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Prediction of sound generated by complex 
ows at
low Mach number regimes

By Y. Khalighi, A. Mani, F. Ham AND P. Moin

1. Motivation and objectives
In many practical applications, sound is generated by interaction of turbulent 
ow

with solid objects. In such cases, sound waves experience multiple re
ections from solid
objects before they propagate to a far-�eld point. In these situations the sound spec-
trum exhibits a rich frequency content consisting of broadband and tonal components.
To predict the acoustic �eld in these situations, a general aero-acoustics framework is
required to operate in complex environments. More importantly, the employed method
must avoid many simplifying assumptions often made about the geometry, compactness
or frequency content of sound sources. The objective of the present work is to develop,
validate and demonstrate the functionality of such a computational framework.

The prediction of 
ow-generated sound requires accountingfor the physics of both
unsteady 
ow and sound waves simultaneously. Since these two phenomena exhibit very
di�erent energy and length scales, the prediction of 
ow-generated sound is challenging
especially from the numerical perspective. Sound waves carry only a minuscule fraction of

ow energy and high-order numerical schemes are required tokeep the sound waves intact.
Additionally, at low Mach number regimes, the acoustics CFL number imposes extremely
small time steps on numerics for resolving both the acoustics and hydrodynamics.

For nearly incompressible 
ows, Lighthill (1952) formally separated acoustics from
hydrodynamics by introducing his acoustics analogy. To predict the far-�eld sound,
Lighthill's analogy is often employed to avoid aforementioned di�culties by designing
separate numerics suited for each physical phenomena. At low Mach number regimes,
the unsteady hydrodynamics �eld is computed by an incompressible 
ow solver in which
the time step is not restricted by the acoustic CFL number. The incompressible 
ow
solution is then used to represent sound sources in a separate solver that accurately
computes the propagation and scattering of sound waves. By treating the sound waves
separately, we avoid large numerical errors that are often present when a compressible
solver computes the 
ow and sound waves simultaneously.

In several studies this method has been applied to predict the sound generated by a
trailing-edge 
ow. Wang & Moin (2000) and Marsden et al. (2007) used the incompress-
ible large eddy simulation (LES) technique to simulate the 
ow over the trailing-edge of
an airfoil. To calculate the far-�eld sound, they simpli�ed the acoustical characteristics
of the airfoil by using the acoustics Green's function of a semi-in�nite half-plane. To im-
prove the accuracy of the sound calculations, Oberaiet al. (2002) employed a variational
approach to represent the acoustics Green's function of a �nite-chord airfoil. However,
their approach was designed and applied to 
ow con�gurations with homogeneity in
the spanwise direction. For engineering applications, many commercial packages such as
FLUENT that are designed to simulate 
ows in general geometry, estimate the far-�eld
sound using a simpli�ed variation of Curle (1955). It is known that such simpli�cation is
limited to low-frequency range and cannot capture the broadband components of sound.
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Figure 1. Schematic of sound generation and propagation by 
ow over a generic solid object.

In this work we introduce an aero-acoustics solver that can operate in an arbitrarily
complex geometry environment and predict the tonal and broadband components of
sound in the entire frequency range resolved by the 
ow solver. In this hybrid approach,
the 
ow-generated sound sources are computed using the unstructured incompressible
LES solver of Ham & Iaccarino (2004). These sources are then used as the input to
an acoustics solver, where Lighthill's equation is transformed to a boundary integral
equation and solved using a specialized boundary element method (BEM) introduced
by Khalighi & Bodony (2006). This method does not have any limitations besides the
low Mach number assumption and intrinsic limitation of Ligh thill's theory described by
Crow (1970).

In the following, we �rst derive the boundary integral equat ions and introduce the
structure of the hybrid approach. Then, we present validation studies of this method for
canonical problems of sound generation by laminar and turbulent 
ows over a cylinder.
Finally, we demonstrate the applicability of the method to engineering problems by
computing the sound generated by 
ow around an automotive side-view mirror and
provide a detailed comparison with the experimental data.

2. Methodology

2.1. Derivation of boundary integral equations

Figure 1 describes the physical setting where acoustic analogy is used. Sound waves are
generated by unsteady 
ow motion and travel to the observer either directly or after
multiple re
ections from hard walls. Based on this physical picture, Lighthill (1952)
rearranged the compressible Navier-Stokes equation as an inhomogeneous wave equation
for density � with 
ow quantities as source term
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Equation (2.1) is subject to hard-wall boundary conditions on solid walls (@
) and Som-
merfeld condition in the far-�eld as

u? = 0 on @
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@r

�
= 0 in far-�eld

(2.2)

In Eqs. (2.1) and (2.2),u is the velocity, c0 is the reference speed of sound,r is the distance
of sound waves from sound sources andd is the spatial dimension of the problem.Tij is
the 
ow-generated sound sources and can be written in terms of 
ow quantities as

Tij = �u i uj � eij + � ij
�
p0 � c2

0� 0� ; (2.3)

where eij is the viscous stress,p0 = p � p0 and � 0 = � � � 0. Subscript ( )0 denotes the
reference quantities. We take the time Fourier transform ofEq. (2.1) and write it as a
Helmholtz equation
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where ~( ) represents Fourier-transformed quantities and k = !=c 0 is the wavenumber.
We apply Green's second identity to Eq. (2.4) and employ boundary conditions from Eq.
(2.2)) to transform the Helmholtz equation to a boundary int egral equation
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In Eq. (2.5), G(xjy ) is the free-space Green's function of Helmholtz equation where y
and x are the locations of source and observer, respectively.� (x) is a geometrical factor
and is de�ned as

� (x) =

8
<

:

1 x 2 

1=2 x 2 @

0 otherwise

: (2.6)

Based on Eq. (2.5), far-�eld sound has two distinct components: direct and scattered.
These two components are depicted in Fig. 1; the portion of sound waves that travel to
the observer without encountering the solid object corresponds to the direct sound, while
the sound waves that re
ect from the solid objects contribute to the scattered sound.
Curle (1955) demonstrated that in low Mach number 
ows the total sound is dominated
by the scattered waves because they exhibit a dipolar behavior in contrast to the direct
term that often is in quadrupole form.

Equation (2.5) is an exact rearrangement of fully compressible Navier-Stockes equa-
tion. Although the purpose of this rearrangement is to extract pressure ep0 which repre-
sents acoustic waves in the far-�eld, the source termTij is dependent on compressible
e�ects because it includes compressible velocity, densityand pressure. In the following
we describe how the source term is approximated by incompressible quantities.

In almost all low Mach number, non-heated and non-reactive applications, the non-
linear term �u i uj in Tij is the major contributor to the sound sources. We approximate
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Figure 2. Flowchart showing the structure of the hybrid approach.

this term by � 0vi vj , wherev is taken to be the incompressible velocity �eld. The adequacy
and limitation of this approximation is discussed by Crow (1970). The viscous termeij

is known to be much smaller than the non-linear term and is often neglected; however,
Shari� & Wang (2005) demonstrated that viscous shear stresscan be an e�ective source
of sound. Therefore we keep this term in the formulation of our hybrid approach. It
should be noted that among all of the test cases we studied, the e�ect of viscosity was
only appreciable in the problem of laminar vortex shedding from a cylinder. We neglect
the entropic term p0 � c2

0� 0 because we focus on low Mach number, non-heated and non-
reactive 
ows where the 
ow can be assumed isentropic.

Having computed the Tij and eij term using an incompressible solver, pressureep0

remains the only unknown variable in Eq. (2.5). This equation is at the core of the
hybrid approach which will be discussed next.

2.2. Implementation of the hybrid approach

Figure 2 describes the process of calculating sound at an observer location x using Eq.
(2.5) from an incompressible solution. We use CDPIF2, an incompressible 
ow solver,
to compute 
ow-generated sound sources. CDPIF2 is a second-order, low dissipation,
unstructured LES 
ow solver based on the numerical scheme ofHam & Iaccarino (2004)
and implemented within the CDP framework. CDP was developedat Stanford Univer-
sity as a part of the ASC program and was specialized for high quality and large-scale
calculations of multi scale/multi physics problems. The code was successfully tested in a
variety of applications.

Having computed the unsteady 
ow�eld v , we calculate the Fourier modes of the
components of Lighthill's source term, i.e., g� 0vi vj and feij . Then, for each frequency we
substitute these terms in Eq. (2.5) and solve it for pressureep0 in a two-step approach:

1. Solving for ep0 on @
 : To calculate pressure ep0 in Eq. (2.5), a Fredholm's integral
equation of the second kind should be solved. Accordingly, we �rst take the �rst integral
to the l.h.s. of Eq. (2.5), then we discretize the integral by meshing the boundary @

and using a second-order surface quadrature rule. We employthe boundary element
method (BEM) of Schenck (1968) to form a well-conditioned linear system of equations.
To calculate the r.h.s. of this system of equations, we placethe observer point x at the
centroid of each facet and evaluate the second and third integrals in Eq. (2.5). This is
equivalent to propagating the sound waves directly to the solid surface. To obtain ep0 on
@
, this linear system is solved using the parallel direct solver of Li & Demmel (2003)
implemented in SuperLU Dist Package.

2. Integrating for ep0 at the observer point x: Having computed pressureep0 on @
, we



Sound prediction of complex 
ows 317

Sponge layer

Measurement locations

Figure 3. Vorticity contour plot of
laminar vortex shedding from cylinder
at Re = 100.
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Figure 4. U=U0 for three stations in the wake of the
cylinder; , compressible; � , incompressible.

simply use second-order surface and volume quadratures to integrate the r.h.s. of Eq.
(2.5) and calculate the total sound at any observer point.

This method does not require any non-re
ecting acoustics boundary conditions at far-
�eld in contrast to Finite Element or Finite Volume methods w here Dirichlet to Neumann
or Perfectly Matched Layer techniques should be employed toavoid re
ection of sound
waves from exterior boundaries. In addition, by using appropriate free space Green's
functions, we can support a variety of acoustics problems such as half-space domains,
propagation with uniform background 
ow and viscous attenuation.

3. Validation
The sound calculated by the hybrid approach is validated against the far-�eld density


uctuations directly computed using a high-order compressible 
ow solver. We applied
the staggered sixth-order �nite di�erence scheme of Nagarajan et al. (2003) and cus-
tomized it for sound calculation. In particular, a sponge layer was carefully designed to
avoid re
ection or generation of spurious sound from the exterior boundary.

Since the accuracy of calculated sound closely depends on the 
ow solution, we study
the near-�eld hydrodynamics in addition to the far-�eld sou nd in all of the test cases
discussed in this work. Validation studies were carried outfor canonical problems of
sound generated by laminar and turbulent 
ow over a cylinder. Identical mesh, run-time
and sampling rate were used for both compressible and incompressible simulations.

3.1. Sound generated by laminar 
ow over a cylinder

Laminar vortex shedding from a cylinder at Re = 100 and M = 0 :15 is considered.
Computational domain for this 
ow con�guration is shown in F ig. 3. At this Reynolds
number, the 
ow is two dimensional and can be entirely resolved on the computational
grid. After achieving periodic steady state, both simulations were advanced for 20 shed-
ding cycles. The Strouhal number of shedding was the same in both simulations and
equal to 0:196 which is in agreement with the study of Feyet al. (1998). Comparison of
mean velocity in Fig. 4 shows excellent agreement of near-�eld hydrodynamics.

In this 
ow, the Mach number is small enough to assume the near-�eld hydrodynamics
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is incompressible; however, Inoue & Hatakeyama (2002) concluded that in the propaga-
tion of sound to far-�eld, the e�ect of background 
ow should not be neglected. This
e�ect is incorporated by adding a uniform convection term to the Helmholtz equation
2.4 and utilizing the Green's function of that equation in th e hybrid approach.

According to Wang et al. (1996), silently traveling vortices can generate non-physical
sound when they exit the computational domain. To avoid this, velocity �eld is \silently"
damped in a sponge layer shown in Fig. 3; this treatment is applied to both simulations.
Additionally, in the compressible simulation the sponge layer absorbs the outgoing acous-
tics waves and prevents them from being re
ected back to the domain.

In the compressible simulation, far-�eld sound is directly measured by sampling the
density signal at measurement locations shown in Fig. 3. Comparison of sound computed
from compressible and the hybrid approach is presented in Fig. 5. In this �gure the
directivity pattern of sound is plotted for the shedding frequency f sh and its �rst three
harmonics. For each frequency, the relative sound pressurelevel (SP L) is reported in dB.
This quantity is de�ned as

SP L = 20log
max( ep0)

max( ep0
0)

; (3.1)

where ep0
0 is the pressure at shedding frequency.

Figure 5 demonstrates excellent agreement between the directly computed sound and
the result of the hybrid approach at the shedding frequencyf = f sh and its �rst harmonic
f = 2 f sh ; however, there is a slight di�erence between the two results at 3f sh and
signi�cant di�erences at 4 f sh . In order to understand the root-cause of the observed
discrepancy, we used the near-�eld 
ow solution from the compressible calculation and
evaluated the far-�eld sound by applying the acoustics analogy of Ffowcs Williams &
Hawkings (1969). The di�erence between computing sound directly and applying an
analogy is that by applying the analogy, the propagation of sound waves through the
medium is treated analytically; however, in direct computation, wave propagation is
prone to numerical errors. In Fig. 5 we observe that the result of the hybrid approach
remains almost identical to that of FW-H solution for all fre quencies while it deviates
from the directly computed sound at high frequencies. At these frequencies, because of
the substantially small loudness levels (-52 dB and -80 dB for second and third harmonics,
respectively) the magnitude of sound waves are comparable to the size of numerical errors
such as dispersion or re
ection of waves from the exterior boundaries. This appears to be
the case even though our compressible solver is sixth-orderaccurate in space and second-
order accurate in time. As a result, for waves of very small magnitude, the accuracy of
directly computed sound is a�ected by numerical errors, while the hybrid approach is
able to predict the sound accurately. In should be emphasized that the dramatic drop
in the magnitude of sound waves at high frequencies is causedby the laminar nature of
this problem. This drop is not likely to occur in turbulent re gimes and as a result the
aforementioned numerical errors may not a�ect the accuracyof directly computed sound
in those regimes.

3.2. Sound generated by turbulent 
ow over a cylinder

We consider turbulent 
ow over a cylinder at Re = 10; 000 andM = 0 :2 as the second
test case for the validation of the hybrid approach. At this Reynolds number, the 
ow in
the wake is turbulent. Large eddy simulation(LES) with the d ynamic model of Germano
et al. (1991) is employed to account for subgrid scales. The 
ow is three dimensional and
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Figure 5. Directivity plot of sound; , hybrid approach; , directly computed
sound; � , FW-H based on compressible solution.

we used periodic boundary conditions in the spanwise direction for both compressible
and incompressible simulations. The spanwise size of computational domain is chosen to
be �D , where D is the diameter of the cylinder. After the initial transient phase, both
simulations were advanced for 80 shedding cycles. A 
ow snapshot is shown in Fig. 6.
In this picture, obtained from the compressible simulation, the vortical 
ow structures
as well as sound waves are visualized. Clearly, sound waves are mostly generated in the
vicinity of the cylinder and their length scale is much larger than the 
ow length scales.

We compared the near-�eld hydrodynamics by studying �rst- a nd second-order statis-
tics. Mean and r.m.s velocity pro�les in the wake of the cylinder are plotted in Fig. 7.
These results show good agreement between the compressibleand incompressible solu-
tions for low-order statistics. Table 1 summarizes the values of the global 
ow statistics
measured in both simulations in comparison to the results ofDong et al. (2006). For
validation purposes, we have also provided measures of sampling errors in our results.
This is necessary because the turbulent vortex shedding hasa slow time scale (order of
10 shedding cycles) and depending on the time window chosen for averaging, the cal-
culated averaged quantity can vary signi�cantly. We quanti fy the statistical error of an
averaged quantity by �nding the di�erence of that quantity a veraged in the �rst half
of the sample to that of the second half. The values of uncertainty in few quantities
such asCD

rms suggest that simulations should be advanced for much longertime to ob-
tain more accurate estimates of these quantities. Considering the statistical uncertainty,
the results of Table 1 demonstrate reasonable agreement between compressible and in-
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Figure 6. Vorticity isosurfaces
in color and density contour in
grayscale for 
ow over a cylinder
at Re = 10 ; 000.
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Figure 7. U=U0 and urms =U0 for two stations in the wake of
the cylinder; , compressible; � , incompressible.

Incompressible Compressible DNS of Donget al. (2006)

St 0:196 � 0:002 0:192 � 0:006 0:203

CD 1:27 � 0:03 1:29 � 0:02 1:143

C rms
D 0:091 � 0:008 0:098 � 0:002 -

C rms
L 0:61 � 0:05 0:63 � 0:05 0:448

L c=D 0:69 � 0:06 0:68 � 0:01 0.82

Table 1. Comparison of shedding frequencySt, mean drag coe�cient CD , r.m.s. drag
coe�cient C rms

D , r.m.s lift coe�cient C rms
L and recirculation length L c .

compressible calculations. The agreement with the computational results of Dong et al.
(2006) is marginal.

The cross
ow velocity spectrum at a point located 5 diameters downstream of the
cylinder on the symmetric plane is shown in Fig. 8. It can be seen that the spectrum of
compressible velocity is more energetic at high frequencies. The di�erence between the
numerical methods explains this di�erence: the sixth-order, staggered numerical scheme
of the compressible solver can resolve higher wavenumbers than a second-order, collocated
scheme in spite of identical grids.

Sound pressure spectra are compared in Fig. 9 at an observer located approximately
16 diameters above the cylinder. The sound pressure spectrafollows the same trend
as the velocity spectra. The result of the hybrid approach isin good agreement with
the directly computed sound at low and intermediate frequency range while at high
frequencies it contains less energy.
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4. Sound generated by 
ow over an automobile side-view mirror
In this section we present the application of the hybrid method to the computation

of noise generated by 
ow over an automobile side-view mirror. Given the freestream
velocity of 22.4 m/s (50 mph) and the mirror height of 27 cm, the Reynolds number
is approximately equal to 400,000. Experimental measurements for 
ow over this blu�
body, 
ush mounted on a test table, were conducted at the anechoic chamber facility of
the University of Notre Dame and wind tunnel facilities of th e Institute for Aerospace
Research at National Research Consortium Canada (NRCC). PIV measurements of mean
velocity in the wake of the mirror as well as wall pressure spectrum on the body of the
mirror and far-�eld sound spectrum are available for validation of the numerical method.

We used GAMBIT software to generate an unstructured mesh forthis 
ow con�gura-
tion and the CDP REFINE tool to homothetically re�ne the mesh in a zone containing
the mirror and its wake. The re�ned mesh consists of 25 million cells. After the transient

ow was convected out of the computational domain, we collected statistics for approxi-
mately 0.8 seconds of physical time. This sample size was enough to obtain statistically
converged sound spectra with bandwidth of 8 Hz. In terms of computational resources,
this simulation required approximately 60,000 CPU hours on128 Intel Xeon 2.33 GHz
processors and 600 GB of disk space.

A velocity snapshot of this 
ow is shown in Fig. 10. Streamwise velocity contours show
that the 
ow separates from the tip of the mirror; this 
ow sep aration then evolves to a
turbulent shear layer and forms a recirculation region behind the mirror. Contour plot of
wall-normal velocity, shown just above the test table, depicts the footprint of an unsteady
vortex �lament rolled and bent around the base of the mirror.

Figure 11 shows the comparison of mean velocity to the results of PIV measurements
along horizontal and vertical planes cutting through the recirculation region. This result
demonstrates that LES is able to accurately predict the sizeand shape of the recirculation
region.

In Fig. 12 wall pressure spectra are plotted against non-dimensionalized frequency at a
pressure probe placed at the center of the mirror's 
at surface. The non-dimensionalized
frequency can be converted to Hz by multiplying by 112 Hz. Simulation result is in
agreement with experiment for low and mid-frequency range (up to 1.0 KHz) then it
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Figure 10. Left: Streamwise velocity contours in the midplane of the mi rror. Right:
Wall-normal velocity contours on a plane parallel and 1 mm ab ove the table.

Y

X

Z

X

Figure 11. Iso-contours of mean velocity on two planes cutting through the recirculation region;
contour levels are U=U0 = � 0:05; 0; 0:05 ; , PIV measurements from NRCC; , LES
calculations.

descends rapidly. This cuto� behavior is typical of LES calculations where only energy
containing scales corresponding to lower frequencies are resolved.

From an acoustics perspective, the sound waves re
ect not only from the mirror but
also from the surface of the test table. This e�ect is included in the hybrid approach by
using half-space acoustics Green's functions. The sound spectrum is calculated using the
hybrid approach for a microphone located 136 cm away from themirror and is compared
to experimental measurements in Fig. 13. The result of the hybrid approach follows the
measured sound in the frequency range of 200 Hz to 1.3 KHz and under-predicts it in
the rest of the frequency range. The under-prediction of noise at high frequencies can be
due to the limited resolution of sound sources calculated with LES. For low frequencies,
one possible reason for the discrepancy is that the tunnel noise (especially fan and motor
noise) is overwhelming the sound generated by the mirror.

5. Summary
We developed a hybrid method that consists of an incompressible 
ow solver and

boundary element method (BEM) for accurate prediction of sound generated by complex

ows at low Mach numbers.
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versity of Notre Dame; � , hybrid ap-
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This approach was carefully validated for canonical problems of sound generated by
laminar and turbulent 
ows over a cylinder. In laminar vorte x shedding, the result of
hybrid approach was successfully validated against directly computed sound as well as
the result of Ffowcs-Williams and Hawkings acoustics analogy. We demonstrated that
the hybrid approach can be even more accurate than the directcomputation because
it analytically propagates the sound waves and consequently makes the predicted sound
less prone to numerical errors. In the case of turbulent 
ow,we concluded that sound pre-
dicted by the hybrid method is as accurate as directly computed sound in the frequency
range that the numerical method accurately resolves the 
owstructures.

As a demonstration of an engineering application, we studied the sound generated
by 
ow over an automobile side-view mirror. The result of the hybrid approach was in
good comparison with the experimental measurements in the frequency range adequately
resolved by the numerical method.
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