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Toward verification of formal time accuracy for a
family of approximate projection methods using
the method of manufactured solutions

By S. P. Dominof

This paper provides an overview of the approximate projection methods commonly
used in the unstructured finite volume community that have been implemented within
SIERRA /Fuego. The paper outlines splitting and stabilization errors that appear in many
common approximate projection methods. Smoothing errors, or stabilization errors, can
appear in both projection and fully coupled algorithms and, as will be shown, can have
drastic effects on the formal time accuracy of a chosen algorithm. A time-dependent
manufactured solution is presented and used to verify formal order of accuracy for a suite
of approximate projection algorithms. For a commonly used set of projection scaling time
scales, first-order accuracy is demonstrated regardless of time integration scheme, i.e.,
backward Euler or Crank-Nicholson. A new class of approximate projection algorithms
is presented that circumvents the stabilization error. This method is based on the classic
pressure projection method, where the pressure is computed based on solving a Pressure
Poisson Equation that is derived by taking the divergence of the momentum equation.
Results show, however, that this algorithm (as implemented) is not competitive based
on the significant expense of solving this second Poisson equation.

1. Introduction

The role of pressure smoothing, or explicit stabilization, was first developed in the con-
text of collocated finite volume schemes by Rhie and Chow (1983). Although this original
paper did not explore the formal error introduced by this explicit stabilization, Majum-
dar (1988) later displayed the sensitivity of steady results on relaxation parameters and
provided a methodology to circumvent this issue. In general, such early papers (cf. Peri¢
et al. (1988)) as well as other more recent papers, (cf. Papageorgakopoulos et al. (2000))
introduced the role of stabilization almost by happenstance as it entered only through
the specific choice of the convecting velocity formula, i.e., the integration point velocity
that forms the mass flow rate.

Studies of Codina (2001) and Soto et al. (2001), each in the context of a finite element
algorithm, have commented on the role of stabilization that is provided by the approxi-
mation of the derived pressure correction system, namely that L # DG, where L is the
given discrete Laplacian operator and D and G are the chosen discrete divergence and
gradient operators, respectively. Numerical algorithms for which the Laplacian operator
does not equal the discrete divergence of gradient operator have been termed “approx-
imate projection” algorithms (cf. Almgren et al. (2000), Codina and Badia (2005)) in
the context of solenoidal flow; in general for non-solenoidal flow the formalism of the
projection derivation results in an affine projection (see Section 7).
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Recent work by Sandia National Laboratories has cast the general approximate pro-
jection algorithm within a family of smoothing and time scaling choices. The analysis of
choice that has been followed is to cast the algorithm in terms of an approximate fac-
torization (cf. Dukowicz and Dvinsky (1992)), and note the added stabilization (herein
also known as pressure smoothing terms), and splitting errors. This analysis has been
extremely useful in understanding the formal accuracy, and even consistency, of a given
numerical scheme.

The analysis of a given computational fluids algorithm in the context of an approximate
factorization begins with the discrete momentum and continuity equations written in
matrix form. The matrix A contains discrete, linearized contributions to the momentum
equations from the time derivative, convection, and diffusion terms,

n+1

i (1)
The discrete nodal gradient and nodal divergence are G and D respectively (note that
the operator D may include aspects of the algorithm due to a variable density field). The
function f contains the additional terms for the momentum equations, e.g., body force
terms, lagged stress tensor terms, etc., while the the function b contains the appropriate
terms for a non-solenoidal velocity field, i.e., — f g—de. The pressure is appropriately
interpreted as the pressure at the n + 3 step, (cf. Strikwerda and Lee (1999)). The form
of the matrix operators can be found in the body of literature for control-volume finite
element methods (cf. Schneider (1988)). Note that Eq. (1.1) is not really complete as the
boundary condition values are omitted, however, they are not essential in describing the
bulk of the splitting and stabilization analysis as noted by Perot (1993). The boundary
conditions would simply enter through an additional vector on the right-hand side and
modified entries in the matrix operators.

The approximate factorization of Eq. (1.1) takes the general form of

[A oHI Bzc]:[A AB,G

D B, ||o0 I D B, +DB,G | (1.2)

The factor B determines the projection time scale. The factor By defines the linear sys-
tem for pressure. Ideally, B; could be selected to cancel splitting errors in the continuity
equation. Practically, the form of By is governed by implementation and linear solver
efficiency.

A completely generalized set of incremental pressure projection methods with potential
stabilization can be written by formally defining the operators B; and Bs above, here
shown as part of the sequence of equations solved,

AAG=f—Gp" 7 — Au", (1.3)
L Ap"E = —D (ﬁ+%2c;p"—%) T P (1.4)
utl =0 — F3GAp" T (1.5)

Laplacian operators acting on a general scalar ¢, which define the approximate nature
of the projection method, are given by,

le) = T1V¢ . dA, (16)
L2d =72V - dA.
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For an approximate projection method,
Lo # DR G, (1.9)

while for an exact projection,

L, = DR G. (1.10)
Exact projections can be easily constructed on unstructured collocated meshes (cf. Chorin
(1968)), although classically this results in a wide Laplacian stencil that admits pressure
oscillations yet does not add discrete errors in the continuity solve. We assume that
7; factors defined above are represented by a diagonal matrix that corresponds to a
particular time scale of choice. The relationship between 7; and 7; is normalization by a
density and volume,

=V
The choice of these scaling factors defines the scheme in terms of both stabilization and
projection scaling. For example, the ideal form for 73 is the inverse of A. The exact choice
of 73 in a practical sense affects the stability of the scheme. The stabilization terms are
represented by operators including both 7; and 75 that are required to prevent velocity
and pressure decoupling in schemes for which L # DG.

Rearrangement of Eq. (1.5), in terms of G, and substitution of this modified equation
into Eq. (1.3) and Eq. (1.4) provides the full set of splitting and stabilization errors:

A G ] [ f
D 0 pn+1/2 - b
N [ (I— A7) GAp"ts
(Ly — D75G)Ap"2 + (Ly — D7G)p"—2

(1.11)

T;

. (1.12)

The error appearing in the momentum equation is due to splitting and generally can be
repaired by non-linear iteration, although ideally single iteration methods are desired (as
shown).

Again it is emphasized that for approximate projection methods, Lo # D72 G, whereas
for exact projection methods, which are usually based on staggering velocity and pres-
sure, Ly = D7,G and there is no stabilization error (as there is no need to provide
stabilization). Frequently, the stabilization terms within Eq. (1.4) are included in a mod-
ified provisional velocity (cf. Kim and Choi (2000)), i.e., @ = @ + 72Gp™~ 2, that can
often hide the true role of stabilization.

A similar analysis for pressure free projection methods (cf. Kim (1985)) can be carried
out, in which case the equations solved are given by,

Aa=f— Au”, (1.13)
—L1A¢" = —Da+ Lq¢" + b, (1.14)
u"t =a - 7Ge" !, (1.15)
with errors,
A G uwtt 1 [ f N —A7Ge" T 4+ Gpnte (1.16)
D o p" T2 | T | b (L; — D7 G) ¢"t! ' '

The error term in the continuity equation is retained to emphasize that this algorithm can



166 S. P. Domino

o—© Finite Elements and Nodes

O J  Finite Volumes and Faces

X Integration Point

FIGURE 1. A control volume centered about a finite-element node in a collection of 2-D
quadrilateral elements.

be considered in the context of an approximate projection method. Assuming that the
Laplacian and gradient operators commute, it is necessary to compute p"t1/2 = Argpt!
to obtain the second-order pressure field, while the relationship p"+% = ¢" 1! will result
in a first-order pressure field with splitting error (I— A73)Gp™t2 ( Brown et al. (2001)).

Although the above set of algorithms have been written in terms of a two step scheme,
i.e., predict 1 and correct 1 by the appropriately scaled scalar gradient, non-linear itera-
tions can also be taken. In this case, the ¢"*! and u™*! state are replaced with the k+1
state, whereas the n + % pressure state is replaced by the k + % state. For the residual
form, the n'” state is replaced with the current iterate, k*" state. At convergence within
the time step, ¢" ! = gkl untl = ub+t1 and pntz = phte.

2. CVFEM operators

SIERRA /Fuego uses the finite volume technique known as the control volume finite
element method of Schneider and Raw (1987). Control volumes (the mesh dual) are con-
structed about the nodes, as shown in Fig. 1. Each element contains a set of subfaces
that define control-volume surfaces. The subfaces consist of line segments (2-D) or sur-
faces (3-D). The 2-D segments are connected between the element centroid and the edge
centroids. The 3-D surfaces are connected between the element centroid, the element
face centroids, and the edge centroids. Integration points also exist within the subcontrol
volume centroids. Such integration points are used for volume integrals such as source
terms, the mass matrix, and, if chosen, gradients.
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Defining ¢ to be the value of ¢ at node K, then the variation of ¢ within an element
that contains the point location x is given by

¢(x) = Y Nk(x)¢xk, (2.1)

KeN

where Nk (x) is the shape function associated with node K at position x, and N is
the set of all nodes that defines the element. For the CVFEM, either trilinear (3-D) or
bilinear (2-D) shape functions are used. Currently, Fuego supports heterogeneous element
topologies consisting of hex, tet, pyramid, and wedges.

The discrete nodal gradient operator for direction ¢ can be written as a surface integral
on control volume L,

ng:(GqS)Li:/F G(x)dn; = Y <Z NK(xa)qu) i (Xa) AAaq, (2.2)

aeBr \KeN

where B, is the set of surface integration points for control volume L. Similarly, the
discrete divergence operator at node L acting on vector u; is

Du = (Du;)p = / p(x)u;(x)dn; = Z p(Xq) ( Z NK(xa)uKz) ni(Xa)AAq,
ry aEBL KeN
(2.3)
and the Laplacian operator that includes spatially varying timescale, 7, is

0 ONk (Xqa
Lo = (Lot = [ r0 gy~ Y- rlxa) | 30 2 ) xa)ad
. 8l‘j 8CCj
a€eBL KeN
(2.4)
Note that an alternative to the gradient operator given in Eq. (2.2), which is provided
via the CVFEM is

Go = (Go)ri = 9 1y ~ > (Z Mw) AV, (2.5)

ox; ox;
Pp & a'eBr, \KeN g

where By, is now the set of all subcontrol volume integration points for control volume
L (for clarity, o’ denotes the subcontrol volume integration point location).

The general term D7G¢ deserves a special note in the case of variable density flows.
Specifically, the interpolation is currently provided by the following equation:

e N 7i(Xa) . Gri s (x
= Z %i(xa) <Z NK(XQ)%> ni(xa)AAow (27)
a€BL KeN K

3. Smoothing algorithms defined

Now that the smoothing and splitting errors have been formally defined, it is useful
to consider three projection algorithms that have been implemented and verified within
SIERRA /Fuego in the context of the classic two equation k-e model, with steady method
of manufactured solutions (MMS) (cf. Domino (2006)).
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3.1. Fourth-order smoothing with characteristic or time step scaling

In this algorithm, the projection time scales are defined by either

T =TI =Ty =T3 = Tchar, (3.1)
or

T=71 =7 =713 = IAL (3.2)

Here, characteristic scaling, 7char, is @ diagonal matrix that represents a time scale based
on convection and diffusion contributions, while for time step scaling, the time scale is
based on the local time step. The characteristic scaling very closely follows the standard
finite element method stabilization parameter.

The smoothing and splitting errors are now given by

FRA I R S R e A P

Of particular interest to this research is the role of the stabilization term, (L, —D7G) p”+% ,
on formal time accuracy when 7 = IAt (a scheme that has been shown to display more
appealing stability characteristics). Clearly, a scheme that uses explict pressure stabi-
lization with time step scaling is first-order accurate. Expanding this stabilization term
shows the fourth-order pressure derivative scaled by a length scale cubed. Therefore, by
refining the time step and mesh, one might be able to show a second-order accuracy for
sufficiently resolved meshes.

In practice, the stabilization terms are carried within the mass flow rate that forms
part of the right-hand side of the Pressure Poisson Equation solve and the convection
term for the transport of any scalar field. The mass flow rate is defined as

_1
n—3

mk = (ﬁﬁ + TGPT — thp"+5> dA, (3.4)

where the introduction of the over bar is noted to represent interpolation of a nodal
field to an integration point. Note that in the bulk of the collocated unstructured finite
volume literature, the form of the mass flow rate defines the stabilization (the difference
between the nodal gradient operator G and the interior element operator V*). Above we
note the independent interpolation of the density and velocity rather than pu, as is done
in Stanford’s ASC Alliance code CDP. It does seem that the full interpolation of pt1 may
be more consistent, although the effect of this algorithmic detail has not been explored.

3.2. Stabilized smoothing

The stabilized projection algorithm is based on the work of Soto et al. (2001), that was
derived from the monolithic scheme of Codina (2001). In this algorithm, the projection
time scales are defined as

71 = AL+ Tepar (3.5)
T2 = Tchar- (36)

T3 = Tchar- (37)
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With the above definitions, the smoothing and splitting errors are now defined as
A G [utt] [f Lfa- AFpar)G(pnte — pn—2)
D o||pts | [b (Lropar — DenarG)p™+s + AtL(pnts — pn=%)
(3.8)
The mass flow rate now includes an additional stabilization factor and is now defined as

Tchar

_  rGp3
ik = (pﬁ + % —FVhpntE AtLApn+%> dA. (3.9)
Note that at full convergence, the stabilized scheme reduces to the fourth-order charac-
teristic scaling algorithm.

3.3. Second-order smoothing with characteristic or time step scaling

In fact, the scaled nodal gradient need not be included in the mass flow rate equation,
e.g.,

-k _ (=x  =h,nt+i

m" = (pu —7V'p 2) dA. (3.10)

This is equivalent to neglecting the %ng”_% term in Eq. (1.4), or by defining 4 = .
The smoothing for this algorithm is provided by the local Lapacian operator. The
smoothing and splitting errors for this method are now given by

A G |[uwt ) Tf] [ (I-ANGE": —p ) (3.11)
D o|[p*/2] |b (L, — DFG)Ap™+3 + Lp" % | '

3.4. Zeroth-order smoothing with time step or characteristic scaling

Certainly, the pressure smoothing can be removed, i.e., 7o = 0, that leads to the following
set of errors,

A G untl f (I—A7)G(p"tz —pn2)
+3 | T + ~ n+i n—1 : (3'12)
D o pita b (L, —D7G)(p"tz —p"~2)
where 7 is either the characteristic scale, T¢pqr, or the simulation time step, IAt (with
71 = 73). Although the converged error is zero, this lack of smoothing can lead to a
decoupled pressure field in certain flows.
Here, the mass flow rate reduces to a simple interpolation of nodal velocities within
the element

ik = (pﬁ - ?thp%%) dA. (3.13)

The unsmoothed algorithm is very similar to the staggered formulation of SIMPLE,
(cf. Patankar (1988)), with 7 = A_! (the inverse of the diagonal matrix from operator
A). However, by design, the staggered mesh arrangement holds the property that (L, —

D7G) = 0. In this method, no stabilization is added as none is required.

4. Time integration scheme

The Crank-Nicholson method discribed in Ober and Shadid (2004) will be used to
obtain a second-order integration scheme (in the context of our zeroth-order smoothing
algorithm). In this implementation, the generalized method is written as

o™t gt —gn 09"

— -

ot At (4.1)
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where 7 is a blending coefficient between 1 and 2. Values of 7 of unity result in first-order
backward Euler, while values of 2 result in second order Crank-Nicholson, i.e.,

dp"tt (" —¢") 99"

a T a T a (42)
A linearization is given by

"t _(¢F —om) g™

n = 27At ~ (4.3)

where the old time derivative is computed based on the old solution of the partial differ-
ential equation of interest.

4.1. Variable density

In the case of variable density, the full time term is
%nﬂ-l B pn+1¢n+1 _ pn¢n @n
o At or

where it is noted that the full time derivative at n* state is saved. The linearization is
given by

+(1-n) (4.4)

Ope™ Tt prek —pme” dpg™

o =np—+ 1 —-n)— . 4.5

ot A U, (4.5)
The above algorithm is especially useful in that it avoids the need to evaluate complex
right-hand side source terms at the n+1 and n state, e.g., simulations that include the

need to compute turbulence production, reaction rate terms, etc.

5. Discrete system of equations

The full approximate pressure projection scheme for non-uniform density is now written

as
WMEA’&Z + C'L(W’Lk)A’LALz — TLJ‘A’&,Z‘ = -7, (51)
—L L AP = =Dy (i) — Ly p* + (Ly — DRHG) 1p" + b, (5.2)

uptt =i — FG L Ap™TE (5.3)

The variable —r; is the residual that includes body source terms, pressure gradient, the
non-symmetric part of the viscous stress term, Tffué‘ , parts of the time term and the
left-hand side set of operators acting on the u¥ state,
. . . _1
i = —nMfub =y (i Yub Ty Ak + T b 4+ S — (1—m) My (pi?) —Grap™ 2. (5.4)

The mass matrix, M¥Ad;, is defined by

MfAa; = (Z NK(XQI)%> <Z NK(xa/)AﬁKi> AV, (5.5)

a’e€Br, \KeN KeN

The shape function above, Nk (x./), is frequently evaluated at x,r, the coordinates of
the vertex associated with the transport equation, i.e., the case where a lumped mass
matrix is used.
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For simplicity, the central difference operator is provided in Cp;Ad; as

CpAi; = > mf (Z NK(xa)AﬁKi> . (5.6)

aEBL KeN

In the preceding equation, the mass flow rate has been linearized within the iteration
step and may or may not include the explicit stabilization terms. Moreover, the shape
function operator, Nk (x,), may be evaluated at the edge midpoints to retain the skew
symmetric aspect of the operator C';,. By default, this term is evaluated at the subcontrol
surface integration points, which retains the CVFEM canonical 27-point stencil.

The symmetric part of the stress tensor is given by

Tpjis = (Z NK(xamK) (Z Mj{—j’”w«) nj(xa)Ada,  (5.7)

a€Br \KeN KeN

while the non-symmetric stress tensor is given by

Tffuf = Z (Z NK(XQ)MK> <Z d]\fg—gfixa)u,;(j> n;(Xa)AA, (5.8)

aeBr, \KeN KeN
2 dNg (X4
-3 Z (Z NK(xa)uK> (Z Zl;()u’;(p> Sipnp(Xa)AA,.
a€Br \KeN KeN p

Note that the nodal pressure gradient at node L for control volume L for direction 7 is
defined by Eq. (2.2). The operator, Sp;, contains the gravitational term as well as the
[potentially] subtracted out hydrostatic term,

SLi= Y ( > N (xa) (Pl — pref)) 9idVr. (5.9)

o’€Br, \KeN

The old time term contribution, My, (pu;"), is defined by

ML(puin) = Z (Z NK(xa/)pKdKi”> AV . (510)

a’eBr \KeN

Again, o/ € By, is the set of all subcontrol volume integration points for control volume
L, o/ € By, is the set of all subcontrol surface integration points for control volume L,
and K € N is the set of all nodes within the element.

5.1. Predictor

In general, there are a number of predictors that are supported. The easiest predictor is
a simple predictor in which the old value is mapped into the current iterate. Predictors
that incorporate old time derivatives include the forward Euler and Adams-Bashforth
methods, e.g.,

Pt =on, (5.11)
= ¢" + Atg™, (5.12)
At A A (5.15)

=0 (@ K)o R
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6. Analysis

Based on the above analysis of smoothing and splitting errors, it is clear that the
formal time accuracy of a stabilized scheme can be limited by the leading error term of
the scaling of L — DG when time step scaling is used. Expanding the above operator
in a one-dimensional case has been shown to be equivalent to injecting a fourth-order
pressure dissipation error term that is scaled by Az3. Commonly, verification problems
chosen that have a linear pressure gradient, e.g., specified pressure drop in a duct, do
not show this error term.

To circumvent the order At leading stabilization error, either alternative scaling can be
used (as previously described) or the explicit stabilization can be removed. However, nu-
merical experiments and stability analysis on alternative scaling parameters have demon-
strated these schemes as being less than optimal, i.e., near-unity CFL stability limits,
slow convergence within a time step, etc. Removing explicit stabilization has also been
demonstrated to slow convergence (sometimes even stagnation) with wildly varying pres-
sure plots. Arguably, the role of pressure within an accoustically incompressible scenario
is incosequential given that a spatially constant, yet potentially varying in time thermo-
dynamic pressure is used within the equation of state. However, the convergence/stability
problems noted must be addressed, and represent a current research topic.

6.1. Manufactured solution

The manufactured solution that has been used in this study is given by

u = —Uycos(mzx)sin(my)sin(wt), (6.1)
v = +U,sin(mz)cos(my)sin(wt),
b= P, (cos(27‘rx) l— cos(27ry)> sin?(wt). (6.3)

The set of source terms to be placed within the fluids solver is obtained by allowing the
analytical differential operators to act on the manufactured solutions. The set of source
terms are as follows:

Syt = —cos(mx)sin(my)U, (2mr2$in(wt) + pweos(wt)) ,
Syt = 4gin(mx)cos(my)U, (2mr2$in(wt) + pweos(wt)) ,

Sy =0,

with the set of constraints; V, = U,, and P, = Ufp.

Time accuracy plots for a square uniform, orthogonal mesh (200x200) over the domain
x = —0.5:0.5and y = —0.5 : 0.5 (Re = 1000) using the backward Euler and Crank-
Nicholson integration algorithm (n = 1 and n = 2, respectively) are given in Fig. 2.
Convergence plots were determined by running each simulation at a fixed mesh out to 10
seconds while refining the time step. As can be seen, both integration algorithms recover
to a near first-order behavior.

Simulations that used some aspect of the characteristic scaling were attempted, how-
ever, convergence within the time step was extremely problematic. Regardless of the time
step taken, the non-linear system was not able to be converged to an acceptable level as
with the time step scaling algorithm. It is not clear why this sensitivity exists; analysis
is underway to further understand this algorithmic nuance.

Due to time constraints, simulations using the zeroth-order and second-order smooth-
ing scheme were not completed. Based on the numerical analysis provided, running a
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FIGURE 2. Time accuracy plots for the backward Euler and Crank-Nicholson method.

set of simulations that refined both mesh spacing and time step should provide a second
order slope.

7. Approximate pressure poisson algorithm

A new class of algorithms based on a classic pressure Poisson algorithm is now pre-
sented. A classic pressure Poisson algorithm considers the equations of motion as a natural
projection algorithm. In general, any vector can be written as a Hodge decomposition,
or in terms of a vector of known divergence and a curl-free part,

F = Fkd L Vg, (7.1)
with the known divergence given by
V.-Fx =g (7.2)
The Poisson system is provided by
V- V¢=V-F-V.Fd=V.F-S (7.3)
with solution,
p=AYV -F-38), (7.4)
and
Fkd = F — Vg, (7.5)
=F-V(AYV-F-39)), (7.6)
=I-V(A™'V)F +VATLS, (7.7)
=PF + B, (7.8)
=PF. (7.9)

For a solenoidal flow, the known divergence is zero, with B = 0, and we define P = P,
Moreover, the operator P is idempotent, i.e., P = P2, which formally defines P as
a projection operator. For a non-solenoidal flow, the known divergence is S, and we
now define the general operator to be an affine projection operator, i.e., P2/ (P F) =
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P(PF + B) + B = PF + B. Whether appropriate discrete operators can be defined in
practice remains a challenge.

The projection analysis for the equations of motion is completed by the following
definitions:

F=-V-puu+V-u(Vu+V¥iu) +pg +s, (7.10)
Jpu

Fkd = 22— 11

0%p
V.-Fkd=_— T 7.12
atQ ( )
V¢ = Vp, (7.13)

or
02%p

V-Vp:V-(—V-puu—l—V-u(Vu-i—VTu)+pg+s)+w. (7.14)

The above algorithm has been outlined many times before, (see Ferziger and Perié
(1996), Guermond and Shen (2003), Codina and Badia (2005)), however, it is usually
dismissed due to the complexity associated with evaluation of the stress tensor as it con-
tains second derivatives. Ferziger also notes the need for consistency between the gradient
operator that appears in the momentum equations and the Laplacian that appears in
the pressure Poisson solve, although he does not cast this requirement in the context of
an approximate projection.

We seek to implement a version of this algorithm in the context of an incremental
pressure approximate projection. Specifically, we can consider this algorithm an extension
of the unsmoothed stabilized method previously discussed. Such an algorithm is similar
to the finite element work of Stevens et al. (2002). The equations solved are the following:

Al =[—Gp"% - Au", (7.15)
—L;A¢"T = —Da + b, (7.16)
u"tt = a - HBGA"H, (7.17)
(7.18)

Lp”+% = DF +¢,

where D does not include a density factor, ¢ represents the volume integral of the second
derivative of density with respect to time, and F represents the discretized convection,
diffusion, and body source terms. The scaling in this algorithm was chosen to be IAt
with stabilization errors provided by the unsmoothed algorithm. The initial guess for the
pressure Poisson equation is given by p"tz|, = p"~2 4 ¢n+L,

In the algorithm tested, pressure gradients are obtained via Eq. (2.5). Moreover, sec-
ond derivatives that are within F, i.e., the viscous stress tensor, are constructed via a
two-pass algorithm. First, velocity derivatives, which are stored at element vertices, are
constructed via Eq. (2.5)). In words, we compute velocity gradients at the subcontrol-
volume centers, weigh the derivatives by the subcontrol volumes, and assemble each of
them to the element vertices. Normalization by the control volume provides the stored
nodal gradients. Next, the computed velocity derivatives and the given velocity field are
used to construct F, again by use of Eq. (2.5)), in another assembly algorithm. This
includes convection, the stress tensor and any appropriate body force terms.

Alternatively, one could imagine that the pressure gradient term is provided by the
classic Gauss-Green surface integration, i.e., Eq. (2.2)) and F constructed based on nor-
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malization of part of the momentum residual (convection, diffusion, and body forces) by
the control volume. Due to time constraints, this method was not tested.

As a proof of concept, the above algorithm was implemented within Fuego and used
to run a standard driven cavity problem (Ghia et al. (1983)). Preliminary results indi-
cated that the pressure Poisson solve was approximately two times more expensive to
solve than Eq. (7.16)) thus making this method prohibitively expensive. However, results
compared very well to the fourth-order stabilized method. Comparing results between
the unsmoothed method and the newly proposed scheme showed good agreement as
well. However, the pressure field in this newly implemented algorithm was very smooth
compared to the pressure obtained through the unsmoothed algorithm. Therefore, it ap-
peared that the Poisson solve did in fact provide some sort of smoothing operator to the
pressure.

8. Conclusion

A suite of approximate projection methods was analyzed using a block factorization
approach to show the leading errors due to both splitting and stabilization. Through
this analysis, it was shown that a suite of approximate projection methods suffer from a
first-order time error regardless of the time integration scheme used. Using the method
of manufactured solutions, the backward Euler and Crank-Nicholson time integration
scheme were both verified to be first-order in time when using the standard time step
scaling approximate projection method. Verification studies that attempted to use the
characteristic scaling approach did not display satisfactory convergence within a time
step, although this scheme has been shown to work successfully in a suite of steady
verification problems.

Lastly, a new class of approximate projection methods based on the classic pressure
Poisson system was implemented and tested with Fuego. Although the algorithm was
stable, the second Poisson system proved the scheme to be prohibitively expensive.
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