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Toward the application of the impedance
mismatch method to the expansion about
incompressible flow acoustic equations

By R. Cohent, A. Ooif AND G. Iaccarino

This paper examines the different formulations available for performing Expansion
about Incompressible Flow (EIF) acoustic simulations in which an incompressible flow
calculation is split from the corresponding acoustic wave propagation problem. The rela-
tive merit of this approach is compared with fully compressible direct numerical simula-
tion (DNS) and acoustic analogy. The Impedance Mismatch Method (IMM) for acoustic
calculations is also discussed and its effectiveness for modelling curved geometry on a
Cartesian grid is explored. In the literature, this method has never been applied to the
problem of an unsteady non-uniform flow field. The objective of this work is to solve the
EIF equations using the IMM Cartesian-based high order approach. The feasibility of
achieving this is investigated using a number of test cases, the results of which indicate
the difficulty of this approach from the standpoint of numerical stability and accuracy.

1. Introduction

The pioneering method of predicting aerodynamically generated sound was developed
by Lighthill with his work on acoustic analogy theory (Lighthill 1952, 1954). In this ap-
proach, the compressible Navier—-Stokes equations are rearranged into an inhomogeneous
wave equation of the form
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where p is density, a. is the speed of sound, and T;; is Lighthill’s stress tensor. The
left-hand side represents acoustic wave propagation in a static homogeneous medium
and the right-hand side represents quadrupole acoustic source terms. The assertion of
the physical meaning of each part of this equation is the essence of the acoustic analogy
theory. Later, Lilley produced an acoustic analogy that takes into account the mean
flow refraction effect with a more complicated wave equation (Lilley 1974). To perform a
numerical calculation using an acoustic analogy, a precise description of the near field is
required to accurately obtain the source terms. This is done using numerical calculations
or flow modelling. The wave operator is then inverted to determine the acoustic far field.
The acoustic analogy approach has been popular with many variants in existence. It has
been applied extensively to the problems of jet noise, fan noise, and trailing-edge noise.

Although it is a common approach for the generation and subsequent propagation of
acoustic waves in fluids, acoustic analogy theory is not universally accepted (Fedorchenko
2000). It is somewhat arbitrary as to which flow variable to operate on (p or p), which
terms to choose for the wave operator, and which to assign as source terms. Tam (2002)
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argues that without careful consideration, acoustic analogies can fail to identify physically
meaningful acoustic sources.

Alternatively, aerodynamically generated sound may be calculated using direct numer-
ical simulation (DNS) of the compressible governing equations. These equations unques-
tionably contain a more precise description of the physics. At low Mach numbers, DNS
is challenging to perform because of the disparity in magnitudes in both the flow and
acoustic quantities (Tam 1995). This requires numerical solvers with high order accurate
discretisation schemes whose numerical errors are smaller than the acoustic quantities.
Additionally, the length scale of the acoustic far field is many orders of magnitude larger
than the near field. The time step requirement in the fine mesh of the near field is typically
much smaller than the time step requirement of the far field. This means the calculation
will be inefficient for the propagation of acoustic waves. These issues (and others) can
lead to prohibitively expensive computational requirements for practical problems.

More recently with the advances in computational power, methods of directly calcu-
lating both the flow and acoustic fields using acoustic/viscous splitting techniques have
been developed. These have a computational expense that is intermediate between acous-
tic analogies and fully compressible DNS and allow for the determination of the acoustic
field from the near field out to the far field. These methods are detailed in the following
section.

2. Expansion about incompressible flow

Expansion about Incompressible Flow (EIF) is a technique for determining aerodynam-
ically generated acoustic fields for low Mach number flows. It involves first calculating
the unsteady incompressible flow field, then using this information to drive a fully non-
linear acoustic calculation. The initial development of EIF (Hardin & Pope 1992, 1994)
considered the decomposition of the flow variables

u; = U,'-I-I/t;, (21)
p=P+p and (2.2)
p=pot+pi+p, (2.3)

where U;, P, and pg are the hydrodynamic (incompressible flow) quantities; p; is a hydro-
dynamic density correction term; and u}, p’, and p’ are acoustic fluctuations about their
incompressible flow quantities. Using this decomposition, the incompressible Navier—
Stokes equations may be subtracted from the compressible Navier—Stokes equations. If
the viscous terms are neglected, these equations become

ap/ 0 / 1T, Ny api .apl
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Hardin and Pope argued that no flow is truly incompressible and there must be a (small)
incompressible density fluctuation to balance the incompressible pressure fluctuations.
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These hydrodynamic density fluctuations may be relatively large as compared to the
acoustic density fluctuations. Hardin and Pope proposed that the hydrodynamic density
correction may be calculated from

— 1 /T

Pl) = Jim /0 P(xi,1)dt, (2.6)
p1(xi,T) = P(x;,t) — P(x;) and (2.7)
p1(xi,1) = Cl—zpl(xz'J)- (2.8)

To close this set of equations, the fluctuations about the incompressible flow are as-
sumed isentropic and the relationship between acoustic pressure p’ and acoustic density
p’ becomes

o) ,0p" _ ,0p1
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where the speed of sound is given by the relation
P

P potpitp’

Initial validation of this technique was performed on a pulsating and an oscillating
sphere. Hardin and Pope’s technique was later criticised (Shen & Sorensen 1999a) for
being inconsistent and that the inclusion of the hydrodynamic density correction does
not include any new information. Rearranging the equations can show that there is no
source term present, meaning only the trivial solution should be obtained. Rather than
Eq. (2.9), Hardin and Pope’s simulations actually use the isentropic relation

p/po=(p/pPo)’, (2.11)

which may be shown to correspond to the equation
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which contains a source term dP/dr from the incompressible flow. An equivalent but
simpler formulation was given (Shen & Sorensen 1999b) where the flow variables are

decomposed by

(2.12)

uj = Ui+ ul, (2.13)
p=P+p and (2.14)
p=po+p. (2.15)
The acoustic equations are given by
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This formulation was validated by simulating the acoustic field generated by a pulsating
sphere and also by the laminar wake behind a circular cylinder.

A more rigorous derivation of the EIF equations was given by Slimon, et al. (2000).
They sought a physical interpretation of the various terms in the EIF equations as well as
their inherent assumptions and limitations. To do so, they performed a Janzen Rayleigh
expansion, where each of the flow variables is expanded as a power series in €2 = yM>.
The decomposition is

P=po+€P +ePr+P3+ .. =po+pitprtpit... (2.19)
p=po+eP, +eP, +eP;+...=po+tp1+p2+pst... , (2.20)
up = wjo + €271 + €4 + %3 + ... = up; +uri+uzi Fuzi+ ... , and (2.21)
T=Ty+€T +e*Tr+eTs+.. =)+ N1+ H+T+... . (2.22)

These variables are substituted into the compressible continuity, momentum, and energy
equations as well as an equation of state. Equating the lowest order coefficients (e72)
yields the zeroth-order equations that govern the thermodynamic field (po,po,To). Equat-
ing the €% coefficients yields the first-order equations that govern the hydrodynamic field
(p1,P1,u0i, Th). Finally, equating the €* terms produces the second-order equations that
govern the compressible field (p2,p2,u14,T>). Higher order terms only become significant
at high Mach numbers.

By assuming a fixed thermodynamic field, one may recover the incompressible mo-
mentum and continuity equations from the first-order equations. The Hardin and Pope
EIF momentum and continuity equations may be recovered from this Mach number ex-
pansion approach by combining second-order and higher equations while neglecting the
viscous terms. The EIF acoustic perturbation quantities are then defined as

=Y ", (2.23)
m=2

wj=Y ", and (2.24)
m=2

p=Y €"p,. (2.25)
m=2

By combining the zeroth-order and higher energy equations and equations of state while
neglecting viscous effects, one may derive the final equation required to close this set
Dy’ Dp'  DII,

e =0 2.26
D "o Vi ’ (2.26)
where II, is a function of p; and p’. This is equivalent to the isentropic relation p = p?.
The Slimon equations were applied to the problem of sound generated by a spinning
vortex pair. Data from numerical simulations show good agreement with the analytical
solution. The complete set of equations are (Slimon, et al. 1999)

ap/ 0 N ’ _ Ip1 p1
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Dov_ (2 PP d (2.29)
Dr Dr
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The EIF equations described so far do not include viscous terms. Seo and Moon (2003)
retain the viscous stresses and heat flux terms in their EIF formulation. Generally they are
able to obtain more accurate solutions than for the simpler EIF formulations previously
discussed.

3. Impedance mismatch method

The Impedance Mismatch Method (IMM) is a technique for modelling solid wall bound-
aries in acoustic simulations that obviates the need for a body fitted grid. A curved geom-
etry is described on a Cartesian grid by the assignment of characteristic density values at
each grid point. Fluid regions and solid wall regions are assigned different values for their
characteristic density. The speed of sound is assumed to be the same in the non-physical
solid wall region as in the fluid region. This treatment causes incoming acoustic waves
to be reflected at the interface of the mismatched impedances (pa) as though they had
encountered a solid wall boundary. Initially developed by Chung and Morris (1998), the
IMM is typically applied to the linearised Euler equations.

The development of the IMM proceeds as follows. The one-dimensional linearised Euler
equations with no mean flow are

ap du
g"‘POg—O, (3.1)
du 1dp
5 &a —O, and (32)
ap 20U
g + poaog =0. (33)

The time derivatives are supposed to be continuous functions of x. The terms inside the
spatial derivatives and the pg coefficients of the spatial derivatives are only piecewise
continuous because of the discontinuity at the interface. However, the product of these
terms are continuous. In order to match the discontinuity and to have a smooth function
for the spatial derivative operator to apply to, the equations are modified to be

ap n d(upo)

du  d(p/po) _

5 + w 0, and (3.5)
dp  d(upo)
St =0, (3.6)

In these equations the speed of sound (ag) has been assumed to be unity. The charac-
teristic density in the fluid region is also set to unity while in the solid wall regions it is
given the recommended value (for numerical stability) of 1/30. This smaller density in
the solid wall region is to ensure that acoustic waves are reflected with the correct phase.
The amplitude of the reflected waves may be shown to be

1/p2—1

ot T (3.7)

\pr/pil =
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The one-dimensional IMM equations previously given are identical to the linearised Euler
equations far away from the wall and produce the effect of a solid wall in the vicinity of
the interface.

The full three-dimensional linearised Euler equations with mean flow Mach number M
in the x-direction are given by

p Mp +pou pv pow 0
5| 5 | Mu+tp/po 0 0 0
—|v|+= Mv +=—1|p/po|+=| O |=|0 (3.8)
ot w ox Mw dy 0 0z /P 0

p Mp +pou Pov Pow N

Chung and Morris demonstrated the effectiveness of the IMM by considering scattering
off several two- and three-dimensional bodies in a stationary flow.

Laik and Morris (2000) later developed an IMM formulation where flow variables
were decomposed into three parts: an unperturbed flow, a known incident perturbation,
and the undetermined scattered perturbation. The source terms in the scattered field
equations comes from the difference between the incident field in a uniform flow in the
absence of the body and the non-uniform flow in the presence of the body. The physical
basis for this is unclear. Despite this, Laik and Morris were able to obtain good agreement
with analytical solution for the acoustic scattering from a cylinder, Rankine oval, and a
sphere in a fluid at rest. Simulations involving a steady non-uniform flowfield were also
performed.

3.1. Stability analysis of the impedance mismatch method

A stability analysis of the Impedance Mismatch Method is performed by considering
the IMM version of the linearised Euler equations in one-dimension given by Eq. (3.4)—
(3.5). Using explicit finite difference schemes, these may be discretised into a system of
equations of the form

ox

ot
where A is a matrix of constant coefficients. The eigenvalues of this matrix determine the
stability requirements of the numerical timestepping scheme. The domain considered is
a 100-point equispaced periodic grid of which 50% is fluid region and 50% is solid wall
region.

The analysis reveals that only purely imaginary eigenvalues are obtained. Figures 1(a)
and (b) both show that as the wall density pg is decreased, the system will have a larger
maximum eigenvalue and will be less stable. This explains why Chung and Morris (1998)
recommend using a modest value of 1/30 for py which is a reasonable balance between
numerical stability and reflected wave amplitude. Figure 1(a) shows that smoothing the
po transition at the wall boundary may make the computation more stable. Perhaps this
is why less spurious waves are generated for walls that have a smoother interface. Finally,
Fig. 1(b) shows that as the stencil size of the finite difference scheme is increased, the
calculation becomes less stable.

— A%, (3.9)

4. Governing equations, numerical methods, and test cases

In order to make the application of the IMM simpler, the Shen and Sorensen equations
(Eq. (2.16)—(2.18)) are linearised. For low Mach number problems (M < 0.2), this is
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FIGURE 1. Maximum eigenvalue magnitude as a function of wall density. Plot (a) shows curves for inter-

face smoothing over different numbers of points; O ( B3CF-—-=),5(——),and 7 (-------- ). Plot
(b) shows curves for centred finite difference schemes of order 2 (———), 4 (-—-- ), and DRP4 (—-—).
Case Dimensions Description Problem Layout Acoustic Sources Flow Field

1 1D infinite wall Fig. 2(a) initial pulse static

2 1D finite wall Fig. 2(b) initial pulse static

3 2D 1 cylinder Fig. 3(a) time periodic static

4 2D 3 cylinders Fig. 3(b) time periodic static

5 2D 1 cylinder - time periodic steady non-uniform

6 2D 1 cylinder - unsteady incompressible flow Re =150, M =0.2

TABLE 1. Summary of test cases

acceptable because the perturbation terms are small. Dropping all products of the small
perturbations produces

/
%—‘; - a%(pou;) - a%(p’ui) =0, (4.1)
term 1 term 2
a / / a / / / a /
5, (Potti +p'Ui) + gj(ponuj +pou;U; +p'UiUj) +p°aTc,-(” /Po) =0 and (4.2
N————
term 3 term 4

dp)  ,0p"  oP

o Ca a
Terms 1 and 4 will be calculated using centered finite difference stencils, even across the
interfaces of solid wall regions. Terms 2 and 3 are convection terms that will be assumed
zero inside solid wall regions, while in fluid regions their finite difference stencils will be
such that they never cross into the solid wall region.

Numerical time-stepping of the EIF equations is carried out using the standard fourth-
order explicit Runge-Kutta technique. Seven-point stencil spatial derivatives are taken
using dispersion relation preserving (DRP) finite difference schemes from Tam (1995).
To reduce the impact of spurious waves generated at the sharp interfaces, filtering of the
solution is to be performed between timesteps. The optimised explicit coefficients are

(4.3)
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FIGURE 2. One-dimensional domains for cases 1 (a) and cases 2 (b)

taken from Bogey and Bailly (2004). Acoustic waves radiating out of the computational
domain are absorbed by using a Perfectly Matched Layer (PML) of Hu (2002) in unsplit
physical variables.

The validation of the numerical approach is to proceed in an incremental manner.
Firstly, one-dimensional acoustic scattering from a solid region will be considered. This
will be followed by acoustic scattering in two dimensions. The solver will then be run with
a steady non-uniform mean flow to see its effect. Finally, a full test using unsteady laminar
flow data and source terms calculated from the incompressible flow will be carried out.
All of the acoustic problems to be considered are linear. This is reasonable considering
that the ultimate cylinder test case will be a laminar low Mach number problem, which
is inherently linear. Table 1 shows a summary of the test cases.

In case 1 the domain is initialised with the Gaussian pressure pulse given by

p=0.001exp [—In(x*/0.2%)]. (4.4)

The effect of different amounts of pg interface smoothing using a cosine function is to
be investigated in this case. Unless otherwise indicated, numerical filtering will not be
applied in these simulations.

In case 2 the domain is initialised with the same field as case 1. This case investi-
gates the amount of sound transmitted through a finite solid wall region. A method of
eliminating the impact of these waves is investigated.

Case 3 is a single cylinder linear acoustic wave scattering problem taken from Tam
and Hardin (1997). A time periodic acoustic source is located near the cylinder and is
given by the equation

oP 2., .2 27

5 = 0-001exp [—In(((x—a)*+*)/0.2%)] sin(8nz), (4.5)
with a = 4. Case 4 is a three cylinder acoustic scattering test problem taken from Dahl
(2004). The same high frequency source is used as case 3, but with a = 0. This case is a
more rigorous test of the nearfield accuracy of the numerical method.

Case 5 tests the numerical approach on a non-uniform steady flow, the scattering of
a cylinder in cross flow. A two-dimensional, inviscid, and incompressible (potential) flow
around a cylinder in polar coordinates [r,0] can be described as

R2
U, = <l—2) Mcos® and (4.6)
I
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FIGURE 3. Scattering test problem layouts (a) Single cylinder problem (b) Three cylinder problem

R2
U= — (1 + r2> Msin®, (4.7)

where U is the free stream velocity and R is the radius of the cylinder. This is the first
test of the convective terms of the EIF equations. It is also a test of the effectiveness
and stability attributes of the one-sided stencil scheme near the body. Two time periodic
monopoles are placed on the rear surface of the cylinder to resemble a realistic flow
induced acoustics calculation.

Test case 6 is a comprehensive test of the technique. In this simulation, the flowfield
is obtained from an flow calculation performed using an unstructured incompressible-
fluid solver for LES/DNS (Mahesh et al. 2004, Ham & Iaccarino 2004) at Re = 150 and
M =0.2. This solution also supplies the acoustic source terms. This case tests the entire
solution procedure from the governing equations to the numerical method. It also tests
the effectiveness of IMM for source terms that are in the vicinity of the body surface.

5. Results
5.1. Case 1 - 1D relected wave

This calculation was run using different amounts of pg interface smoothing. Figure 4(a)
shows the time history of acoustic pressure at x = —3 when the reflected wave is passing
by this location. For the sharp interface case, spurious waves that propagate at non-
physical speeds are generated when the pulse strikes the interface. These are suppressed
in all other cases. The amplitude of the reflected wave is slightly reduced in the cases of
the sharp and smoothed interfaces. In the sharp interface filtered solution, the amplitude
of the wave more closely matches the reference solution.

5.2. Cases 2 - 1D transmitted wave

The results for this test case are shown in Fig. 5. An acoustic wave that is transmitted
into the solid wall region is seen to periodically contaminate the solution both in front
and behind the body. This effect is eliminated by the addition of PML-type damping
inside the solid wall region. Using such a technique is reliant on having a body that is
thick enough to have an effective absorbing region as in this case.

5.3. Cases 3 and 4 - 2D single and multiple cylinder scattering

The results of these test cases are shown in Figs. 6 and 7. IMM is seen to do an effective
job of modelling the curved geometry of the cylinders. The accuracy of IMM for linear
scattering problems in a static environment is verified.
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FIGURE 4. Probe time history at x = —3 for case 1. Reference solution ( ), sharp interface (——--),
sharp interface with numerical filtering (—--— ), 3-point smoothed interface (—-—), 7-point smoothed
interface (———).
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FIGURE 5. Case 3 acoustic pressure time histories at x = —3 (a) and x = 10 (b). The simulation is run
without ( ) and with (———- ) damping inside the solid wall region

FIGURE 6. Case 3 RMS profile of p’ along the x-axis for the analytical solution ( ) and the

numerical solution using Ax = 0.025 (o)

5.4. Case 5 - 2D single cylinder scattering in a non-uniform potential flow field

An instantaneous contour plot for this test case is shown in Fig. 8. This is primarily a
test of the stability of this approach, as there is no analytical solution available for this
test case.

5.5. Case 6 - single cylinder, Re =150, M = 0.2, flow induced acoustic scattering

This case is a complete test of the technique that uses data from an incompressible flow
calculation. Many different combinations of EIF formulations, one/two-sided stenciling
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FIGURE 7. Case 4 RMS profile of p’ along the x-axis for the analytical solution ( ) and the

numerical solution using Ax = 0.025 (o)

FIGURE 8. Case 5 instantaneous contours of acoustic pressure at time ¢ = 32. The 20 contour levels
equispaced from 10~# to —10~* with dashed lines indicating negative sign

at the interface, pg interface smoothing, finite difference schemes, filters, timesteps, grid
densities, and cylinder damping techniques have been attempted. The formulation given
in the paper appears to be the most stable. The main limitation of the current technique
is the computational inefficiency of using a stretched Cartesian grid to cover the required
domain. This test case remains part of ongoing work. If successful, the approach should
be extended to a multi-block grid for improved efficiency.

6. Conclusions

In this paper the merits of various EIF formulations were discussed in relation to
each other and in the larger context of acoustic prediction methods, including acoustic
analogies and direct numerical simulation. In the literature IMM is seen to be a promising
method of performing complex geometry acoustic scattering problems on a Cartesian
grid.

Application of the IMM to EIF was seen to be effective for static media. The introduc-
tion of non-uniform flows introduces the difficulty of how to handle convective terms in
the vicinity of the interface. The stability and accuracy of reflections for acoustic sources
in the near vicinity of an interface is also an open question. During this investigation, a
formulation that could be made stable in a steady non-uniform flow test case was deter-
mined. These initial computations are encouraging, but the approach is yet to be proved
for a realistic, unsteady flow field.
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