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Simulation of homogeneousand inhomogeneous
shear turbulence

By Javier Jim�enezy

1. Motiv ation and objectives
Homogeneousshearedturbulence has been used as an intermediate stage of compli-

cation betweenthe simple isotropic caseand inhomogeneous
o ws such as channelsand
free shear layers (Champagne et al. 1970; Tavoularis & Karnik 1989). The idea is that
it should contain some of the basic mechanisms of shear 
o ws, such as non-zero tan-
gential Reynolds stressesand production of turbulent kinetic energy, while avoiding the
complication of more realistic cases.Rotation of the frame of referencecan be included
without abandoning homogeneity; the resulting balanceof the roughly opposing e�ects
of shear and rotation has also been the subject of extensive study. However, although
such approximations are useful, their limitations have to be understood whenever they
are applied to a new problem. The shearand the angular rotation velocity imposea time
scaleon homogeneousturbulent 
o ws, but their only intrinsic length scaleis due to vis-
cosity, which can hopefully be neglectedwhen the Reynoldsnumber is high enough.This
meansthat such 
o ws cannot reach a universal long-term statistically steady state, since
such a state would necessarilyhave a de�nite length scale.If a steady state is reached,
it has to be dominated by either the initial or the boundary conditions.

Systemsin which a steadystate is forcedby the boundaries,or by other arti�cial means,
have sometimesbeenstudied in the hope that their shortest scalesretain someuniversal
characteristics independent of the details of the larger structures (Pumir 1996). The
latter, however, are necessarilysubject to the limitations just mentioned, complicating
the interpretation of their long-term behavior.

Consider again the question of the integral length scale,or equivalently of the velocity
scale.Characteristic lengths, for example,must either increasewithout bound, decrease,
or stay proportional to thoseof the initial conditions. In the �rst case,the 
o w eventually
collides with any outer length imposedby the experimental or numerical conditions. In
the secondone,viscosity eventually dominates,and the 
uctuations decay. The third case,
if it existed, would be interesting in that it would intro duce the possibility of multiple
turbulent basinsof attraction, unconnectedwith each other and controlled by the initial
conditions. It would however be roughly equivalent to the casesin which the scale is
�xed by the experimental domain. A fourth case,in which the integral length wanders
chaotically in time without any �xed characteristic value, is alsopossiblein principle, but
in practice the integral length would eventually becomelarge or small enoughto interfere
with either the viscousor the outer experimental scales,making this caseequivalent to
the �rst or secondpossibilities.

An especially interesting acsearises in the context of the evolution of astrophysical
accretion disks, which, within a certain approximation, can be represented locally as a
homogeneousbox with a particular ratio of rotation to shear.The problem was reviewed
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Figure 1. De�nition of coordinates and of the basic deformation.

by Jim�enezet al. (2006) in the proceedingsof the 2006 CTR summer program, where
referencescanbefound to the original publications. The issueis the survival of turbulence
over long periods, of the order of many thousand sheartimes. Simulations up to now have
been inconclusive becauseof their limited Reynolds numbers, but the arguments above
suggest that, in any case, the sheared-box approximation might not be very relevant
to the long-term evolution of the real 
o w. More complete models have also beenused,
taking, for example, into consideration the inhomogeneity of the 
o w at scalesof the
order of the disk thickness(e.g. Barranco & Marcus 2005).The results suggestthat some
form of turbulence may survive for long periods, but they are again limited to relatively
low Reynolds numbers by the intrinsically higher complication of the computer codes.

In this report we addressthe question of whether numerical schemescan be devised
to simulate turbulent 
o ws that are not strictly homogeneous,but in which the inhomo-
geneity is imposed in one direction by boundary conditions that mimic interior planes
of the 
o w, rather than physical walls or other boundaries.Note that the utilit y of such
schemesextends beyond quasi-homogeneousshear 
o ws, or astrophysics. Similar prob-
lems appear, for example, in designing o�-w all boundary conditions for wall-bounded

o ws.

In the next section we brie
y analyze the available methods for simulating homoge-
neous sheared
o ws. In Section 3 we intro duce new approximate boundary conditions
that can be adapted to model either homogeneousor inhomogeneouscases.Thesecondi-
tions are tested in Section4 by repeating the simulations by Umurhan & Regev(2004) of
shearedhomogeneous2-D turbulence, in the context of accretion disks. Open questions
are then summarized.

2. The periodic-box approximation
Most simulations of homogeneousturbulence are based on an analogy with the lin-

earizedproblem of a small velocity perturbation, u, riding on a uniform shear.Rotation
can easily be addedby expressingthe equationsin a rotating frame of reference,but this
will not be consideredhere. In the simple caseof incompressiblehomogeneousshear,the

o w satis�es

[@t + x2@1] u1 + u2 � H1 + @1p = "r 2u1;

[@t + x2@1] u2 � H2 + @2p = "r 2u2; (2.1)

[@t + x2@1] u3 � H3 + @3p = "r 2u3;

@j uj = 0;

where the H i = � uj @j ui are the non-linear advective terms, the kinematic pressurep
absorbsthe constant 
uid density, the subindicesrefer to the three coordinate directions,
and repeated indices imply summation. The 
o w is assumedto be periodic in the x1
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and x3 coordinates, and sheared along x2 (see �g. 1). The equations are normalized
with the mean shearrate, S, and with a referencelength L . The undisturbed velocity is
U = [x2; 0; 0] in the dimensionlessvariables.

Besidesthe geometric parametersdescribing the shape of the simulation domain, the

o w dependson the Rossby number,

Ro =
u

SL
; (2.2)

where u is a characteristic velocity scalefor the 
uctuations, and on the Ekman number

" =
�

SL 2 ; (2.3)

where � is the kinematic viscosity. The latter is the inverseof a Reynolds number, and,
if L is chosento be the integral scaleof the 
o w, the Rossby number is the ratio between
the time scaleS� 1 of the shearand that of the 
uctuations, L=u.

When the gradients of the 
uctuations are small with respect to S, or equivalently ,
when Ro � 1, the non-linear terms in (2.1) can be neglectedwith respect to the shear,
and the equations become linear and homogeneous.In that \rapid distortion" limit,
the solutions to the initial value problem in an unbounded or periodic domain can be
expressedas sumsof elementary basis functions of the form

uj = buj (t) exp[ikm (t)xm ] ; (2.4)

where

k1 = k1(0) � k10;

k2 = k20 � k10t; (2.5)

k3 = k30;

which is equivalent to expressingthe solutions in the shearingcoordinates

x0
1 = x1 � Sx2t;

x0
2 = x2; (2.6)

x0
3 = x3:

In the fully non-linear case,working in the moving frame (2.5) or (2.6) removesfrom the
equations the explicit e�ect of the shear,and allows periodic boundary conditions to be
imposedin the coordinates (2.6),

F (x0
1; x0

2; x0
3) = F (x0

1 + n1L 1; x0
2 + n2L 2; x0

3 + n3L 3): (2.7)

The n j 's are arbitrary integers, the L j 's are the three spatial periodicities, and F is any

o w variable. While those boundary conditions are essentially arbitrary , they guarantee
the spatial homogeneity of the statistics, and allow the useof spectral numerical methods
in the transformed coordinates.

The basic algorithm was intro duced by Rogallo (1981), and has beenusedoften since
then. He noted that the grid (2.6) becomesprogressively skewed with time, and that the

o w hasto be periodically remeshedto keepthe numerical errors in check. Unfortunately ,
the remeshingresults in substantial lossesof enstrophy and of energy that degradethe
accuracyof the solution, especially for Ro � 1 (Lee et al. 1990).

The problem is sketched in Fig. 2. Assume that the grid is initially orthogonal, and
that the wavenumbers of the Fourier expansionin the (x1; x2) plane are contained in the
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Figure 2. Deformation of the wavenumber domain under the e�ect of the shear.

rectangleABCD. After sometime, the transformation (2.5) deformsthe wavenumber do-
main to AB'C'D. Note that, becauseof the periodicit y of the discrete Fourier transform,
the wavenumber triangle DCC' is reproducedin ABB', but that the interpretations of the
modes in the two locations are di�eren t, especially when derivativesare computed from
the expansion (2.4). After sometime, the expansion becomesincreasingly unbalanced.
Remeshingto the original orthogonal grid restores the interpretation of the modes in
both triangles, in e�ect copying DCC' into ABB'. The e�ectiv e wavenumbers,and there-
fore the velocity gradients, decreasein this operation, leading to the characteristic lossof
enstrophy during remeshing.Rogallo (1981) interpreted the relabeling of the wavenum-
bers as aliasing, and his original algorithm avoids it by padding with zerosthe Fourier
expansionin k2 before the pseudospectral interpolation step.

In fact, it is clear from Fig. 2 that the problem is not so much with discarding the
information in DCC', whereviscosity should have damped the 
o w, aswith the arbitrary
information injected in ABB' during remeshing.The deformation due to the shearcon-
tinuously injects new modesinto the computational domain from a spectral \upstream"
reservoir, but their information is unknown to the numerical algorithm. Both zeroing the
incoming modes, as in the de-aliasedremeshing,or substituting them with information
from DCC', are unjusti�ed. Eventually , the modesarbitrarily created in ABB' return to
someequilibrium value under the e�ect of non-linearity, but the remeshingamounts to
a periodic resetting of the initial conditions that becomesmore severe as the remeshing
period increases.Brucker et al. (2007) recently proposedan alternativ e method that, in
essence,remeshesevery time step, and which minimizes the error by reducing the number
of modesfor which arbitrary valuesare assigned,but the problem persists.Perhaps the
only solution is to adjust the grid resolution so that the energyand the enstrophy in the
modescrossingAB and DC by the e�ect of the shearare negligible.

2.1. Sliding boundary conditions

A di�eren t approach was taken by Baron (1982), and later by Gerz et al. (1989). If the
x2 direction is not treated spectrally, the boundary conditions (2.7) needonly be applied
at the boundaries themselves,

F (x1; L 2; x3) = F (x1 � StL 2 + n1L 1; 0; x3 + n3L 3): (2.8)
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Note that there are in (2.8) no direct assumptionsabout the form of the solution outside
the domain x2 = (0; L 2), but that periodic solutions of the form F (x0

1; x0
2; x0

3) satisfy
both (2.8) and (2.7), so that the two boundary conditions can be consideredequivalent.

Although (2.8) was originally formulated for fully �nite-di�erence codes, it is most
easily implemented when the two directions normal to the shearare treated spectrally

F (x1; x2; x3) = bF (k1; x2; k3) exp[i (k1x1 + k3x3)] : (2.9)

In that case,the Fourier components of the 
o w variables satisfy

bF (k1; L 2; k3) = bF (k1; 0; k3) exp(� iStk1L 2); (2.10)

and the �nite-di�erence operators in the x2 direction retain their band structure, with
at most a few o�-diagonal elements added at the boundary lines.

3. The generation of interior boundaries
While the sliding boundary conditions discussedin Section 2.1 are equivalent to the

periodic-box formulation in Section2, they are only easyto implement when the desired
relation betweenthe two boundariesis linear. Otherwise the transformation betweenthe
Fourier coe�cien ts at the two boundariesis not local in wavenumber space,and the prob-
lem becomesfully coupled. This makes the intro duction of tailored 
o w inhomogeneity
di�cult to implement. Think, for example,of a problem in which the goal is to capture
a vertical gradient of the integral scaleof the turbulence.

In thosecases,it is easierto implement the boundary conditions explicitly . For example,
the velocities at the top boundary at time t can be copied from the bottom boundary in
the previous time step, t � � t ,

bF (L 2; t) = bF (0; t � � t) exp(� iStk1L 2):
bF (0; t) = bF (L 2; t � � t) exp(iStk1L 2); (3.1)

where the dependenceof bF on the two Fourier wavenumbers has not been included to
simplify the notation. Note that the explicit time dependenceof bF refersonly to its \slow"
evolution due to the non-linear terms, while the \fast" translation due to the shearhas
been included in the phase factor. Note also that (3.1) di�ers from (2.7) or (2.8) by
an amount O(� t), although it is di�cult to justify which of the two 
o ws should be
considered\correct". On the other hand, the explicit character of (3.1) allows arbitrary
transformations to be applied to bF (t � � t) before it is usedas a template for bF (t), with
little extra work.

Unfortunately , a brief considerationshows that (3.1) is not a good boundary condition.
Since the top boundary is a translated version of the bottom one in the previous step,
and sinceit alsoacts asthe template for the bottom boundary in the next step, the result
of (3.1) is that the 
o w is driven by two sliding copiesof the two initial boundary planes.
If the two planes have been chosen equal, the e�ect is just to drive the 
o w between
two sliding \w alls" with prescribed tangential and normal velocities. If they are chosen
di�eren tly , the initial conditions switch betweenthe two boundary planes in alternating
time steps.

One solution is to useasboundary templates two interior planes,instead of the bound-
aries themselves.Referring to Fig. 3 for the geometry, the new conditions are

bF (L 2; t) = bF (L A ; t � � t) exp [iStk1(L A � L 2)] :
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Figure 3. Interior planes used to generate the boundary conditions.

bF (0; t) = bF (L B ; t � � t) exp[iStk1L B ]: (3.2)

The use of internal planes to act as boundary templates is conceptually similar to the
method usedby Lund et al. (1998) to generateturbulent in
o w conditions. In the present
caseboth boundaries act as in
o w and out
o w, although the main di�culties are in
those parts acting as in
o ws. Information on the incoming 
o w has to be synthesized,
and the idea is to derive that information from the simulation itself. Although the top
boundary is still essentially copying its information from the bottom one,and vice versa,
the accommodation layers x2 = (0; L A ) and x2 = (L B ; L 2) act as bu�ers in which
the information injected at the boundary loses its coherence,and becomes\health y"
turbulence.

In the caseof Fig. 3 the periodicit y is imposedboth betweenthe planesx2 = (0; L B )
and betweenx2 = (L A ; L 2), so that the two shifted{p eriodic simulations are being run
simultaneously. However, the two accommodation layers (0; L A ) and (L B ; L 2) have es-
sentially identical boundary conditions, and should alsobe identical, except for the shift.
The two overlapping simulations are thereforeequivalent to each other up to O(� t). Note
however that the samewould not be true if the template planes had been transformed
di�eren tly beforebeing applied to the boundaries.For example,if a length-scalegradient
had been imposed,the two overlapping simulations would correspond to di�eren t scale
ranges. In that casethere would no requirement of periodicit y, and the whole domain
could be consideredas a single simulation.

4. Numerical experiments
To test the feasibility of the boundary conditions describedabove,wehave implemented

them for the 2-D homogeneous
o w studied by Umurhan & Regev(2004) as a model for
the survival of turbulence in accretion disks. Rotation has no e�ect in two dimensions,
except for modifying the pressure, and the problem reduces to the decay of initially
isotropic 2-D initial conditions in a shear.

The equationscan be written in terms of a perturbation vorticit y and stream function,
! and  , as

(@t + Sx2@1)! + uj @j ! = "r 2! ; (4.1)

where

! = �r 2 ; and u = (@2; � @1) : (4.2)

The 
o w is assumedto beperiodic in the x1 direction, with wavelengthL 1, and should ide-
ally satisfy the sliding periodic boundary conditions (2.8) in the domain x2 = (L A ; L 2),
where L 2 � L A � H . In practice, the boundary conditions are applied using for  , ! ,
and for the mean pro�le of the horizontal velocity, a generalizedversion of the explicit
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formulation (3.2). The algorithm keepstrack of the mean translation of each of the two
boundariesand referenceplanes,computed as

@t X j = hU1(x1; L j ; t)i ; (4.3)

whereU1 includesthe perturbation velocity and the shear,and the averageshi arede�ned
over lines of constant x2. The boundary conditions are then

bF (L 2; t) = bF (L A ; t � � t) exp[ik1(X A � X 2)] :
bF (0; t) = bF (L B ; t � � t) exp[ik1(X B � X 0)]: (4.4)

The code usesFourier expansionsin the x1 direction, and compact �nite di�erences in
x2 with a seven-point stencil over a uniform grid. Of the thirteen coe�cien ts available
for each interior point of the �nite di�erence scheme, seven are used to impose sixth-
order consistency, and the rest enforce spectral-like resolution at three wavenumbers
(k2� x2=� = 0:5; 0:7; 0:9) (Lele 1992). The three points near each boundary do not
support full resolution. It was decided to respect in them the bandwidth of the two
�nite-di�erence matrices, and to reduceprogressively both the consistencyorder and the
number of spectral points (Nsp = 3; 2 and 2). After considerableexperimentation, this
solution was found to improve the resolution properties near the boundaries,even if the
last boundary point is only consistent to secondorder.

The mean quantities over x1, which correspond to Fourier components with k1 = 0,
are best treated in terms of velocities, instead of vorticit y, becausethey involve the e�ect
of the pressuregradient. It follows from continuit y and from the vertical momentum
equation that

@2hu2i = 0; (4.5)

@t hu2i + @2hu2
2 + p � "@2u2i = 0: (4.6)

It follows from (4.5) that the mean vertical velocity is constant, although possibly a
function of time, while (4.6) shows that that constant can be chosenarbitrarily by in-
tro ducing a pressuregradient in the x2 direction. In any case,becausethe horizontal
averagesare independent of x1, the mean horizontal pressuregradient is independent of
x2. The horizontal momentum equation then reads

@t hu1i + @2hu1u2 � "@2u1i + h@1pi = 0: (4.7)

Integrating over the vertical periodicit y domain, and recalling that the horizontal averages
remain periodic despite the horizontal shift, the mean volume 
ux satis�es

@t

Z H

0
hu1i dx2 = � H h@1pi : (4.8)

In systemswith a velocity reference,such as a no-slip wall, this equation results in the
classical dichotomy between simulations at constant mass 
ux and those at constant
pressuregradient. In the present casethe two are strictly equivalent. The incompressible
Navier{Stokesequationsare invariant to a uniform, possiblytime-dependent, acceleration
of the frame of reference.Its only e�ect is to createa variable gradient of the \h ydrostatic"
pressure.In the absenceof a velocity reference,the 
uctuations of the meanvelocity and
of the mean pressuregradient are interchangeable.The simulation can be performed in
either mode, and later translated to the other one if required. In the present simulations,
we have adopted for numerical conveniencethe conventions

hu2i = 0; and h@1pi = 0: (4.9)



374 Javier Jim�enez

In the caseof periodic shearedturbulence, another interesting consequenceof the bound-
ary conditions is that

@t [hu1i (H ) � hu1i (0)] = 0; (4.10)

so that, once the velocity di�erence is de�ned by the initial conditions, it remains con-
stant. This provides a useful test for the accuracywith which true periodicit y is enforced.

All our simulations were performed in boxes with H = 2, and L 1 = 2� . Time was
normalized with the shear rate, whenever appropriate, so that either S = 1 or S = 0.
The latter was used in some preliminary unshearedcases,not presented here due to
space limitations. The interior planes used as templates for the boundary conditions
were located symmetrically with respect to the box with L A =L2 = 0:1, although some
experimentation was performed with this parameter. Integral quantities, such as mean
energy or enstrophy, are always given in the layer x2 = (L A ; L 2). The other two pa-
rameters tested were the initial root-mean-squared(r.m.s.) velocity magnitude u0, and
the wavenumber k0 of the initial spectral peak. The tests were initialized with nominally
isotropic turbulence with random phases,and with a sharp enstrophy spectrum behaving
as k3=2 for wavenumbers k � k0, and as k� 7 for k � k0.

Integrating (4.1) over the computational domain shows that the r.m.s. vorticit y can
only decreaseunder the e�ect of viscosity, so that all initial conditions eventually decay
to a uniform shear over viscous time scales.The temporal derivative of the energy, on
the other hand, satis�es

@t (u02) = � 2Shu1u2i � 2" jr uj2; (4.11)

which canhaveeither sign,dependingon the magnitude of the averagetangential Reynolds
stress� 12 = �h u1u2i . Equation (4.11) also applies to the 3-D case,and shows that tur-
bulencecan only survive if the \eddy viscosity" of the 
o w, � 12=S, is positive.

Umurhan & Regev (2004) noted that, while the decay of the enstrophy was uniform
in their experiments, the energy underwent repeated periods of transient growth and
decay. They showed that those episodesfollowed closely the transient linear behavior of
a particular set of initial conditions in the rapid distortion limit. They speculated that a
similar processcould occur in the 3-D case,with non-linearity generating the necessary
initial conditions for new growth episodes from the decay products of previous ones.It
was di�cult to go much further in the interpretation of their results, becausethey chose
their Reynolds numbers to provide very long decay times, but very little in the way of
clean structures. Our goal in the next section will be to reproduce their results, partly
to clarify the transient growth mechanism, but mostly to test our boundary conditions.

4.1. Sheared turbulence

Equations (4.1) and (4.2), with S = 1, wereallowed to evolve from the nominally isotropic
initial vorticit y distributions described above. The initial length scaleturned out to be
important, and a parametric study was undertaken in the range k0H = (2; 30). The
evolution becomesroughly independent of k0 whenever k0H > 8, which corresponds to
more than roughly oneinitial vortex acrossthe short dimensionof the box. As seenin Fig.
5, the 
o w evolves into coherent vortices, as it does in the unshearedcase(McWilliams
1984), but initial conditions without at least one initial vortex acrossthe box height are
unable to createsuch structures. The results in this sectionare computed with k0H = 20,
corresponding to about three vortices acrossthe shortest box dimension,but similar ones
shown are obtained for k0H 2 (10; 30).

The evolution of the energyand of the enstrophy are shown in Fig. 4(a). The enstrophy
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Figure 4. Results from two simulations of decaying sheared turbulence. (a) Evolution of the
r.m.s. vorticit y ( ), and of the r.m.s. velocity magnitude ( and ). The resolution
is 576� 193 collocation points for a box H � L 1 = 2 � 2� , SH 2=� = 1:6 � 104 , and S = 1. The
lines without symbols have u0

0=SL = 0:025; those with symbols have u0
0=SL = 0:05. Each line is

the averageof eight simulations. (b) Evolution of the mean velocity di�erence between the top
boundary and its template plane.

decays monotonically, as it should in a periodic box, but the decay of the energy is
oscillatory, as in Umurhan & Regev(2004). Note that the two simulations in the �gure
decay at roughly the samerate, even if their initial Rossby numbers di�er by a factor
of two. This shows that the time scaleof the decay is set by the shear { although with
a weaker in
uence of the Ekman number { instead of by the magnitude of the initial
velocity perturbations. This agreeswith the linearized rapid distortion theory. The mean
velocity di�erence is shown in Fig. 4(b), and remains very nearly constant, as required
by (4.10), showing that the boundary conditions truly enforceperiodicit y. It can actually
be shown that most of the observed deviations are due to the initial conditions, which
were not chosenperiodic in x2.

Someinstantaneous vorticit y �elds are shown in Fig. 5. After a while, the shear tilts
the initial structures, and vortices counter-rotating with the shear are shredded away,
while co-rotating ones(dark in the �gure) survive. This hasbeenobserved in all previous
simulations of this 
o w (e.g. Godon & Livio 1999). The vorticit y of the counter-rotating
cyclonic vortices subtracts from the mean vorticit y of the shear, while that of the co-
rotating anticyclonic onesadd to it. Anticyclones are in e�ect stronger than cyclones.

The most interesting feature of the simulations are the oscillations superimposedto the
slow decay of the kinetic energy. Umurhan & Regev(2004) explained them as the result
of transient growth in the linearized rapid-distortion representation of the 
o w. Basically,
Fourier modesthat are originally tilted to the left rotate with the shear,and reach their
maximum amplitudes when they are oriented vertically. Later, as the shearkeepstilting
them to the right, their energy decreases.Non-linearity is then assumedto intro duce
new perturbations with the right orientation, re-initiating the cycle. Inspection of the

o w�elds in Fig. 5 suggeststhat the samemechanism can be expressedin a somewhat
simpler way, which is also fully non-linear and requires no especial assumptions to be
re-initialized. We have already seenthat the 
o w evolves quickly into a few vortices of
the samesign, which are then essentially advectedby the meanshear.However, sincethe

o w is periodic in both x1 and x2 the true picture is a seriesof rows of vortices, periodic
in x1 with wavelength L 1. These rows are separated in x2 by a distance H , and slide
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Figure 5. Left �gures are vorticit y maps from the shearsimulation in Fig. 4 with u0
0=SL = 0:025.

From top to bottom, StH =L1 = 0:5; 5:3; 10:9. The horizontal lines are the template planes,
and the diagonal ones join congruent points of the boundary conditions. Right �gures are the
evolution of the total energy, with the symbols marking the time of each snapshot.

past each other with a relative velocity SH . They are vertically aligned at integer values
of StH =L1, and it is at those times when the vortices are closest to each other. That
is when the kinetic energy of a set of vortices of the samesign is maximum (Batchelor
1967,Section7.3), which is why the energy increases.As the rows keepsliding past each
other the vortices separate,and the energydecreasesuntil they again becomealigned in
the next cycle.

Note that the moment of maximum energyis determined by the o�set in the boundary
conditions (4.4), not by the structure of the 
o w. This is why all our simulations burst
synchronously, and why the oscillations survive even after averaging over the eight cases
usedfor each curve in Fig. 4. The symbols usedto mark oneof simulations in that �gure
are at integer dimensionlesstimes, and roughly correspond to the energy maxima. In
the right-hand side of Fig. 5 we have included the evolution of the energy in a time
interval around each snapshot. It is clear that the only casein which the energy is close
to a maximum is the bottom one, for which the two boundary conditions are almost in
phase.This leads to the closestapproach among the di�eren t copiesof the large vortex
to the right of the snapshot,and therefore to the energymaximum. Note that individual
simulations undergo smaller-scaleenergy oscillations when di�eren t vortices in the box
approach each other. Thosevariations are averagedout of the mean traces in Fig. 4, and
only the basic cycle remains.

The argument can be madequantitativ e. Approximating the 
o w by a seriesof rows of
point vortices of circulation 
 , and de�ning a complex variable z = x1 + ix2, the complex
velocity is given by

u1 � iu2 =



2iL 1

1X

m = �1

cot �
z + m� + imH

L 1
; (4.12)
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Figure 6. Mean-squared 
uctuations of the individual velocity components. (a) From the sim-
ulation in Fig. 4 with u0

0=SL = 0:025. , u02
1 ; , u02

2 . (b) Comparison of the period
around t� U=L1 = 10 with the results of (4.12) (with symbols).

where � 2 (� L 1=2; L 1=2) is the horizontal o�set among contiguous rows. The series
convergesrapidly with jmj becausethe velocity �eld induced by each row decays expo-
nentially with x2. Separating the two velocity components, and subtracting the in�nite
self-energyof an individual point vortex, we obtain numerically the temporal evolution
of the two kinetic energies.They are comparedin Fig. 6(b) with a corresponding period
of the simulations. Note that the magnitudes and origins of the energies,which depend
on the details of the vortex cores,have beenadjusted for the comparison,but that there
are no adjustable parameters in either the scaling or the phaseof the time.

Note that the overtaking processjust described is periodic, so that there is no net
energy generation over a full cycle. Equation (4.11) then implies that the 
o w cannot
createany averagetangential Reynoldsstress.This is an important point in astrophysical
applications, where what is usually required is a mean momentum transfer among the
di�eren t disk radii. Note however that this conclusioncould be di�eren t in three dimen-
sions,where the vortex conjunction could extract a non-zeroamount of energy from the
mean shear.

5. Discussion

We have presented a new set of boundary conditions that can be used in the simu-
lation of shear 
o ws away from walls. They have been tested by reproducing previous
simulations of 2-D shearedturbulence, which had been performed in the context of as-
trophysical accretion disks. The results agreequalitativ ely, and show that the required
spacial periodicit y of the resulting 
o w is achieved. We have also proposed a simpler,
fully non-linear, interpretation of the transient energygrowth previously observed in this

o w, but we have noted that, at least in the 2-D context, it doesnot result in any mean
momentum transfer.

The new boundary conditions can easily be adapted to casesin which the relation
betweenthe two 
o w boundariesis more generalthan a simple homogeneousshear.Both
that extension, and the implementation in 3-D 
o ws, are currently under way.
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