cien ts are estimated by solving Eq. 2.5 by
the PCG method, and using a block-Jacobi-type preconditioner asde�ned in Eq. 2.9. The
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Number of subdomains Total solution time (sec.) Time taken in preconditioning (sec.)

22 361 257
44 317 233
223 453 371

Table 1. CPU time required in solving for Model CH1, the output displacement �eld is repre-
sented in fourth-order chaos expansion, total 8 processorsare used. The total simulation time
includes the time taken in preconditioning.

initial iterates for the PCG iterations are taken aszerovectors,and the stopping criteria
is set as the relative residual | de�ned as the ratio of the 2-norms of the residual and
the right-hand side | to be less than 10� 8. The FETI-DP-mrhs is used to implement
this preconditioner, storing at most 1000 vectors from the Krylo v subspacesgenerated
by the FETI-DP solver.

Only the model CH1 is considered �rst. For this model, Eq. 2.5 is solved using 8
processorsand three di�eren t domain decompositions: dividing the entire domain into
22, 44 and 223 subdomains, respectively. The computational time required to solve Eq.
2.5 including preconditioning, and the time required only at the preconditioning stageare
presented in Table 1. It is observed from this table that in terms of computational time,
there exists an optimal number of subdomains, which is 44 in this case,among the three
decompositions considered.It is also observed that the majorit y of the computational
work is in the preconditioning stage. This observation underscoresthe importance of
acceleratingthe preconditioner. In Fig. 3 the number of PCG iterations within the FETI-
DP solver | also referred to here as the inner-PCG iterations | is plotted against the
number of times the FETI-DP solver is called. It is observed here that compared to
the �rst few solves, the number of iterations dropped signi�cantly afterward, that is,
the mrhs version of FETI-DP helped signi�cantly in reducing the computational cost of
preconditioning. It is further observed in this �gure that the trend of reduction of the
number of inner-PCG iterations is almost similar for all three domain decompositions.

In the next step of the numerical study, all three models are considered.The models
CH1, CH2 and CH3 are decomposedinto 48, 64 and 320subdomains, respectively. These
numbersare chosenconsidering(i) an optimalit y study aspresented in the previouspara-
graph, and (ii) load balancing | trying to keepthe number of subdomains allocated per
processorto be an integer value, in most cases.For three models and their correspond-
ing domain decompositions Eq. 2.5 is solved using various numbers of processors,and
the computational time and iteration counts are presented in Tables2 and 3. The main
observations from thesetables are as follows.

The number of outer-PCG iterations, denoted here by N iter ;cg , does not changecon-
siderably with the mesh re�nement of the models. However, the number of inner-PCG
iterations, N iter ;F E T I , increasesnoticeably as the mesh resolution (and simultaneously
the number of subdomains) increases.Apparently it is expected that each outer-PCG
iteration should call the FETI-DP solver P = 126 times, since there are 126 diagonal
blocks in the preconditioner. However, in these tables, when the outer-PCG iteration
count N iter ;cg changes from 16 to 17, then the number of FETI-DP calls Ncal l ;F E T I

increasesby 21, and not by 126. To resolve this contradiction, a closer examination of
the �nal solution u revealedthat among 126 number of u( i ) -s, only 21 turned out to be
non-zero.
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Figure 3. E�ciency of FETI-DP with multiple right-hand sides:Here the number of inner-PCG
iterations | PCG iterations within the FETI-DP solver| is plotted as successive times this
solver is called in the preconditioning stage of the large system arising from the stochastic
Galerkin scheme. The �gure on the right is a magni�ed part of the �gure on the left. For the
Model CH1, the output displacement �eld is represented in fourth-order chaos expansion.

Model Npr oc N iter ;cg N call;F E T I N iter ;F E T I Tsol (sec.) Tpr ec (sec.)

CH1 12 16 301 2687 322 241
8 2687 376 281
4 2686 465 347

CH2 12 17 322 4466 2265 1734
8 4466 2673 2025

Table 2. Computational performancedetails for models CH1 and CH2, with di�eren t number of
processors.The output displacement �eld is represented in fourth-order chaos expansion. N pr oc

: number of processors,N iter ;cg : total number of outer-PCG iterations, N call;F E T I : number
of times the FETI-DP-mrhs solver is called, N iter ;F E T I : total number of inner-PCG iterations
(within FETI-DP-mrhs), Tsol : total solve time, Tpr ec : time taken at the preconditioning stage,
here Tsol includes Tpr ec . The 8 processorsare a subset of the 12 processors;the 4 processorsare
further a subset of these 8 processors.The model CH1 is divided into 48 subdomains, and CH2
into 64 subdomains.

To study the scalability properties, variation of the preconditioning time Tpr ec with
respect to meshresolution and number of processorsshould be observed. From thesetwo
tables it is observed that for a �xed number of processors,solving a problem that is 6
times larger | measuredin terms of dof | takesapproximately 6-7 times CPU time.

Finally, the sensitivity of the total number of inner-PCG iterations with respect to
the dimensionof the stored Krylo v subspacein FETI-DP-mrhs is studied. For the model
CH2, three di�eren t storages,1000,2000and 4000vectors are considered,and the cor-
responding inner-PCG iteration counts are computed and presented in Table 4. This
study helps in deciding the computational budget consideringthe trade-o� betweenthe
memory and CPU time requirement.
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Model Npr oc N iter ;cg N call;F E T I N iter ;F E T I Tsol (sec.) Tpr ec (sec.)

CH2 60 17 322 4475 1041 834
CH3 60 16 301 7042 5621 4934

Table 3. Computational performancedetails for models CH2 and CH3, with di�eren t number of
processors.The output displacement �eld is represented in fourth-order chaos expansion. N pr oc

: number of processors,N iter ;cg : total number of outer-PCG iterations, N call;F E T I : number
of times the FETI-DP-mrhs solver is called, N iter ;F E T I : total number of inner-PCG iterations
(within FETI-DP-mrhs), Tsol : total solve time, Tpr ec : time taken at the preconditioning stage,
here Tsol includes Tpr ec . The model CH2 is divided into 64 subdomains, and CH3 into 320
subdomains.

max
i

(si ) N iter ;F E T I

1000 4466
2000 3184
4000 2838

Table 4. E�ect of the maximum dimension of the stored Krylo v subspacestored on the FETI-D-
P-mrhs acceleration. max

i
(si ) : maximum number of orthogonal basesstored from any Krylo v

subspaceSi , and N iter ;F E T I : total number of inner-PCG iterations (within FETI-DP-mrhs).
Model CH2.

5. Conclusionsand future work
The numerical study demonstratedthe successof the proposedmethodology of analyz-

ing uncertainty in large-scaleproblems. Using the block-Jacobi type preconditioner, the
preconditioned conjugate gradient PCG method could solve the large problems within a
few iterations. The domain decomposition basedsolver referred to as �nite element tear-
ing and interconnecting - dual primal (FETI-DP) worked successfullyin implementing
this preconditioner. The multiple right-hand sides (mrhs) version of FETI-DP helped
signi�cantly in reducing the total computational time.

The domain decomposition-basedapproach is a major step toward uncertainty quan-
ti�cation of real engineering systems through e�cien t usage of parallel computation.
Future research directions in this area will include applications to various other kinds of
engineeringproblems.
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