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Transition to turbulence in MHD channel ow
with sparwise magnetic eld

By T. Boedy, D. Krasnovy, M. Rossiz, O. Zikanov{ AnD B. Knaepenk

We investigatethe linear and non-linear ewvolution of perturbations in a magnetohydro-
dynamic channel o w with electrically insulating channelwalls in which a strong magnetic
eld possessean orientation orthogonal to the stream but parallel to the walls. Linear
optimal perturbations and their maximum ampli cations over nite time intervals are
computed using an iterativ e schemebasedon the direct and adjoint governing equations.
We nd that the presenceof a magnetic eld changesthe spatial structure of optimal
perturbations. As the Hartmann number increases,the optimal modes ceaseto be the
classicalstreamwise rolls and becomeoblique rolls with axesat someangle to the direc-
tion of the ow. At su cien tly high Hartmann numbers, the optimal modes are purely
sparwise Tollmien-Sdlichting waves. For certain Reynolds and Hartmann numbers, di-
rect numerical simulations are performed to investigate how the transition to turbulence
is a ected by the magnetic eld. Simulations are conducted using the optimal modesas
initial valueswith weak three-dimensionalnoiseadded at the beginning or at maximum
ampli cation time.

1. Introduction

In this paper we considerthe transition to turbulence in a pressure-driven ow of an
electrically conducting uid within a plane channel. The ow is aected by a steady
uniform magnetic eld imposedin the spanwise (parallel to the wall and perpendicular
to the ow) direction. We show that, while leaving the basic velocity pro le unchanged,
the magnetic eld can dramatically transform the ewlution of unstable perturbations
and the transition to turbulence.

A channel ow in a purely sparwise magnetic eld, although an idealization, can be
viewed as a generalizedmodel of ows in the presenceof a magnetic eld with non-zero
componert parallel to solid walls. Such ows can be found in numerous metallurgical
and materials processingapplications. Prominent examplesinclude, among others, the
electromagnetic ow cortrol in cortinuous steel casting (Davidson 1999; Thomas &
Zhang 2001) and in growth of large silicon crystals (von Ammon et al. 2005). Another
area of application is the liquid metal (Li or Pb-17Li) cooling blankets of breedertype
for fusion reactors (Barleon et al. 2001). The typical blanket designincludesa duct ow
in a strong imposedmagnetic eld. Instability and transition to turbulence in sidewall
boundary layers(in respect to which the magnetic eld is sparwise) is one of the possible
ways to achieve the desiredintensi cation of heat and masstransfer. The channel ow
consideredin this paper can be seenas a limiting caseof a duct ow at a large aspect
ratio. From a di erent application viewpoint, Lee and Choi (2001) have shown that a
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sparwise magnetic eld can lead to substartial reduction of the turbulent drag in a
channel ow.

With regard to the generaltheory of instability and transition to turbulence in par-
allel shear ows, the situation of a channel in a sparwise eld is of substartial interest.
The applied magnetic eld rendersthe sparwise direction preferablein the sensethat
the perturbations uniform in this direction are not directly a ected, in particular, not
suppressed,by the magnetic eld. This results in a di erent symmetry of the problem
and, as demonstrated in our paper, in remarkable new features of the transition.

Among the possibletransition scenarios,we focus on the one basedon the algebraic
transient growth of optimal perturbations and their subsequeh three-dimensionalbreak-
down. This scenariowas shawn to realizein other parallel shear o ws, such asthe plane
Poiseuille (Reddy et al. 1998), pipe Poiseuille (Zikanov 1996), and Hartmann (Krasnov
et al. 2004) ows.

After formulating the problem in Section2, we analyzethe transient evolution of linear
perturbations in Section 3. Note that, due to the e ect of the sparwise magnetic eld,
arbitrary three-dimensional perturbations have to be consideredin cortrast to the clas-
sical non-magnetic casewhen the optimal perturbations are uniform in the streamwise
direction. In Section 4, the non-linear evolution of the optimal modes, and the transi-
tion to turbulence triggered by superimposedthree-dimensionalnoiseare investigatedin
direct numerical simulations (DNS).

2. Problem formulation

We considerthe ow of an incompressibleelectrically conducting uid in an in nite
plane channel betweeninsulating walls located at z = d=2, where x, y, and z denote
the streamwise, sparwise, and vertical directions, respectively. The ow is driven by
a pressuregradient @,=@ in the x-direction and submitted to a constart sparwise
magnetic eld of strength Bg : Bo = Bge with e  (0; 1;0).

We assumethat the magnetic Reynolds number Re,, UL is small. Here, U and
L are the velocity and length scalesto be de ned below, is the electric conductivity
of the uid, and is the magnetic permittivit y of the vacuum. In the limit Ren 1
we can apply the quasi-static approximation (Roberts 1967), wherely the uctuations
of the magnetic eld arising due to the uid motion adjust instantaneously to the ve-
locity uctuations and are much weaker than the imposedmagnetic eld. The governing
equationsreduceto the Navier-Stokes systemwith the additional Lorentz force:

%+(v rv= }rp+ r2v+}(j Bo); (2.1)
r v=0; (2.2)

where and stand for the kinematic viscosity and the density of the uid. The induced
electric current density is given by Ohm's law:

j= (r +v By): (2.3)

Neglecting the displacemen currents and assumingthat the uid is electrically neutral,
we require that r j = 0. This leadsto an equation for the electric potential

r2 =r (v By): (2.4)

Periodicity conditions are usedin the x- and y-directions following the assumption of
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o w homogeneiy. The no-slip conditions v = 0 are imposedat the walls z= d=2. The
electric potential  is also periodic in the x- and y-directions. Since no current ows
through the electrically insulating walls and the velocity v is zero at these walls, (2.3)
leadsto @@z = Oat z= d=2.

It is important to stressthat a uniform sparwise magnetic eld doesnot aect the
basic Poiseuille ow or any other ow with a velocity eld independen of the sparwise
coordinate. This canbe easily veri ed by taking the curl of Ohm's law (2.3), which leads
to

roj= (B r)v=0
The only solution in the absenceof externally imposedcurrents isj = 0. A sparwise-

uniform o w doesnot induce any currents and ewolvesin a purely hydrodynamic manner.
The basicvelocity eld, thus, hasthe classicalparabolic pro le:

¢ @ |
8 @ dz
with the basic pressure eld Py (x) = (@o=@)x. Finally, the basic electric potential
reads

Un (2) = (2.5)

dzBo @0 7 423
8 @& 3d?2

For non-dimensionalization, the Poiseuille ow certerline velocity is used as velocity
scaleU:

H(2) = (2.6)

o @,
8 @
The characteristic length is taken to be the channel half width L ~ d=2. The imposed
magnetic eld and the electric potential scalewith By and LU By, respectively. Finally,
the units of time and pressureare taken as L=U and U 2. The non-dimensional basic
velocity pro le is

U 2.7)

Un(z)=1 Z° (2.8)
and the non-dimensionalgoverning equations and boundary conditions are
%+(v ryv=r p+Rier2v+N(r e+ (v e) e); (2.9)
r v=0; (2.10)
r2 =r (v e); (2.11)
vX:vy:vZ:@:O atz= L (2.12)
@
The non-dimensional parametersare the Reynolds number
_ ULl . & @,
Re= = BT (213)
and one of the MHD parameters, either the Hartmann number
r
Ha= BTOd — (2.14)

or the magneticinteraction parameterN  H a?=Re. Finally, we assumethat the volume
ux Q per spanwidth is constart in the DNS.
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3. Linear perturbations

The ow elds are now consideredassplit into a basic ow (2.8) and three-dimensional
perturbations:

v=U4(2)(1;0,0)+ vp; = n(2)+ p(XY;2); p=Pu(2)+ pp: (3.1)

We linearize the system (2.9{2.12) with respect to the perturbations, and considerthe
ewlution of decoupledmonochromatic Fourier modes

(Vp: piPp) = (O(z:1); 0(z; t);W(z; 1); “(z;1); P(z; b)) exp(i X + i ); (3.2)

where and arethe waverumbersin the streamwise (x) and sparwise (y) directions.
In this study, we consider casesin which the ow is linearly stable, i.e., all eigen-
solutions decay exponertially. It is known from previous studies (see, e.g., Butler and
Farrell 19920r Reddy et al. 1998) that, due to the non-normality of the linear operator,
the eigenmales may form combinations that experiencesubstartial transient algebraic
growth beforethey eventually deca. We focus on such modesand considertheir ampli-
cation with the prospect, further analyzedin Section 4, that transition to turbulence
can be triggered by their non-linear ewolution. To quartify the ampli cation at time
T, a norm is to be de ned, which is typically the kinetic energy of the perturbations.
This norm can be orthogonally decomposedin a Fourier basisin the x and y directions,
which implies that the individual cortributions of eacy wavenumber pair ( ; ) can be
consideredindepenzdertly. We follow such a procedureand de ne the norm

E(T) (M(z;THO (2, T) + Az, T (z;T) + W(z; T)IW (z;T))dz (3.3)

where the superscript + denotescomplex conjugation. Spatial integration is performed
over the entire channel width, and the perturbations are obtained by time integration of
the governing equations over the time interval [0; T].

The ampli cation gain of any given mode at time T is the ratio E(T)=E(0). This ratio
can be maximized over all possibleinitial vertical shapesin (3.2) to give the maximum
ampli cation G(T; ; ) of the disturbanceswith the wavenumbers( ; ) at the time T.
The optimal perturbations providing the maximum ampli cation G(T; ; ) arefound by
an optimization procedure(e.g., Farrell and loannou 1996;Scmid and Henningson2000).
We solwve this problem with the help of a Lagrangian formalism in which Lagrangian
multipliers areintroducedto enforcethe following constraints: (1) the disturbance energy
attime T = 0Ois equalto unity; (2) the disturbance satis es the linear governing equation
aswell asthe boundary conditions during the completetime interval [0; T]. In the presen
case,these multipliers are the adjoint elds

(v 7P = (H(z;1): Mz 1), w(zZ; 1), (2:1); p(Z3 1)) (3.4)

The optimal perturbation for time T is obtained through an iterative scheme. Each
iteration consistsof a forward and a backward integration. The forward integration prop-
agatesa giveninitial condition forward in time usingthe direct problem. The result seres
asan \initial" condition for the badkward integration from t = T to t = 0 using the ad-
joint equations. After the full forward-badkward integration, an updated initial condition
for the next iterativ e step is available. Convergenceis reached when the initial condition
for the forward problem doesnot changeappreciably { up to a normalization constart {
from oneiterativ e step to the next. The maximum energyampli cation is then computed
by propagating the corvergedinitial condition forward in time and by forming the ratio
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E(T)=E(0). The direct and adjoint equations have beendiscretized using a pseudosgec-
tral schemebasedon Chebyshev polynomials and a projection-like method to enforcethe
incompressibility.

In the present study we consider the Reynolds number Re = 5000, for which the
non-magnetic casehas been well studied (seeButler and Farrell 1992). The seart for
optimal perturbations is performed in a square( , )-domain with and varying in
the range from 0 to 4. This domain was su cien t to capture the peaksof the maximum
energyampli cation exceptat small times T, whereit is necessarilylow. The number of
Chebyshevpolynomials usedis 64. To ensurethat this number of polynomials is su cien t
we have veri ed all the maxima with 128 polynomials, with obtained di erences being
lessthan 1%.

The iterativ e method computesthe maximum energyampli cation G(T; ; ;Ha;Re)
for a given waverumber pair ( ; ) and a giventime T. The function can be maximized
over , ,and T to provide the global maximum and the corresponding optimal mode
at given Re and H a. Alternativ ely, one can study perturbations of a certain symmetry,
for example, the streamwise perturbations with = 0, or analyzethe entire distribution
in the ( ; ) planefor dierent times T.

The latter approad is illustrated in Fig. 1 for the caseHa = 50 and Re = 5000.
The contours indicate variation of G from low (white regions)to high (black regions)
values. There are four snapshotscorresponding to di erent momerts in time T: (a) the
momert of highestampli cation T 15, (b) the momernt of three coexisting local maxima
T 28, (c) the momert T 33 when the local maxima have merged into one global
maximum, and (d) the momert T 88 of appearanceof a new local maximum. Note
that, while the highest ampli cation in the non-magnetic caseHa = 0 is achieved by
purely streamwise vorticeswith = 0 (Butler and Farrell 1992),the global maximum at
Ha = 50 correspondsto a three-dimensional perturbation with  and both non-zero.

The distribution G(T; ; ) can be maximized over the ( ; )-plane at given T, which
provides the maximum ampli cation M (T), as well as the corresponding optimal
wavenumbers ( opt; opt). In the sameway, but limiting the considerationto = 0, we
can determine the maximum ampli cation Metr eam (T) and & eam for purely streamwise
perturbations. These quartities are displayed in Fig. 2 as a function of time T for the
Reynolds number Re = 5000and the three Hartmann numbersHa = 10, 50, and 100.

First, we note that the e ect of the magnetic eld is already well pronounced at
Ha = 10 (Fig. 2a). The maximum M, is obsened for an oblique mode at T 64,
whereas streamwise modes provide a twice-smaller ampli cation Mg eam Much later
at T 189.For Ha = 50, the in uence of the magnetic eld becomesstronger as we
obsene three global maxima corresponding to di erent oblique modes,which appearlong
before the streamwise perturbations read their maximum ampli cation. The situation
at Ha = 100 collapsesto only one family of dominant modeswith 6 Oand = 0.
These perturbations have the form of purely sparwise vortices (whose axesare parallel
to the magnetic eld).

The results of these and other computations conducted at smaller Ha numbers are
summarizedin Fig. 3, where the global (maximized over time) optimal modes are pre-
serted. The waverumber vector ( opt, opt) turns toward the x-axis as the Hartmann
number increasesfrom 0 to 100 (seeFig. 3a). The optimal mode changesfrom stream-
wise vortices for Ha = 0 to three-dimensional (oblique) vorticesat Ha 5. The oblique
angle increaseswith further growth of Ha, until the purely spanwise vortices become
dominant at Ha  100.



368 T. Boeck et al.
(b)

beta
beta

(c) (d)
.
P I T ST N I R T N} 0 w@ T IS T R N I S S R
2 3 4 0 1 2 3 4
alpha alpha

Figure 1. Isolevels of energy ampli cation G(; ) in a ( , )-plane for Reynolds number
Re = 5000 and Hartmann number Ha = 50 at dierent times T. (a) The 1st global max-
imum at T = 15, (b) three local peaksat T 28 merging further into (c) the 2nd global
maximum at T = 33 and (d) the 3rd global maximum at T 88 (also seeFig. 2b).

The motivation for Fig. 3b is to identify possible scaling behavior of the maximum
energy ampli cation with respect to the ow parameters. Such scaling was found in the
non-magnetic case,where the maximum ampli cation of streamwise vortices is propor-
tional to Re? (Schmid and Henningson2001). Our results reveal a pronouncedH a-scaling
of the maximum ampli cation for the streamwise vortices. Mt eam perfectly matchesa
Ha 2 power law starting from Ha = 5. We can assumethat the scaling s related to the
determining role of the magnetic interaction parameter N = Ha?=Re in the suppression
of the streamwise perturbations. The behavior of the global maximal ampli cation does
not shav any clear scaling. We also note that the scaling of Mgy eam ceasedor large Ha
sinceM g eam iS optimized with respectto time T (and thereby necessarinM strean 1)

4. Non-linear evolution and transition to turbulence

In this Sectionwe study the transition to turbulence triggered by the transient growth
of optimal perturbations analyzedin the previous Section. The approad of direct numer-
ical simulations is used, i.e., the non-linear ewolution of the ow is found as a numerical
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Figure 2. (left) Energy amplications M (T;Re;Ha) for dominant optimal ( ) and
Mst eam (T; Re;Ha) for streamwise modes ( ——-- ) as functions of time T. (right) Dominant
optimal wavenumbers ( (- ) at which energy ampli cation M (T;Re;Ha)
reachesits maximum for given tlme T and optimal sparnwise wavenumber sy eam (---- ) at

which energy ampli cation Mgy eam (T; Re;H a) reachesits maximum for given time T. Results
for Re = 5000 and Hartmann numbers (a) Ha = 10, (b) Ha = 50, (c) Ha = 100 are shown.

solution of the full equations (2.9){(2.12). Our pseudosgctral method is basedon a rep-
resenation of the ow eld by velocity potentials complying with the incompressibility
constraint. A detailed description of the algorithm and the corresponding o w solver are
given by Krasnov et al. (2004). The modi cations made for the presert work concernthe
Lorentz force and the time-stepping method. The Lorentz force term is generalizedto the
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Figure 3. (a) Optimal wavevector vs. Hartmann number and (b) ampli cation gains M tot
(- y and Mgy eam ( —— ) for global and streamwise optimal modes.

caseof arbitrary orientation of the magnetic eld and is now treated as an explicit term
in the temporal discretization. Furthermore, the new time-stepping scheme usesthree
time levels for the approximation of the time derivative and is second-orderaccurate.

All simulations are performed in a domain with a numerical resolution of 128 col-
location points in the x-, y- and z-directions. The periodicity lengths are specied as
Ly =2 =gt and Ly = 2 = ¢, Where o and o Stand for the optimal waverum-
bersfound in the linear problem. In caseof o Or ope €qualto O, i.e., purely sparwise or
streamwise perturbations, the corresponding periodicity length is setto 2 . We explored
the possibility of transition to turbulence in represertative ow regimesat Ha = 10, 50,
and 100. The initial conditions for the runs consist of the basic ow (2.8) modulated
by the optimal linear mode of a speci ed amplitude. The amplitude is chosenso that
the kinetic energy of the perturbations E (0) varies between10 ® and 10 2 relative to
the energyof the basic ow. In the caseswheredi erent linear modesgive the maximum
ampli cations at di erent times (e.g.,Ha = 50in Fig. 2b), the simulations are conducted
separately for each mode usedas initial condition.

One possibility of transition we are particularly interestedin is the classicaltwo-step
scenario. This scenarioimplies that the nite-amplitude transient growth is su cien tly
strong to render the modulated basic o w unstable to three-dimensional perturbations.
In our simulations, the scenariois reproducedby adding weak three-dimensionalnoiseto
the modulated o w at the momert t = toy of maximum linear ampli cation. The energy
Esp of the noiseis always chosento be 10 2 of the initial optimal perturbation energy
i.e., Esp (topt) =10 2E(O)

In the caseof optimal perturbations having the form of oblique rolls, the symmetry
of the problem provides an interesting new opportunity. The modes with positive and
negative oblique anglesof equalmagnitude, i.e., with the wavernumbers( ; )and( ; )
are identical solutions of the linearized equations (2.9{2.12) with the ansatz (3.2) up to
the substitution ¢ ! ¢ and, thus, have the samelinear transient growth properties.
Howevwer, their nonlinear interaction may lead to faster transition to turbulence than in
the casewhen only one set of rolls is used.In order to verify this hypothesis, additional
sets of simulations were performed with initial conditions consisting of two symmetric
oblique modes of equal amplitudes (an exampleis shown in Fig. 4).

For Ha = 10, there are two potential candidates for transition, as shown by the
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(@) (b)
© (d)
(e) )

Figure 4. Instabilit y and transition to turbulence at Re = 5000 and Ha = 10 triggered by
a superposition of ( , ) and ( , ) optimal perturbations. Six stages of the evolution are
visualized by the isosurfacesof the streamwise velocity perturbations.
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Figure 5. The non-linear temporal evolution of energy E(t) and transition to turbulence at
Re = 5000 and Ha = 10 by two dierent ow modulations: (a) streamwise optimal mode and
(b) dominant obligue mode. Initial amplitude for both modes E(Og = 10 2 ( ), 10 3
(------- ), 10 * (---- ) and 10 5 (-~ ); 3D noise Esp = 10 °E(0) added at t = top in
both cases.

linear results in Fig. 2a: streamwise vortices (l\7Tstr eam  450) and a dominant mode in
the form of oblique rolls (M 900). Both of them were analyzed. The simulations
show that for Ha = 10 there is already a signi cant e ect of the magnetic eld on the
streamwise vortices. As Fig. 5(a) depicts, they do not induce transition to turbulence
if the perturbation amplitude is lessthan 10 #. The non-linear evolution of the oblique
optimal mode is similar, exceptthat it is a far better candidate to modulate the ow
and trigger the transition. Even an initial energyassmall asE (0) = 10 ° is su cien t for
the transition when 3-D noiseis added (seeFig. 5(b)). In addition, the transition occurs
earlier than in the caseof streanwise vortices. Here we also note that, for both purely
streamwise and oblique modes, the ow remains laminar if no 3-D noiseis presen, at
least for the range of E (0) valuesconsidered.

Analyzing the ow ewlution causedby two superimposedoblique waveswith ( , )
and ( , ), we found transition to turbulence for all E(0) in a range from 10 ° to
10 2. The major di erence with the 1-wave casewasthat no 3-D noisehad to be added.
This con rms the hypothesisthat the non-linear interaction of two symmetric wavescan
be sucien t to destabilize the ow and trigger the transition to turbulence. Thus, this
scenariocan be consideredas \the most optimal,” since no additional noiseis required.
Figure 4 shaws a seriesof intermediate stagesfor this process,including initial state,
interaction betweentwo superimposedmodes, lifting-up and breakdown of vortices and,
nally , formation of turbulent ow.

For Ha = 50 we needto study the non-linear evolution of three oblique optimal modes
and of the streamwise mode (seeFig. 2b), eat providing the maximum ampli cation in
a certain time range. We have applied the sametypesof ow excitation as before,i.e.,
\single mode + 3D noise,"\sup erposition of symmetric oblique modes," and, additionally,
\sup erposition of symmetric oblique modes+ 3D noise." The simulations have shavn that
non-linear e ects becomenoticeablewhen the initial perturbation energyis E(0) 10 3.
Despitethat, noneof thesetypesof perturbations cantrigger the transition to turbulence.
Onereasonfor the ow being sostableis that the maximum energyampli cation is only
55 for the 1st mode, and even lower for the others. Another plausible explanation of the
obsened re-laminarization is proposedbelov basedon the caseH a = 100.

The situation at Ha = 100 di ers from the previous cases.There is only one dom-



Transition in MHD channel ow with spanwise eld 373
(b)

E®)
E®)

Y L L L L L L 10‘ L L L L L L L
0 50 100 150 200 250 300 350 400 0O 200 400 600 800 1000 1200 1400 1600

t t

Figure 6. The non-linear temporal evolution of energy E (t) starting with the dominant optimal
mode at Re = 5000 and Ha = 100. Initial amplitude of this mode is E(0) = 10 2 ( ------- )
10 3 (----),10 * (e ), 10 ® (== ) without the 3-D noise. The solid lines ( )
show the evolution of the ows with 3-D noise Esp = 10 2E(0) added at t = top . The early
stage (a) in detail and the complete ewvolution up to a sustained 2-D-oscillating state (b) for
E(0) = 10 2 and 10 2 are shown.

inant mode. When the dominant mode alone is imposed (ho noise), su cien tly strong
perturbations (e.g., E(0) 10 ° in Fig. 6) ewlve into a purely two-dimensional nite-
amplitude state characterized by oscillations obsened earlier by Jimenez (1990) for a
two-dimensional non-magnetic channel ow. This is not surprising, as the dominant
mode has the form of purely sparwise vortices, which are una ected by the sparwise
magnetic eld. Therefore, this ewolution can be regarded as a common solution for all
values of Ha, including the non-magnetic case.If 3-D noiseis added at t = tqp in the
non-magnetic case,it triggers the transition to a 3-D turbulent state. Contrary to that,
the noisedestroys the time-dependert two-dimensional ow for Ha = 100in such a way
that it returns back to the laminar regime as illustrated in Fig. 6 (bold curves). We
attribute this re-laminarization to energytransfer from the 2-D modesto modeswith a
nite sparwise wavenumber, which are rapidly damped by Joule dissipation. We varied
the amplitude E3p and found that even very small noise with Egp (topt) = 10 2°E(0)
(comparable with the round-o error of oating-p oint operations) is su cien t to trigger
the re-laminarization. We have alsocarried out a seriesof similar simulations for Ha = 50
and found almost the samere-laminarization behavior asat Ha = 100.

We can, therefore, conclude that, whereasa su cien tly strong magnetic eld (e.g.,
Ha 50 for Re = 5000) evertually suppressesany three-dimensionality in the ow, it
cannot sustain the non-steady two-dimensional solutions found by Jimenez (1990).

5. Conclusions

The transient growth of linear perturbations in alaminar channel ow is suppressedy
a sparwise magnetic eld, and the optimal perturbations changefrom streamwiserolls to
oblique rolls. The oblique angle of the optimal modesincreasesmonotonically with the
magnetic eld strength until the sparwise Tollmien-Sdlichting vortices una ected by the
magnetic eld becomethe modeswith strongesttransient ampli cation. In comparison
with a singleoptimal oblique mode, the transition to turbulence occursat lower perturba-
tion amplitudes when a combination of two symmetric oblique modesis used.Su cien tly
strong magnetic elds evertually resultsin the sparwise Tollmien-Sdlichting vortices be-
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coming the dominant perturbations with strongesttransient growth, but cannot stabilize
the resulting two-dimensional nite-amplitude solutions, which disintegrate leadingto re-
laminarization of the ow in the presenceof even very weak three-dimensionalnoise.
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