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Modeling of the subfilter scalar dissipation rate

By G. Balarac†, V. Raman‡ AND H. Pitsch

1. Motivation and objectives

In large eddy simulation (LES), a spatial filtering operation is applied to an instanta-
neous field, f , to separate the large-scales quantity, f̄ , from the small scales. Transport
equations are solved only for the large-scale quantities, and the contribution of the unre-
solved small scale features of the flow needs to be modeled. In the case of hydrodynamic
problems, this technique is now commonly used and many models have been proposed
to close the filtered Navier-Stokes equations (Meneveau & Katz 2000). However, LES
applied to combustion problems is a relatively new field (Pitsch 2006). The main diffi-
culty is that combustion itself is directly influenced mostly by the small scales. Most of
the currently available combustion models use mixture-fraction, Z, a conserved scalar,
to describe local variations in fuel-air ratio. Two quantities that are important in the
statistical description of the mixture fraction are the filtered mixture fraction, Z̄, and its
variance, Zv = ZZ − Z̄Z̄. Transport equations can be derived for both quantities, but
the dissipation rate of the scalar variance, appearing in the variance equation, requires
modeling. Since the dissipation of mixture fraction variance leads to mixing of fuel and
air on the molecular level, this process enables chemical reactions. For this reason, the
scalar dissipation has a special role in combustion modeling. In fact, it can be shown
(Bilger 1976) that the chemical source term is directly proportional to the scalar dis-
sipation rate as long as the chemistry is fast enough. This quantity therefore appears
in essentially all models for non-premixed combustion, such as the flamelet model, the
conditional moment closure model, and the transported PDF model (Pitsch 2006, for a
review). The transport equation of the subfilter scalar variance (Jiménez et al. 2001) is
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where D is the molecular diffusivity and Ti = uiZ − ūiZ̄ is the subfilter scalar flux. The
subfilter scalar dissipation rate is then defined by
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Since only the first term in Eq. (1.2) needs to be modeled in LES, it is helpful to define
the filtered scalar dissipation rate as

χ̄ = 2D
∂Z

∂xi

∂Z

∂xi
. (1.3)

Scalar dissipation, similar to viscous momentum dissipation, occurs predominantly at the
small scales. Since LES does not directly resolve these scales, modeling of ε̄ is particularly
challenging.
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In this work, first the commonly used models are studied in a priori tests. Using the
concept of optimal estimator (Moreau et al. 2006), the best set of quantities to use when
writing a model for ε̄ is then determined. Finally, different methods to determine the
coefficient that appears in this model are investigated.

2. Numerical method and optimal estimator

DNS of forced isotropic turbulence is used to perform the a priori tests. A standard
pseudo-spectral code (Kuczaj & Geurts 2006, for example) is used with 5123 points. The
domain size is larger than four integral scales, while the smallest length scales are resolved
according to the conditions specified in Pope (2000). The Taylor-scale Reynolds number
is approximately 180. The molecular Schmidt number is set to 0.7. The same data has
been used already to study the modeling of the subfilter scalar variance (Balarac et al.

2008). In the a priori tests, a box filter is used to define LES quantities. In the following
discussion, the filter size ∆ is expressed as a multiple of the Kolmogorov scale η. A large
range of ratios of the filter scale to the Kolmogorov scale has been tested with a filter
size range from the dissipative region to the top of the inertial region.

While performing a priori-based model evaluation, an important consideration is the
choice of an error measure. A reliable measure of error can be obtained based on the
optimal estimation theory (Moreau et al. 2006). Let us consider a variable set φ used to
model the scalar dissipation rate as follows:

ε = g (φ) , (2.1)

where g refers to a mapping function operating on the variable set. The conditional mean
〈ε|φ〉 is the optimal estimator of ε using φ as variables. Then, 〈(ε̄ − 〈ε̄|φ〉)2〉 is the least
quadratic error that can be obtained using the model based on φ. This error is called
the irreducible error for the chosen variable set, which can be reduced only by changing
the set of variables used in the model. About the practical implementation, a histogram
method has been used to compute the conditioned means. It has been checked that the
choice of the number of cells used to compute the conditioned means has not influenced
the results.

3. Results

3.1. Subfilter scalar dissipation models

The most commonly used model for evaluating the filtered scalar dissipation rate is based
on the eddy diffusivity assumption (Girimaji & Zhou 1996; Pierce & Moin 1998). For the
sake of the following discussion, this formulation is termed the EDA model.

χ̄EDA = 2(D + DT )
∂Z̄
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∂Z̄

∂xi
, (3.1)

where DT = νT /ScT is the eddy diffusivity defined by the eddy viscosity, νT , and the
eddy Schmidt number, ScT . In fact, this model comes from a local equilibrium assump-
tion between the dissipation and the production terms in the transport equation of the
subfilter scalar variance, Eq. (1.1). This assumption leads first to a more general form,
termed here the LEA model, similar to one introduced by Pierce & Moin (1998),
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The LEA model is written for the subfilter dissipation rate as

ε̄LEA = −2Ti
∂Z̄

∂xi
. (3.3)

The subfilter scalar flux, Ti, is not known in LES but can be modeled by an eddy
diffusivity assumption (Moin et al. 1991; Brun et al. 2008), which then leads to the EDA
model. In this work, to focus only on the modeling of the scalar dissipation, Ti will be
evaluated directly from the DNS data. The set of quantities used in the LEA model is
then φLEA =

{
−2Ti

(
∂Z̄/∂xi

)}
.

In Reynolds-averaged approach, an algebraic relation linking scalar dissipation rate to
the local mixture-fraction variance is commonly used (Sanders & Gökalp 1998). A similar
approach can also be used for LES. Here, the subfilter scalar mixing time scale, Zv/ε̄, is
assumed to be proportional to the subfilter turbulent time scale, τ .

ε̄ = Cτ
Zv

τ
, (3.4)

where Cτ is the time scale ratio. The turbulence time scale can be first defined as τ =

1/|S̄|, where |S̄| is the magnitude of the large-scale strain rate tensor, |S̄| =
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The strain-rate tensor (SRT) model is then defined as

ε̄SRT = Cτ,SRTZv|S̄|, (3.6)

with the following set of parameters φSRT =
{
Zv|S̄|

}
. Note that, considering the eddy

viscosity defined by a conventional Smagorinsky closure (Germano et al. 1991), νT =
(CS∆2)|S̄|, the set of parameters also follows from evaluating the turbulent time scale
by ∆2/νT (Pera et al. 2006)†.

The characteristic turbulent time scale can also be defined as τ = ∆/k1/2 with the
subfilter kinetic energy, k = 1

2
(uiui − ūiūi). We define the subfilter kinetic energy (SKE)

model (Schmidt & Schumann 1989) by

ε̄SKE = Cτ,SKE

Zvk1/2

∆
(3.7)

and its set of quantities is φSKE =
{
Zvk

1/2/∆
}
. The quantities Zv and k are unknown

quantities in LES. Several possibilities are available to evaluate these terms, using direct
modeling (Balarac et al. 2008; Knaepen et al. 2002) or transport equations (Jiménez
et al. 2001; Ghosal et al. 1995). In this work, we evaluate Zv and k from the DNS data
to focus on the modeling of ε̄.

To determine the most suitable model for the subfilter scalar dissipation rate, we will
first determine the best set of quantities to be used in the model. The best set of quantities
to write a model is the set of quantities that results in the smallest quadratic error of the
optimal estimator, i.e., the smallest irreducible error. The irreducible error for all models
is given in Fig. 1 (a). The errors have been normalized by the subfilter scalar dissipation
rate. Since the subfilter scalar dissipation rate is very small for smaller filter sizes, the
normalized errors are high for the smaller filter sizes and decrease after. It is clear that
the models based on a turbulent time scale lead to smaller irreducible errors compared

† or by ∆2/DT (Colucci et al. 1998)
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Figure 1. (a) Irreducible error as function of filter size; (b) correlation between exact and
modeled subfilter dissipation rate. LEA model , SRT model , and SKE model

.

to the LEA model. Since the exact value of the subfilter scalar flux is considered in the
a priori tests, the results of the LEA model depend only on the validity of the local
equilibrium assumption between production and dissipation, irrespective of the model
used for the production term. Thus, the large irreducible errors of the LEA model reveal
that the equilibrium assumption is locally not verified (da Silva & Pereira 2005). The
set of quantities φSKE gives the smallest irreducible error. This shows that an evaluation
of the turbulence time scale based on the subfilter kinetic energy is more suitable. To
confirm that the SKE model is the best candidate to evaluate ε̄, we have computed the
correlation between the subfilter dissipation rate of the DNS and the different models
(Fig. 1 (b)). Note that the correlation is independent of the model coefficient value.
Confirming the results from Fig. 1 (a), the SKE model is strongly correlated with the
exact subfilter dissipation and its correlation is always higher than that of the other
models. For the smallest filter sizes, the results are similar for both the SKE and SRT
models. It is because when the filter size is in the dissipative region, a local balance
between energy production and dissipation is verified (da Silva & Pereira 2005) allowing
to link k with |S̄| as done by the Yoshizawa’s model (Yoshizawa 1986), k = C∆2|S̄|2

with C a constant. Note that the correlation of the LEA model is exactly the correlation
between the production term and the dissipation term in the transport equation of the
subfilter scalar variance, Eq. (1.1). This confirms that the equilibrium assumption is not
satisfied locally.

3.2. Coefficient determination

Since the set of quantities φSKE leads to the smallest irreducible error, the SKE model
appears to be the most promising model to evaluate the subfilter scalar dissipation rate.
The remaining challenge is then to evaluate the coefficient Cτ,SKE in Eq. (3.7). Schmidt
& Schumann (1989) proposed the use of the time scale ratio a value of Cτ,1 = 2.02 con-
sidering an inertial range kinetic energy spectrum and an inertial-convective range scalar
variance spectrum. Another approach is to evaluate a turbulent time scale proportional
to ∆2/νT and a turbulent-mixing time scale proportional to ∆2/DT . Assuming the same
proportional coefficient for both time scales, the ratio is given by Cτ,2 = DT /νT = 1/ScT .



Modeling of the subfilter scalar dissipation rate 201

In the following tests, we evaluate the eddy viscosity and the eddy diffusivity from the
DNS data (Brun et al. 2008) as

νT = −
〈TijS̄ij〉

2〈S̄klS̄kl〉
DT = −

〈Ti
∂Z̄
∂xi

〉
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〉
,

where Tij = uiuj − ūiūj is the subfilter stress tensor.
A dynamic approach was considered by Wong (1992) to compute the coefficient for the

subfilter kinetic energy dissipation rate. A similar approach has already been used for
the subfilter scalar dissipation rate (Pera et al. 2006). The first step is to filter Eq. (3.7)

with a test filter of size ∆̂ = 2∆ denoted by ·̂, assuming that the model coefficient varies
slowly in space. The second step is to write the SKE model with the same coefficient for
the test filter . We can then write Ld = Cτ,3Md with
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where Zv,T = ẐZ − ̂̄Z ̂̄Z and kT = 1
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. To evaluate Zv,T and kT from LES

data, we can write these quantities as Zv,T = Ẑv+̂̄ZZ̄− ̂̄Z ̂̄Z and kT = k̂+ 1
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Cτ,3 is then obtained using a least squares averaging procedure (Lilly 1992). However,
it should be noted that this approach is not expected to be useful. For any filter-size
with the filter located in the inertial subrange, the subfilter contribution to dissipation
is much larger than the resolved contribution. Hence, both Ld and Md tend to zero and
the determination of Cτ,3 becomes singular.

Finally, we propose a new approach based on a global subfilter equilibrium assumption.
As already shown, the subfilter equilibrium between dissipation and production terms is
not satisfied locally, but under certain conditions, we can expect this condition to hold on
an average. To determine Cτ,SKE, we propose to use a subfilter equilibrium assumption as
in Eq. (3.3), but with a suitable average. Using Eq. (3.3), the global subfilter equilibrium
assumption is written as

〈ε̄〉 = −2

〈
Ti

∂Z̄

∂xi

〉
. (3.9)

This is similar to the method proposed by You & Moin (2007) to compute the coefficient
of an eddy viscosity model. Using the SKE model for ε̄ in Eq. (3.9), the coefficient Cτ,4

is defined as

Cτ,4 = −2∆

〈
Ti

(
∂Z̄/∂xi

)〉
〈
k1/2Zv

〉 . (3.10)

The performance of the four different ways to compute the model coefficient is assessed
next. Figure 2 (a) shows the total quadratic error of each model, which is defined as

〈(ε̄ − ε̄model)
2
〉. These errors are compared with the irreducible error of the SKE model.

The coefficient Cτ,4 computed by Eq. (3.10) leads to the smallest total quadratic error
and it stays close to the irreducible error. As expected, the traditional dynamic procedure
for the dissipation rate is very inaccurate, since the most important contribution to the
dissipation rate occurs at the small scales and the resolved contribution at a higher
filter size cannot retain enough information. This has already been noted by Pierce
& Moin (1998). The new model is the most accurate for the considered test case, and
this model assumes that subfilter production equals dissipation. Although the production
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Figure 2. Total quadratic error of the SKE model as function of filter size computed with the
constants Cτ,1 , Cτ,2 , Cτ,3 and Cτ,4 . The irreducible error of ε̄SKE

is given by the bold line. (a) Forced turbulence and (b) decaying turbulence (Rλ ≈ 125).

term in Eq. (3.9) is actually just an energy transfer into the subfilter scales, the condition
that large-scale production globally equals dissipation is enforced in stationary forced
isotropic turbulence. For this reason, it is important to demonstrate that the method is
still accurate for decaying isotropic turbulence, for which the large-scale production is
zero. Figure 2 (b) shows the total error of each model in decaying turbulence. Cτ,4 again
leads to the smallest total error. The reason is that the assumption in Eq. (3.9) does not
require a global equilibrium, but only an equilibrium on the subfilter scales, which seems
to be satisfied on an average, even in the absence of large-scale production. This shows
also that the results are the same for different Reynolds numbers. This model should
thus be applicable in various configurations.

4. Conclusions

In conclusion, the concept of optimal estimator has been used to determine the best
way to model the subfilter scalar dissipation rate. It appears that a model based on the
ratio of turbulent-to-scalar time scale, where the turbulent time scale is evaluated from
the subfilter kinetic energy gives the lowest irreducible error. It is shown that the smallest
quadratic error is achieved when the model coefficient representing the time scale ratio
is determined with the assumption that for a suitable ensemble, the subfilter equilibrium
holds on average. This average could be evaluated over statistically homogeneous direc-
tions, or, for flows in complex geometry, as an average over flow pathlines as proposed
by Meneveau et al. (1996) with the Lagrangian dynamic procedure. On the other hand,
the “global subfilter equilibrium assumption” has already been used by You & Moin
(2007) with entire volume average to the determination of dynamic model coefficient.
This volume averaging can appear as an alternative to the Lagrangian procedure. Future
work will study the combination of various modeling errors and the combination with
numerical errors with a particular focus to dissociate these various sources of error. The
goal will be to understand the part of each error in an a posteriori LES.
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