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Di use-interface modeling of liquid-vapor
phase separation in a van der Waals uid

By A. G. Lamorgese anD R. Mauriy

1. Motivation and objectives

We present simulations of isothermal liquid-vapor spinodd decomposition of a van der
Waals uid, occurring after quenching it from a single-phase equilibrium state to the
unsteady two-phase region of its phase diagram, showing thahe process is governed by
the density gradient-driven, non-equilibrium Korteweg body force.

Experimentally, most studies on spinodal decomposition hae been performed using
light-scattering techniques in microgravity. In fact, und er normal gravity conditions, the
density di erence between the evolving phases in the two-phse uid causes sedimentation
and formation of layered structures, which makes growth meaurements of single-phase
microdomains hard to perform. That is why most experiments (onducted under nor-
mal gravity conditions) on spinodal decomposition have bea carried out using nearly
isopycnic binary liquids. There, the mixtures start to separate by di usion and coales-
cence right after the temperature has crossed that of the misibility curve, leading to the
formation of dendritic, interconnected domains for critical systems, or pseudo-spherical
drops of the minority phase surrounded by the majority phasefor the o -critical systems.
In particular, it was shown (Gupta et al. 1999; Vladimirova et al. 199%; Mauri et al.
2003; Califano & Mauri 2004; Poesicet al. 2006) that di usion alone cannot explain the
segregation process in low-viscosity liquid mixtures, astte late stage of phase separation
is dominated by convection, leading to a linear growth law fa the characteristic size of
single-phase microdomains.

Although experiments and simulations on liquid-vapor phase separation have been car-
ried out in the past (Osborn et al. 1995; Yamamoto & Nakanishi 1996; Warren 2001; Bey-
senset al. 2002; Sofoneaet al. 2004; Borcia & Bestehorn 2007; Oprisaret al. 2008), none
of these previous works has focused on spinodal decompositi systematically. In this
work, applying the di use-interface model (Felderhof 197Q Langer & Turski 1973; An-
tanovskii 1996; Jasnow & Vinals 1996; Andersomt al. 1998), we investigate liquid-vapor
spinodal decomposition in 2-D and 3-D for critical and o -critical van der Waals uids as
a function of a convection parameter expressing the relatig magnitude of capillary-to-
viscous forces. We show that, at the late stages of the procsesthe mechanism of growth
is convection-driven coalescence with a two-thirds powetaw scaling for the characteristic
size of single-phase microdomains, in agreement with dimaional analysis (Siggia 1979;
Furukawa 1994) and experimental measurements (Beysenst al. 2002). Inertial scaling
of convection-driven coalescence has also been reportedlattice Boltzmann simulations
of binary uid spinodal decomposition (Appert et al. 1995; Osbornet al. 1995; Kendon
et al. 2001; Chin & Coveney 2002).

This paper is organized as follows. In Sec. 2 we describe the use-interface model,
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showing that momentum transport is enhanced by a non-equilbrium Korteweg force.
In Sec. 3 our numerical method is brie y described and validaed by simulating liquid
droplet coalescence in vapor at equilibrium, comparing ouipredictions with well-known
results. Finally, the spinodal decomposition patterns andthe scaling law for the typical
domain size in the viscous and inertial regimes are discusdeConclusions are presented
in Sec. 4.

2. The governing equations

The di use-interface model for a pure single-component uid is based on the van der
Waals mean eld theory of capillarity (Rowlinson & Widom 200 2). In this theory, the
e ects of spatial inhomogeneities of the uid density, , are accounted for via a generalized
Helmholtz free energy, given by:

FGr )=fn()+ faulr ) (2.1)

Here, f1, gives the thermodynamic specic (i.e., per-unit volume) free energy of a van
der Waals uid,

fn = olog—— o % 2.2)
where ¢; and ¢, are the pressure-adding term and the excluded volume, respévely, R
is the gas constant,T the temperature and My the molecular weight. As a consequence
of the non-locality of molecular interactions in the van der Waals mean eld theory, the
second term on the r.h.s. of Eqg. (2.1) is a non-local speci cree energy due to density
changes, given by (Pismen 2001; Molin & Mauri 2007):

_ 1RTa?
T2 My

foi K(r )% (2.3)

whereK = “,‘VIA—f is a constant reciprocal density (of the same magnitude as th specic
volume of the liquid phase), N4 is the Avogadro number, d a molecular diameter, while
a is a typical distance describing the interface thickness. A shown by van der Waals
(1894), since the surface tension is the energy stored in the unit area of the liquid-
vapor interface at local equilibrium, we obtain

_ RTa?

= M
where ( )eq is the density di erence between the two phases at equilibrim. Therefore,
the characteristic length a can be determined once the surface tension is known.

Now, the equilibrium state of a non-homogeneous van der Waal uid is that which
minimizes the functional (Eqg. (2.1)), subjected to the congraint of mass conservation.
For general, non-equilibrium conditions, conservation ofmass and momentum (in the
absence of external forces) lead to the following equations

@ +r (u):o; (2.5)
@ u+r (u u+ )=0; (2.6)

whereu is the local uid velocity and is the momentum ux density. These equations
are normally coupled to the equation of energy conservationHowever, since in this work
we focus on isothermal processes, this last equation can bésdegarded, as it is identically
satis ed. The method of irreversible thermodynamics (de Gioot & Mazur 1984) is then

z
RT _
K (r )2dl aWK( )aq; (2.4)




Di use-interface modeling of phase separation in a van der Wals uid 493

used for deriving an expression for , subject to the requirement that the reversible,
non-equilibrium (Korteweg) stresses (due to the non-locakomponent of the free energy)
not contribute to the rate of entropy production. At the end, for Newtonian mixtures,

we obtain (Antanovskii 1996):

=pl+ + (2.7)
where p is the pressure,l is the identity tensor, while and denote the Korteweg
and viscous stress tensors, respectively:

RTa? > 1.,
= + — : .
Mw Kr r r er e (2.8)
2 T
= §(r wlr ur u' (2.9)

with  denoting the dynamic viscosity which, in analogy with ideal mixtures, we assume
to be linearly dependent on density. Accordingly:

~ —=r+@2Q r)—; (2.10)
| | 1
wherer = |, =, denotes the viscosity ratio, with the subscript | and Il denoting the
liquid and vapor phases at equilibrium, respectively.
The Korteweg force appearing in the momentum equation,F = r ,Is are-

versible body force, driven by density gradients in the uid. In particular, at the late
stages of phase separation, after the uid has developed wletle ned liquid/vapor do-
mains separated by sharp interfaces, this body force reduseto the more conventional
Marangoni force, as shown by Jasnow & Vinals (1996) and Jaegin (2000).

The conservation equations (2.5){(2.6) must be supplemergd by an equation of state.

From the expression Eq. (2.2) of the thermodynamic free eneayy, applying p = @@i ;
f , we obtain the van der Waals equation of state:
RT=M w 2
= — : 2.11
p 1 C1 ( )

In this paper, we intend to study liquid-vapor spinodal decamposition by perturbing
unstable van der Waals uids with delocalized (random) densty uctuations. We also
assume the characteristic single-phase domain size to bevays much less than the macro
length scalelL, thus implying a negligible Bond number. Under these conditons, in the
early, di usion-driven stages of phase separation, it is n&ural to consider a di usive
scaling of the equations, de ned by:

X it ulL . 2RT a? Nadd
= — t= —; = . R = ; = : 2.12
X L cL? o R | Mw 2 My € ( )
p T
~= - = — T': — 213
C p cRTc:MW Tc ( )

Here, . and T, are the critical density and temperature, and p. = RT.=My is the

pressure at critical conditions if the uid were a perfect gas, is an O(1) density ra-

tio, while the non-dimensional parameterR , de ned as the ratio of capillary-to-viscous

forces, represents an inverse capillary number. In factR also plays the role of an inter-
facial Reynolds number,R = V,a=, based on a characteristic velocity which can be
estimated from the Korteweg force asV, cRTa=(Mw ).
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In the late stages of the process, it is preferable to use an aastic, i.e., convective, scal-
ing instead of the di usive scaling in Eqgs. (2.12){(2.13). Accordingly, de ning a reference
sound speedus = (RT.=Mw )72, we set:

X ust u cUsL
= —;, t=—; = —; Re= ; 2.14
while the non-dimensional density, temperature and presste are de ned as in Eq. (2.13).
Also, Re is an acoustic Reynolds number which can be used to rewrite # interfacial
Reynolds number as

2
a
R =(ReCn)?= -2 . (2.15)
|
where the Cahn number,Cn = a=L, is the ratio of the interface thickness to the macro
length scaleL. Finally, the governing equations in dimensionless form (vithout tildes)

based on the acoustic scaling read as follows:

@ +r (u)=0; (2.16)
@ u+r (u u)+rp+Rier =Cn?2rm 2; (2.17)

_ T 9,

P= T =3 52 (2.18)

As mentioned above, these equations are based on a convediscaling and therefore
they become unstable at the very early stages of the processhen phase separation is
dominated by di usion. Therefore, the early stages were sirulated using the equations
based on the di usive scaling, Eqgs. (2.12){(2.13).

Again, we stress that all external forces, and buoyancy in péicular, are assumed to be
negligible. That rgeans that drop and bubble sizes are small compared to the capillary

length, i.e., " =g ( )eq Whereg is the gravity eld, which amounts to assuming

that the Bond number is very small. Also, for the sake of simpicity, in the following we
will assume =1.

3. Numerical results

Numerical methods here are based on previous works by Nagaemn et al. (2003, 2007).
In their methodology, the compressible Navier-Stokes equ#ons for an inert calorically
perfect gas are discretized in conservative form using a gictured, staggered arrange-
ment of the conserved variables, with spatial derivatives omputed via sixth-order com-
pact nite dierences (Lele 1992). Combined with an explicit Runge-Kutta or an im-
plicit/explicit temporal scheme, this numerical method has been extensively tested (Na-
garajan et al. 2003) and successfully employed for simulating bypass tragition in a
boundary layer (Nagarajan et al. 2007). Based on the same compact nite-di erence
discretization on staggered grids, the governing equatios Egs. (2.16){(2.18) are inte-
grated in a 2- or 3-D periodic box with temporal advancement eected via a third-order
Runge-Kutta scheme.

3.1. Binary droplet coalescence in vapor at equilibrium

We simulate the coalescence process of two identical liquidroplets that are at equilib-
rium with a continuous vapor phase. Assuming a homogeneousa constant temperature
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Figure 1. Binodal and spinodal curves for a van der Waals uid.

Figure 2. Snapshots of near-critical droplet coalescence at di erent non-dimensional times
(di usive scaling) 10 3 t=0;809 10, 11; 12 13 14 15 (left to right and top to bottom) for
R =1000.
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Figure 3. Liquid-vapor spinodal decomposition of a critical van der W aals uid (with
o = 1:042) at di erent non-dimensional times (di usive scaling) t =10 3,510 % and 210 ?,
with R =1, 10, 10? and 10° from top to bottom.

eld, T =0:9, from Fig. 1 we see that the corresponding densities of thewo phases are
| = 1:65 and | = 0:425. Initially, the liquid droplets are quiescent, with radius 4a
and are placed 1@ apart from each other, so that they \touch.”" We expect that, since
the Korteweg force tends to minimize surface energy, it willresult in a non-equilibrium
attractive force between the two drops, inducing coalescete. In fact, as can be seen in
Fig. 2, the droplets are attracted to each other and merge. Tlen, they start to oscillate,
due to surface undulations at the interface after the mergerThe period of oscillation and
droplet radii were recorded and found consistent with the rdation for capillary waves at
a cylindrical liquid-vapor interface (Lamb 1993) ! 2 R 3.

3.2. Liquid-vapor spinodal decomposition

We investigate liquid-vapor spinodal decomposition of a va der Waals uid which is
instantaneously quenched into the unstable region of its phse diagram (i.e., under its
liquid-vapor coexistence curve). The simulations are condcted at T = 0:9, for negligible
Bond number and for di erent values of R, assuming an in nite expanse of uid, which
is thus modeled via periodic boundary conditions. At this temperature, a representative
vapor-liquid viscosity ratio is chosen to ber = 10 3. Initially, we assume quiescent
conditions and a density eld being the sum of a Gaussian whié noise superposed on a
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Figure 4. Liquid-vapor spinodal decomposition of an o -critical van der Waals uid (with
o = 0:7) at di erent non-dimensional times (di usive scaling) t =510 2, 210 % and 10 !,
with R =1, 10, 10? and 10° from top to bottom.

uniform constant density = . We chose values of g = 0:7; 1:042 1.3 in the spinodal
range, i.e.,, 02 [ Y; L], where L =1:39 and ! =0:654 denote the liquid and vapor
spinodal densities at the given temperature. (For a van der Wals uid these values are
easily found by solving the algebraic relation (3 )2 = 4T, plotted as the dashed
line in Fig. 1.) Specically, o = 1:042 is the critical density, while o =0:7 and ¢ =
1:3 correspond to vapor-rich and liquid-rich mixtures, respetively. As expected, after
the critical quench ¢ = 1:042, the phase-ordering process (Fig. 3) is characterizedyb
the formation of bicontinuous structures, which subsequetly grow and coalesce. For
o -critical quenches, o = 0:7 (Fig. 4) and o = 1:3 (Fig. 5), the phase separation
pattern consists of a random collection of rapidly coaleseig pseudo-spherical nuclei of
the minority phase, surrounded by the majority phase. As canbe seen, only after the
rst spinodal pattern is formed (i.e., a bicontinuous patte rn for the critical quench, or
a random collection of nuclei for the o -critical quenches), do the single-phase domains
start to grow and coalesce, at an increasing rate for largeRr .

As a quantitative characterization of the in uence of the convection parameter R on
the average phase composition of the two-phase uid, we de e the separation depth,
s, measuring the \distance" of the single-phase domains frontheir equilibrium state
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Figure 5. Liquid-vapor spinodal decomposition of an o -critical van der Waals uid (with
o = 1:3) at di erent non-dimensional times (di usive scaling) t =310 2, 10 2 and 510 2,
with R =1, 10, 10? and 10° from top to bottom.

(Vladimirova et al. 1998) as
(x) 0
sz — 3.1
w0 G-
where ¢ is the initial mean density, and the brackets indicate volume and ensemble
averaging. Here, ¢q denotes the steady-state density of the liquid phase, |, or of the

vapor phase, | , depending on the local density (x), i.e.,
o if (X)) > o

= 3.2

eq(X) L )< o (3.2)

Figures 6, 7 and 8 show the temporal evolution (in acoustic tine units) of the separation
depth for the critical and o -critical quenches for R =1; 10; 100, 1000. The solid curves
in these gures were obtained from 2-D simulations on a 256 grid, whereas the dotted
lines are from 3-D simulations on a 128 grid. These gures show remarkable quantitative
agreement between the two sets of curves. For large times, tquite good accuracy, the
curves for di erent values of R can be collapsed to a single curve, suggesting that the
temporal evolution in the inertial regime is self-similar. All curves show that the process
takes place in three steps. First, there is a time delay, whemo detectable phase sepa-
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ration occurs. As noted in Vladimirova et al. (1998) this delay depends on the depth of
the temperature quench and the intensity of the random noise while it is almost inde-
pendent of R. Then, at the onset of phase separation, the process is veryapid and the
separation depth \jumps" to a value close to 1, independenty of the value of R, showing
that the system reaches local equilibrium shortly after shap interfaces are formed. Af-
terward, in the third stage, phase separation proceeds muclmore slowly, as the density
gradients within the single-phase domains are very small, Wile the densities of the two
phases across any interface change only very slowly in timasymptotically approaching
equilibrium at s=1.

Next, we studied the rate of coarsening as re ected in the graith law for the integral
scale of the radial pair-correlation function,

c(r;t) = > h~(x + r)~(x)id; (3.3)
2 rms
which can be re-expressed as
1 X hjAji
L(t) = —— (3.4)
fms Ik
where ~= h i, ms is the root-mean-square (rms) value of , hats denote Fourier

transforms, while the brackets denote averaging over a shiein Fourier space at xed k =
jkj. As can be seen in Figs. 9{11, during the rst stage of the proess the rate of coarsening
is strongly inuenced by the chosen value for the convectionparameter, until sharp
interfaces are formed. Then, domains stop growing, concorant to their composition
rapidly reaching local equilibrium. Finally, during the la test stage, growth is driven by
inertial forces and is characterized by a two-thirds powerlaw behavior, in agreement with
predictions based on simple dimensional analysis (Siggia9¥9; Furukawa 1994). Similar
behavior is shown by the reciprocal rst moment of the sphertally averaged structure
factor, given by:
(1= p_kMAd’
 ikjhjj2i
Finally, as a measure of the strength of the uid motion induced by phase segregation,
we de ne a Reynolds number based on the rms velocitwns , and the characteristic size
of single-phase microdomainsl, i.e., < = cUms L= . In Figs. 12{14, this quantity is
plotted as a function of R. At rst glance these plots would suggest that the temporal
evolution is self-similar. However, close inspection reas that, particularly at large times,
the curves stripped bare ofRe (i.e., of the R'*2 dependence) cannot be collapsed into a
single curve but, in fact, show only a weak dependence oR . However, this dependence,
together with the asymptotic behavior of < at large times, cannot be reliably addressed
using the present dataset, due to nite box size e ects whichspoil the scaling laws at
large times, and will be addressed using higher resolutionimulations.

(3.5)

4. Discussion and conclusions

The objective of this work is to simulate spinodal decompodgion of a van der Waals
uid, following the di use-interface model. First, we deve loped the equations of motion
rigorously, coupling the van der Waals equation of state andhe equations of conservation
of mass, momentum and energy with basic principles of irreusible thermodynamics.
Then, we focused on cases where (a) drop and bubble sizes areich smaller than the
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capillary length, so that buoyancy forces can be neglected(b) phase separation occurs
isothermally, so that energy is identically conserved.

In these conditions, phase separation appears to take plade three steps. In the rst
stage, the system uctuates, with a typical length scale graving with time, but with no
detectable phase separation taking place. Accordingly, te onset of phase separation is
delayed, in much the same way that we have observed for liquidviscous binary mixtures
(Vladimirova et al. 1998, 1999). In the second stage, sharp interfaces are formed around
nuclei that hardly grow in time, but whose composition rapidly reaches local equilibrium.
Finally, in the third stage, these nuclei at local equilibrium start to grow in time like t%=3,
showing that capillary forces are balanced by inertial for@s.

Thus, during the second and third stages of liquid-vapor phae separation for a van der
Waals uid, rstthe system reaches local equilibrium (with the formation of nuclei having
sharp interfaces), and then these nuclei start to grow. Thisis in contrast with phase
separation in viscous liquid binary mixtures, where the twoevents occur simultaneously.
In fact, for viscous binary mixtures, after the (delayed) onset of phase separation, local
equilibrium is reached well after the appearance of nuclei wh sharp interfaces, through
a process of composition relaxation of the nuclei that is cooomitant to their temporal
growth. In addition, in liquid-liquid phase separation, capillary forces are balanced by
viscous forces, leading to a linear growth law of the nucleiiges, while for liquid-vapor
phase transition, capillary forces are balanced by inertidforces, leading to a two-thirds
power-law behavior.
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from 2-D simulations with ¢ = 1:042 (solid) vs. 3-D simulation results (dotted).
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Figure 11. Integral scale vs. time (acoustic scaling) for di erent val ues of R =1; 10; 100; 1000
from 2-D simulations with o = 1:3 (solid) vs. 3-D simulation results (dotted).
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Figure 12. Reynolds number < vs. time (acoustic time units) for di erent values of
R =1; 10; 100, 1000 from 2-D simulations with ¢ = 0:7 (solid) vs. 3-D simulation results
(dotted).
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Figure 13. Reynolds number < vs. time (acoustic time units) for di erent values of

R =1; 10; 100, 1000 from 2-D simulations with ¢ =1:042 (solid) vs. 3-D simulation results
(dotted).

2

10" 10” t 10° 10°
Figure 14. Reynolds number < vs. time (acoustic time units) for di erent values of
R =1; 10; 100, 1000 from 2-D simulations with ¢ = 1:3 (solid) vs. 3-D simulation results
(dotted).



