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Kinetic theory of plasmas:translational energy

By T. E. Magin, B. Graille y AND M. Massot z

1. Motiv ation and objectives

Plasmasare ionized gas mixtures (either magnetized or not) that have many practi-
cal applications. For instance, lightning is a well-known natural plasmathat has been
studied for many years (Bazelyan & Raizer 2000). A secondapplication is encourtered
in hypersonic o ws; when a spacecrafterters into a planetary atmosphereat hyperveloc-
ity, the gastemperature and pressurestrongly rise through a shockwave, consequetly,
disscciation and ionization of the gasparticles occur in the shock layer. Hypersonic o w
conditions arereproducedin dedicatedwindtunnels, suc asplasmatrons, arc-jet facilities
and shocktub es (Park 1990; Tirsky 1993; Sarma 2000). A third example was discovered
approximately two decadesago, when large-scaleelectrical discharges were discovered
in the mesosphereand lower ionosphereabove large thunderstorms; these plasmas are
now commonly referred to as sprites (Pasko 2007). Fourth, dischargesat atmospheric
pressurehave received renewed attention in recent yearsdue to their ability to enhance
the reactivity of a variety of gas o ws for applications ranging from surfacetreatment to
ame stabilization and ignition (seeRaizer 1991;Starikovskaia 2006,and reference<ited
therein). Fifth, Hall thrusters are being developed to replace chemical systemsfor many
on-orbit propulsion tasks on communications and exploration spacecraft (Boyd 2006).
Finally, two important applications of magnetizedplasmasare the laboratory thermonu-
clear fusion (Bobrova et al: 2005; Schnak et al: 2006) and the magnetic reconnection
phenomenomin astrophysics (Yamada 2007).

Depending on the magnitude of the ratio of a referenceparticle mean free path to the
system characteristic length (Knudsen number), two di erent approades are generally
followed to describe the transport of mass, momertum and energy in a plasma (Bird
1994): either a particle approad at high valuesof the Knudsennumber (solution to the
Boltzmann equation using Monte Carlo methods), or a uid approad at low values(so-
lution to macroscopicconsenation equations by meansof computational uid dynamics
methods). In this work, we study plasmasthat canbe described by a uid approad, thus
encompassingnost the above-menioned applications. In this case,kinetic theory can be
used to obtain the governing consenation equations and transport uxes of plasmas.
Hence, closure of the problem is realized at the microscopiclevel by determining from
experimental measuremets either the potentials of interaction betweenthe gaspatrticles,
or the cross-sections.

A complete model of plasmasshould allow for the following physical phenomenato be
described:

Thermal non-equilibrium of the translational energy
In uence of the electromagnetic eld,
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Occurrenceof reactive collisions,

Excitation of internal degreesof freedom.
So far, no such unied model has been derived by meansof kinetic theory. Besides,a
derivation of the mathematical structure of the consenation equationsalsoappearsto be
crucial in the designof the assaiated numerical methods. Based on our previous work,
we investigate (Graille et al: 2007) the thermal non-equilibrium of the translational en-
ergy (Magin & Degrez 2004a) and the in uence of the magnetic eld (Giovangigli &
Graille 2003). We generalizethe Chapman-Enskog method within the cortext of a di-
mensional analysis of the Boltzmann equation, emphasizing the role of a multi-scale
perturbation parameter on the collisional operator, the streaming operator and the col-
lisional invariants of the Boltzmann equation. We then obtain macroscopic equations
eventually leading to a sound entropy structure. Moreover, the system of equations is
shown to be consenative and the purely convective system hyperbolic.

2. State-of-the-art and approad followed

Let us now describe in more detail how these issuesare currently addressedin the
literature. First, a multi-scale analysis is essetial to resole the Boltzmann equation
governing the velocity distribution functions. We recall that a uid can be described in
the continuum limit, provided that the Knudsennumber is small. Besides,in the caseof
plasmas, a thermal non-equilibrium may occur betweenthe velocity distribution func-
tions of the electronsand heavy particles (atoms, moleculesand ions), given the strong
disparity of mass between both types of species. Therefore, the square root of the ra-
tio of the electron massto a characteristic heavy-particle massrepresens an additional
small parameter to be accourted for in the derivation of an asymptotic solution to the
Boltzmann equation. Literature aboundswith expressionf the scalingfor the perturba-
tiv e solution method. For instance, signi cant results are given in Chmieleski & Ferziger
(1967); Daybelge (1970); Devoto (1966); Kolesnikov (1974); Zhdanov (2002). Yet, Pe-
tit & Darrozes(1975) have suggestedthat the only sound scaling is obtained by means
of a dimensional analysis of the Boltzmann equation. Subsequetly, Degond & Lucquin
(1996a,b) have establisheda formal theory of epochal relaxation basedon such a scaling.
In their study, the meanvelocity of the electronsis shavn to vanish in an inertial frame.
Moreover, the heavy-particle diusiv e uxes were scarcely dealt with, since their work
is restricted to a single type of heavy particles, and thus, no multi-componert di usion
wasto be found: in such a simplied corntext, the details of the interaction betweenthe
multi-componert heavy particles and electrons degenerateand the positivity of the en-
tropy production is straightforward. We will establish a theory basedon a multi-scale
analysis for a multi-componert plasma (which includes the single heavy-particle case)
where the mean electron velocity is the mean heavy-particle velocity in the absenceof
external forces.As an alternative, Magin & Degrez(2004a) have also proposeda model
for a multi-comp onert plasmabasedon a hydrodynamic referertial. They have applied a
multi-scale analysisto the derivation of the multi-componert transport uxes and coe -
cients. Howewer, the proposedtreatment of the collision operators is heuristic. Moreover,
since the hydrodynamic velocity is usedto de ne the referertial instead of the mean
heavy-particle velocity, the Chapman-Enskog method requires a transfer of lower order
terms in the integral equation for the electron perturbation function to ensure mass
consenation. Finally, we also emphasizethat the developmen of models for plasmasin
thermal equilibrium shall always be obtained as a particular caseof the generaltheory.
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Second,the magnetic eld inducesanisotropic transport uxes when the electron col-
lision frequency is lower than the electron cyclotron frequency of gyration around the
magnetic lines. Braginskii (1958) has studied the caseof fully ionized plasmascomposed
of one single ion species. Recerily, Bobrova et al: (2005) have generalizedthe previ-
ouswork to multi-componert plasmas.Howewer, the scaling usedin both cortributions
doesnot comply with a dimensional analysis of the Boltzmann equation. Lucquin (1998,
2000) has investigated magnetized plasmasin the latter framework. Nevertheless,the
samelimitation is found for the diusiv e uxes asin Degond & Lucquin (1996a,b). Fi-
nally, Giovangigli & Graille (2003) have studied the Enskog expansion of magnetized
plasmasand obtained macroscopicequations together with expressionsof the transport
uxes and coe cien ts. Unfortunately, the di erence of massbetweenelectronsand heavy
particles is not accourted for in their work.

Third, plasmasare strongly reactive gas mixtures. The kinetic medanism comprises
numerous reactions (seeCapitelli et al: 2000): disscciation of moleculesby electron and
heavy-particle impact, three body reconbination, ionization by electron and heavy-
particle impact, assaiative ionization, disscciative recombination, radical reactions,
charge exchange. Giovangigli & Massot (1998) have derived a formal theory of chem-
ically reacting ows for the caseof neutral gases.Subsequetly, Giovangigli & Graille
(2003) have studied the caseof ionized gases.We recall that their scaling doesnot take
into account the massdisparity betweenelectronsand heavy particles. Besides,in chem-
ical equilibrium situations, a long-standing theoretical debatein the literature dealswith
non-uniguenessof the two-temperature Saha equation. Recerily, Giordano & Capitelli
(2001) have emphasizedhe importance of the physical constraints imposedon the system
by using a thermodynamic approach. A derivation basedon kinetic theory should fur-
ther improve the understanding of the problem. Choquet & Lucquin (2005) have already
studied the caseof ionization reactions by electron impact.

Fourth, moleculesrotate and vibrate, and moreover, the electronic energy levels of
atoms and moleculesare excited. Generally, the rotational energy mode is considered
to be fully excited above a few Kelvins. In a plasma environment, the vibrational and
electronic energy modes are also signi cantly excited. The detailed treatment of the
internal degreesof freedom is beyond the scope of the present study, where we will
addressonly the translational energy in the context of thermal non-equilibrium. The
reader is thus referred to the specialized literature (Brun 2006; McCourt et al: 1990;
Nagnibeda & Kustova 2003).

Fifth, the developmert of numerical methods to solve consenation equationsrelieson
the identi cation of their intrinsic mathematical structure. For instance, the system of
consenation equations of mass, momertum and energy is found to be nonconsenative
for thermal non-equilibrium ionized gases.This formulation is therefore not suitable for
numerical approximations of discortin uous solutions. Coquel & Marmignon (1998) have
derived a well-posed consenative formulation based on a phenomenologicalapproad.
Nevertheless,their derivation is not consistert with a scalingissuedfrom a dimensional
analysis. We will show that kinetic theory, basedon rst principles, naturally allows for
an adequatemathematical structure to be obtained, as opposedto the phenomenological
approad.

In Graille et al: (2007), we proposeto derive the multi-comp onert plasmaconsenation
equations of mass, momertum and energy as well as the expressionsof the assaiated
multi-componert transport uxes and coe cien ts. The multi-componert Navier-Stokes
regime is reached for the heavy particles, which follow a hyperbolic scaling, and is cou-
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pled with rst-order drift-di usion equationsfor the electrons, which follow a parabolic
scaling. Here, we deal with equationsat order "*, henceone order beyond the expansion
commonly investigated in the literature. The derivation relies on kinetic theory and is
basedon the ansatzthat the particles constitutiv e of the plasmaare inert and only pos-
sesstranslational degreesof freedom. The electromagnetic eld in uence is accourted
for. We expressthe Boltzmann equation in a noninertial referenceframe. We show that

the meanheavy-particle velocity is a suitable choice for the referertial velocity. This step
is essetial to establisha formalism where the electronsfollow the bulk movemert of the
plasma. Then, we de ne the referencequartities of the systemin order to derive the
scaling of the Boltzmann equation from a dimensional analysis. The multi-scale aspect
occurs in both the streaming operator and collision operator of the Boltzmann equa-
tion. Consequetly, the scaling of the partial collision operators betweenunlike particles
requires a special treatment. In addition, we determine the spaceof collisional invari-
ants assaiated with the electronsand the heavy particles, respectively. We then use a
Chapman-Enslog method to derive macroscopicconsenation equations. The systemis
examined at successie orders of approximation, ead corresponding to a physical time
scale.For that purpose,scalarproducts and linearized collision operators are intro duced.
We also establish the formal existenceand uniquenessof a solution to the Boltzmann
equation. The multi-componert transport coe cien ts are then calculated in terms of
bracket operators whosemathematical structure allows for the sign of the transport co-
e cien ts to be determined; in particular the Kolesnikov e ect, or the expressionsof the
crossedcortributions to the massand energytransport uxes coupling the electronsand
heavy particles. The explicit expressionsof the transport coe cien ts can be obtained by
meansof a Galerkin spectral method disregardedin this cortribution. Finally, the rst

and secondlaws of thermodynamics are proved to be satis ed by deriving a total energy
equation and an entropy equation. Then, we establisha consenative formulation, from a
uid standpoint, of the systemof macroscopicequations.We alsoidentify the mathemat-
ical structure of the purely corvective system.Hence,we demonstratethat kinetic theory
shall be usedas a guideline in the derivation of the macroscopicconsenation equations
aswell asin the designof the assaiated numerical methods.

Beyond the obvious interest of such a study from the perspective of the applications
and design of numerical stchemes,the presen cortribution also yields a formal kinetic
theory of mixtures of separatemasseswherethe light speciesobey a parabolic scalingand
the heavy speciesobey a hyperbolic scaling. The original treatment of the two di erent
scalingsfor uid ows was rst provided by Bardos et al: (1991). In their study, the
purely hyperbolic scaling yields the compressiblegas dynamics equations, whereasthe
purely parabolic scaling leadsto the low Mach number limit. These scalingsare quite
classicaland both of them can be usedfor various asymptotics such asthe Vlasov-Navier-
Stokesequationsin di erent regimesinvestigatedby Goudon et al: (2005a,b). A rigourous
derivation of a set of macroscopicequations in the situation where the hyperbolic and
parabolic scalingsare entangled in the sameproblem is an original result obtained in the
presen work.

3. Boltzmann equation
3.1. Assumptions

(a) Our plasmais described by the kinetic theory of gasesdasedon classicalmedanics,
provided that: 1) The mean distance betweenthe gas particles 1=(n°)'=® is larger than
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the thermal de Broglie wavelength, wheren? is a referencenumber density, 2) The square
of the ratio of the electron thermal speedV? to the speedof light is small.

(b) The reactive collisions and particle internal energy are not accourted for.

(c¢) The particle interactions are modeled as binary encounters by meansof a Boltz-
mann collision operator, provided that: 1) The gasis su cien tly dilute, i.e., the mean
distance between the gas particles 1=(n®)'=2 is larger than the particle interaction dis-
tance ( ©)'72, where © is a referencedi erential cross-sectioncommon to all species,
2) The plasma parameter, quartit y proportional to the number of electronsin a sphere
of radius equal to the Debye length, is supposedto be large. Hence, multiple charged
particle interactions are treated as equivalent binary collisions by meansof a Coulomb
potential screenedat the Debye length.

(d) A plasmais composedof electronsand a multi-componert mixture of heavy par-
ticles (atoms, moleculesand ions). The ratio of the electron massmgrgo a characteristic
heavy-particle massm? is such that the nondimensionalnumber " = = m2=m? is small.

(e) The pseudo-Mat number, de ned as a referencehydrodynamic velocity divided
by the heavy-particle thermal speedMp = v0=\?, is supposedto be of the order of 1.

(f) The macroscopictime scalet® is assumedtio be comparablewith the heavy-particle
kinetic time scalet? divided by ". The macroscopiclength scaleis basedon a reference
corvective length L% = vOt°,

(g0 The referenceelectrical and thermal energiesof the system are of the sameorder
of magnitude.

The meanfree path |° and macroscopiclength scaleL © allow for the Knudsennumber
to be dened Kn = 1°=L0°, It can be shawn that this quartity is small, provided that
assumptionsd-f are satis ed. A corntinuum description of the systemis therefore deemed
to be possible.

3.2. Dimensional analysis

The temporal ewlution of the velocity distribution function f; of the plasmaparticle i is
governedin the phasespace(x;cj) by the Boltzmann equation, where quartit y ¢; stands
for the particle velocity in an inertial frame. The choice of an adequatereferertial proves
to be essetial to conduct a rigorous multi-scale analysis. Given the strong disparity of
massbetweenthe electronsand heavy particles, a frame linked with the heavy particles
appears to be a natural choice for plasmas. Based on the following de nition of the
peculiar velocities

Ci=c¢ Vh; (3.1)
where vy, is the mean heavy-particle velocity, the Boltzmann equation can be expressed
in nondimensionalform, respectively for the electronsand heavy particles, as

@fe + i (Cet "Mnvh) @fe + " " 9g (Cot "Muvn)'B @.fe
+ ﬁqu Il'VIhDDV»[h @.fe @.fe Co@vh= %Je; (3.2)

@i + 5=(Ci + Mpvp) @fi + " P& (Ci + Mpvn)"B @ fi
+ L AGF MhDE;/th @, fi @ fi Ci:@vh= %Ji; i2H; (3.3

Mp m;

where symbol H denotesthe set of indices of the heavy particles and Je, Ji, i 2 H, the
electron and heavy-patrticle collision operators (seeGraille et al: 2007). Symbol E stands
for the electric eld; B, the magnetic eld; g, the particle charge;and m;, its mass.The
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integer parameter b 1 describesthe intensity of the magnetic eld. Note that Eq. 3.2
for the light speciesis typical of a parabolic scalingwhich correspondsto the low Mach
number limit for the electron gas, whereasEq. 3.3 for the heavy speciesis typical of a
hyperbolic scaling that corresponds to compressiblegas dynamics for the heavy-species
gas mixture (Bardos et al: 1991). The presen scaling is thus intermediate betweenthe
usual caseswe will have to identify the mathematical structure of the resulting system
of macroscopicequations.

3.3. Collisional invariants

De nition 3.1 The space of salar electron collisional invariants | is spanned by the
following elements

( AoZq
¢ ’ (3.4)
"2 = 3CeCq;
and the space of salar heavy-particle collisional invariants |, by

SA s my j 2 H;
3 n NPT ] ;
§“,2‘”+ MG 211;2,3g; (3.5)
' AEHM = 3miCiCi

where symtol n” denotesthe cardinality of the set H.

For the families ¢, ¢, concerningthe electrons,and 1 = ( )i,y h = (i), CONCErN-
ing the heavy particles, W% intro duce two scalar products
X
j2H
wheresymbol  standsfor the maximum cortracted product in spaceand symbol |, the
transpose conjugate operation. Then, macroscopic properties are expressedas partial
scalar products of the distribution functions and collisional invariants

AV — .
ife; "Giig = o

thfe; "2ii, = ce; G
and 8 n. |
Ehn‘h; hily, = i i 2 H;
Snnfh;“'h‘“+ i, = 0 2 1;2;3g; (3.8)
' Hn‘h;'\r']H‘““iih = e

Symbol ;, stands for the massdensity of particle i; p = P i2H the heavy-particle
massdensity; e, the electron thermal energy per unit mass;and e, the heavy-particle
thermal energy per unit mass. Moreover, translational temperatures are introduced as
averagedthermal energies

2 .

Te = 3Terh‘e; Agne; (3.9)
2 .

Tn= oMk, "0 i (3.10)

3nk
P
where the heavy-particle number density readsn, =, ;.
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Table 1. Chapman-Enskog steps.

Order Time Heavy particles Electrons

2 ¢ Expression of fo

Thermalization (Te)

SR ¢ Expression of f°, i 2 H Equation for .
Thermalization (Tp) Zero-order momentum relation
"0 t° Equation for ;,i 2 H Equation for 2
Euler equations Zero-order drift-di usion equations

First-order momentum relation

L Navier-Stokes equations First-order drift-di usion equations

4. Generalized Chapman-Enslog method

We use an Enskog expansionto derive an approximate solution to the Boltzmann
Egs. 3.2-3.3by expanding the speciesdistribution functions as

fo= 20+ " o+ "2 247 3+ O, (4.0)
fi = £0@+"; +"2 )+ 0("%);  i2H; 4.2)

and by imposing that the zero-order cortributions f2 and f,2 = (f;%)i, yield the local
macroscopicproperties

tel; "L, = Hfe; "Lii g | 2 £1;2g; (4.3)

1,0; iy, = W i 121300 +4g (44)

Hence,basedon the dimensional analysis, the electron Boltzmann equation 3.2 appears
to be
"D A(f) + " D (fes o) + DE(fes e &)+ "Delfe i & &

=" 23,2+ B+ 00+ "Jp+ O("%): (4.5)
Likewise,the heavy-particle Boltzmann equation 3.3 is found to be
D)+ "DIE% i) =" 13 1+ P+ "3+ 0O("%); i2H: (4.6)

In the Chapman-Enslog method, the plasma is obsened at successie orders of the
parameter equivalert to as many time scales:the electron kinetic time scalet?, the
heavy-particle kinetic time scalet?, the macroscopictime scalet®, and the macroscopic
time scaledivided by ". The micro- and macroscopicequations derived at ead order
are reviewed in Table 1. The resolubility of the electron and heavy-particle perturba-
tion functions is classically based on the identi cation of the kernel of the linearized
collision operators and spaceof scalar collisional invariants of both typesof species.The
quasi-equilibrium solutions are Maxwell-Boltzmann velocity distribution functions at the
electrontemperature or the heavy-particle temperature depending on the type of species,
Henceallowing for thermal non-equilibrium to occur.
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Proposition 4.1 The zem-order electron distribution function 2, solution to Eq. 4.5 at
order " 2, ie., Dy 2(fQ) = J, 2, that satis es the salar constraints 4.3 is a Maxwel-
Boltzmann distribution function at the electron temperature

1 3=2

1
7T, exp —CeC¢ : 4.7)

fe'= e 2T,

Proposition 4.2 Considering f0 given by Eq. 4.7, the zero-order family of heavy-particle
distribution functions f,° solution to Eq. 4.6 at order " %, i.e, J;* = 0, i 2 H, that
satis es the salar constraints 4.4 is a family of Maxwell-Boltzmann distribution functions
at the heavy-particle temperature

3=2
m;j m;j

fE=n o4 &0 o

CiCi ; i2H: (4.8)

At order ", the set of macroscopicconsenation equations of mass, momertum and
energycomprisesmulti-comp onert Navier-Stokesequationsfor the heavy particles, which
follow a hyperbolic scaling, and rst-order drift-di usion equations for the electrons,
which follow a parabolic scaling. The rst-order consenation equations of heavy-particle
mass,momertum and energy read

@I+@(('Vh+ﬁ|vl):01 i 2 H; (49)
@(th)+@<(th Vh+M—1hz-p): M_ﬁ_@( h_,_M_lhz_an

+ [ wlo+ wml]"B; (4.10)

@ hen)+ @ (henve)= (ph +" 1)@Vh 5@ Oy + —In E°
+ E2+" EL (411)

The rst-order consenation equations of electron massand energyread
h [
@t @ eVat (et ") =0 (4.12)

@( e€) + @ ( e€Vh) = Pe@ Vp ﬁ@ ao + "o
+ ﬁ Je+ "\]ez E0+ bO"M hJth/\B + E8+ n Eé_. (4.13)

Quantity p = pe+ pn is the mixture pressure,wherepg is the electron partial pressureand
pn, the heavy-particle partial pressure.The transport uxes are de ned for the electrons
as rst- and second-orderdi usion velocity, V,, V.2, heat ux, g, g2, and conduction
current, Je, Jez, aswell asfor the heavy particles as rst-order speciesdi usion velocities,
V,, i 2 H, heat ux, g, viscoustensor 1, and conduction current, J,. The total

conduction current reads Iy in the casewhere b = 0 (strong ionization) and | in the
caseb = 1 (weakionization). The zero- and second-orderterms of energy exchangedin
collisions betweenelectronsand heavy particles read E?2, E} from the heavy-particle
standpoint, and E?, E! from the electron standpoint. The transport coe cien ts have
been written in terms of bracket operators in Graille et al: (2007); both electron and
heavy-particle transport coe cien ts exhibit anisotropy, provided that the magnetic eld

is strong. We have also proposeda complete description of the Kolesnikov e ect, i.e., the
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crossedcortributions to the massand energytransport uxes coupling the electronsand

heavy particles. This e ect, appearingin multi-componert plasmas,is essetial to obtain

a positive entropy production. In the caseof single heary speciesplasmasconsideredby

Degond & Lucquin (1996a,b),the Kolesnikov e ect is not presen. Therefore, the details
of the interaction betweenthe multi-componert heavy particles and electronsdegenerate
and the positivity of the entropy production is straightforward.

5. Consenation equations and mathematical structure

The properties of electron and heavy-particle transport matrices can be establishedby
using the mathematical structure of the bracket operators. In particular, the properties
of symmetry and positivity imply that the secondlaw of thermodynamics is satis ed as
shown by deriving an equation of consenation of the erntropy s having a positive ertropy
production rate 0. Moreover, the rst law of thermodynamics is also veried by
deriving an equation for the total energyE = o€+ nhen + M7 h%jvhjz. The system
of mass, momertum, total energy and ertropy equations is consenative from a uid
standpoint in the variables

U=T[e (iizn; nvh E s17;
that reads

@QU+@F+@F= ; (5.1)
with the corvective uxes
1
F = [evi ()iznVai nVn Va+ 1P 5 HVi; svnl";
h
where the total enthalpy readsH = E+ p, the diusiv e uxes

—- e n 2. . .
F= [M—h(Ve+ Ve ),M—h( iVl )i2H; M_ﬁ h —ﬁ

where the total heat ux readsQ and the entropy ux J , and nally the sourceterms

1
+—Q;J1";
h Vh MhQ ]

n
= [0;0;—qZE +(polo+ wml)"B; 1E; 17;
Mg
where symbol n standsfor the mixture number density and q, its charge. We then extract
a purely corvective systemfrom Eq. 5.1

@QU+@F= 2% (5.2)
where the corvective sourceterms are given by
°= [0 0 L 5E + (ot w)I%B; IE; T
h

the current 1°= nqvy,, and the entropy production rate
on (Te Ta)2X nmp
= T, o m; je:
Symbol e, i 2 H, is the collision frequency of the electron heavy-particle interaction.
The purely corvective systemgiven in Eq. 5.2 is rewritten in a quasi-linear form

@W+A@W= (5.3)
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by meansof the variables

W = [ e (i)izn; Vn; Pes pal's
the sourceterms

n 1
w =100 qu E+ —(w+ w)!%B; 2 ES 2 EX;
h h h
and the chobian matrices 1
Vh 0 el 0 0
0 Wvh (ij)ijan (idizne’ 0 0
A=BO 0 Vh M—hzl—he M—ﬁl—he . 211,235 (5.4)
0 0 pee’ Vi 0
0 0 pheT 0 Vh

where the speci ¢ heat ratio reads = 5=3 and symbol e stands for the unit vector in
the direction.

For any direction de ned by the unit vector n, the matrix n A is shovn to be di-
agonalizable with real eigervalues and a complete set of eigervectors. There are two
nonlinear acoustic elds with the eigervaluesvy, n ¢, wherethe soundspeedis given by
¢ = px nM?), and linearly degenerate elds with the eigervalue v, n of multiplicit y
n" + 4. Thus, the macroscopicsystem of consenation equations derived from kinetic
theory in the proposedmixed hyperbolic-parabolic scaling has a hyperbolic structure, as
far as the convective part of the systemis concerned.Such a property is far from being
obvious sincethe obtained sound speedinvolvesthe electron pressure(considering that
the rigorous derivation of the momertum equation of the heavy particles involves many
analytical steps).

6. Further development

The explicit expressionsof the di usion coe cien ts, thermal di usion coe cien ts, vis-
cosity, and partial thermal conductivities can be obtained by means of a variational
procedure based on a Galerkin spectral method (Chapman & Cowling 1939) used to
solve the integral equations. The expressionsof the thermal conductivity, thermal di u-
sion ratios and Stefan-Maxwell equations for the di usion velocities can be derived by
meansof a Goldstein expansionof the perturbation functions, asproposedby Kolesnikov
& Tirskiy (1984). Finally, the mathematical structure of the transport matrices obtained
by the variational procedure can readily be usedto build e cien t transport algorithms,
as already shavn by Ern & Giovangigli (1994) for neutral gases,or Magin & Degrez
(2004b) for unmagnetized plasmas.
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