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DNS of temporal evolution of isolated turbulent
vortices

By K. Duraisamyy AnD S.K. Lele

The temporal ewlution of isolated turbulent Batchelor vortices is investigated using
pseudo-sgectral direct numerical simulations (DNS) of the vorticit y transport equations.
Analytic treatment of the velocity at the domain boundaries(Rennich et al. (1997)) e ec-
tively isolatesthe vortex. The ow dynamics is examined over a range of swirl numbers.
(The swirl number q is a measureof the ratio of the azimuthal and axial velocities). For
the casesin which the mean ow is unstable to normal mode perturbations (q < 1:5),
helical instabilities are seento grow and advect radially. The local stretching and tilting
of vortex lines by theseinstabilities is seento generatemean counter-signed axial vortic-
ity, and as a consequencea circulation overshoot. The velocity eld introduced by the
distorted vortex tubestries to concerirate the axial vorticity away from the certerline.
For low swirl cases,the axial vorticity is briey shifted almost ertirely to helical lobes
near the edgeof the vortical core. Ultimately, the coherenceof the helical structures is
lost and the o w progressesoward equilibrium. Angular momertum transport to the ex-
terior potential ow is seento be enhancedby the radial advection of streamwise oriented
vorticit y. During the return to equilibrium, azimuthal vorticit y is presen in the exterior
of the corein the form of highly stretched spirals. While there is very little turbulent
mixing in the inner part of the core, the turbulent kinetic energyand dissipation are seen
to peak at the core certerline.

1. Intro duction

The presenceof coherent trailing vortices behind lifting surfacessud asairplane wings
and helicopter bladeshassigni cant implications for performanceand safety. A clear un-
derstanding of the ewolution of such vortices is therefore critical. In the presen work, the
temporal ewolution of the Batchelor vortex is studied using direct numerical simulations
(DNS). This axisymmetric eld is fairly represettativ e of the mean ow eld of practical
trailing vortices and is characterized by axial and azimuthal vorticit y distributions given
by ge * andre ', respectively (wherer is the radial distance). Thus, the swirl number
g setsthe relative magnitudes of the axial and azimuthal velocities.

The temporal linear normal mode stability of this ow has been extensively studied
(Lessenet al. (1974), Fabre et al. (2004), etc.) and it is well recognizedthat inviscidly
driven helical instabilities are presen for g < 1:5. A considerablebody of computational
work hasalsobeendewoted to the study of the non-linear evolution of theseinstabilities,
in the presence/absencef turbulence (Ragab et al. (1995), Qin (1998), Delbendeet al.
(2005)). However, all the studies in the literature do not addresseither or both of the
following issues:

Typically, the accuracy requiremerts warrant a spectral solution and as a result,
the far eld boundary conditions are not handled correctly. The work of Ragab et al.
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(1995), for instance, assumegperiodicity in the cross-streamdirections. This meansthat
the tangertial velocity hasto vanish at the boundaries,thus making the vortex unstable
accordingto Rayleigh's certrifugal stability criteria, asdiscussedn Pradeepet al. (2004).
In addition, an unphysical strain eld will be setup by the image vortices. Delbende et
al. (2005) assumeperiodicity in the cross-streamdirection for the perturbation from the
laminar Batchelor vortex solution. This can potentially a ect the solution of turbulent
ow cases,in which the velocity uctuations can reac the boundary.

Most studiesare restricted to the detailed study of the o w correspondingto a speci ¢
swirl number (Ragab et al. (1995), Qin (1998), Pantano et al. (2001)). An exception to
this has beenthe work of Delbendeet al. (2005), in which a range of swirl numbers are
evaluated, but the primary focusof the study is on the growth of a single unstable mode.

The broad objective of the presen work is to further the understanding (speci cally,
the growth and decay mechanisms) of the temporal evolution of isolated turbulent trailing
vortex ows. Proper conditions are enforced at the cross-streamboundaries and the
ewolution of vortices is investigated over a range of initial swirl numbers and turbulence
intensities.

2. Methodology and problem setup

In this work, the vorticit y form of the incompressibleNavier-Stokesequationsare solved
using a pseudo-sgctral approacd. A novel way of handling the boundary conditions in
sudch an approac was proposedby Rennich et al. (1997). This method can be used for
ows in which the vorticit y is compact in the two unbounded dimensionsand the third
direction is periodic. In essencethe velocities in the potential region of the ow are
treated analytically (to arbitrary order of accuracy) using a matching procedure. Since
the velocity appearsonly asa cross-prajuct with vorticit y (and the vorticit y vanishesat
the boundaries), both the linear and non-linear terms are spatially compact, and hence,
canbetreated spectrally. In addition to accurately represeting the boundary conditions,
this method proves to be highly e cient, since the boundaries of the computational
domain can be relatively closeto the region of interest.

The initial base ow condition is given by:

vV = r_¥°:1 erz;vX: V—;erz; (2.1)
where, g is de ned asthe swirl number, and vy; 1:p ~ are referencevelocity and length
scales,respectively.

In the presen case, = 1.25643(Lamb's constart), suc that the initial core-radius
(identi ed as the radial location of peakv ) is r, = 1. For all the plots, time is non-
dimensionalizedby the 'turnover time' T = 2 v,=r¢,. An isotropic turbulence eld (with
a spectral peak closeto the most ampli ed axial wavenumber), made compact in the
cross-streamdirections by multiplying by a Gaussianﬂunction, was added to the base
ow. The Reynolds number (dened as = = 2 v,= =) was set at 8250, which is
low enoughto properly resolve the ow features. No pile-up of the energy spectra was
noticed in any of the simulations that are to be presenied. The amplitude of the initial
isotroFQic turbulence eld was varied from 10 ¢ 10 ? times the mean kinetic energy
(% OR 0:5(v2 + v2)dr). As reported in Qin (1998), the details of the ewolution are fairly
independert of the initial conditions in this turbulence range. The results preserted in
this report are represertativ e of the lower end of this range.

The accuracy of the cross-streamboundary conditions allowed a crosssection of side



Evolution of isolated vortices 37

4=03 q= infinity
06
° 05
>
T
>
04
q= infinity
1
0
(a) Turbulent kinetic energy (Volume av- (b) Peak tangential velocity
eraged)
24
22
s
18
8 16
=4k
12 q= infinity
q= infinity 14 '
0fF
0.8
o 3 — g 08 z ; s
vT T
(c) Peak axial velocity (d) Coreradius (radial location of v .max )

Figure 1. Evolution of global quantities for di erent swirl numbers

15r. A large number of tests were performed to establish the streamwise extent. The
most ampli ed axial wavelengths for the casesin question are as large as 6r¢,, and it
was found that an extent of at least 36r., was required to obtain statistics that were
independert of streamwise length. Although sometests were conducted up to an extent
of 72r .o, all the results usea sizeof 40r ¢,. The meshsizefor thesesimulations is 448 16&.

3. Evolution for various swirl numbers

Figure 1 shaws the temporal ewolution of the turbulent kinetic energy (TKE), mean
velocities, and core radius. For the casewith no axial velocity, a monotone decay of the
TKE is obsened. The linearly unstable cases(q < 1:5) are characterized by steepinitial
growth of TKE (which increaseswith decreasingq), followed by saturation and evertual
decya. This behavior hasbeenwidely obsened (Ragabet al. (1995), Qin (1998), Delbende
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(a) /T=2.4 (b) t/T=3.7 (c) UT=5.3 (d) /1=7.1
Figure 2. Isosurfacesof axial vorticity for g= 1. Blue: ! x = 0:25, Green: ! x = 0:1
(a) /T=2.4 (b) t/T=3.7 (c) T=7.1

Figure 3. Isosurfacesof axial vorticit y for g = 1. Levels are the sameasin Fig. 2

(a) /T=2.4 (b) t/T=3.7 (c) UT=5.3 (d) /1=7.1
Figure 4. Isosurfacesof tangential vorticity for q= 1. Blue: ! = 0:25, Yellow: ! = 0:25

et al. (2005)) and is attributed to the growth, saturation, and decay of helical normal-
mode instabilities. It is interesting to note that the growth and saturation is completed
within two to three turnover time cycles. The peak swirl, axial velocities, and the core
radius deca/ in a near-laminar fashion until the initiation of the saturation. As the
saturation progresses.genhancedpeak swirl velocity deca is precededby a sharp drop
in the peak axial velocity. Figure 1d, and to a certain extent, Fig. 1b, suggestapparert
negative di usion , where the core appearsto briey shrink and the peak swirl velocity
seemsto increasewith time. As is claried later, this corresponds to a changein the
structure of the vortex. For higher initial turbulence intensities, saturation is achieved
earlier in the ewolution process.

3.1.g=10
Figures 2-5 show snapshotsof the vorticity iso-surfacesfor q = 1:0. The black circle
and shadedcylinder represent the initial core radius. As can be seenfrom Figs. 2 and
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(a) UT=2.4 (b) UT=5.3 (©) UT=7.1

Figure 5. Isosurfacesof tangential vorticit y for q= 1. Levels are the sameasin Fig. 4

(a) T=1.0 (b) t/T=1.3 (c) t/T=2.0 (d) t/T=3.4 (e) /T=4.8

(f) UT=4.8 (g) UT=6.7 (h) UYT=8.9

Figure 6. Isosurfacesof axial vorticit y for q= 0:5. Figs. (a)-(e): Blue: ! x = 0:25, Red:
v = 0:25. Figs. (f)-(h): Light blue: !y = 0:125, Yellow: ! x = 0:125

(a) UT=1.3 (b) UT=2.0 (c) UT=6.8

Figure 7. Iso-surfacesof axial vorticit y for q= 0:5. Levels are the sameasin Fig. 6

3, helical instabilities appear to be ampli ed. Investigation of the spectra pointed to
peak energy closeto the most unstable axial (k = 1:84) and azimuthal (m = 3) wave
numbers obtained from linear normal mode theory. As this instabilit y grows linearly, all
three componerts of the vorticity can be seenin these structures as they move radially
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(a) T=1.3 (b) /T=2.0 (c) /T=6.8 (d) t/T=8.9
Figure 8. Iso-surfacesof tangential vorticit y for g = 0:5. Figures (a),(b): Blue:! = 0:25,
Red:! = 0:25, Figs. (c),(d): Light blue:! = 0:125, Yellow: ! = 0:125
(a) T=1.3 (b) /T=2.0 (c) /T=6.8

Figure 9. Iso-surfacesof tangential vorticit y for g = 0:5. Levels are the sameasin Fig. 8

outward. In the process,counter-signed axial vorticit y is created at the periphery of the
core. This correspndsto the creation of an overshmt in the mean circulation.

At a certain time instant, someof the coherenceof the helical instabilit y structures is
lost asthey start breaking up (Fig. 2b), though not necessarilyinto ne-scale turbulence.
This occurencecorresponds to the saturation of the instability. Once this coherenceis
lost, the mean o w tries to revert badk to equilibrium. The counter-signed axial vorticit y
continuesto be expelled radially outward and ultimately, the axial vorticity returns to
a stable state. Note that by the time of the saturation, the axial velocity magnitude (as
well astangertial vorticity magnitude) has considerably diminished. In contrast to the
dewvelopmert of the axial vorticity, the tangertial vorticity doesnot break up into ne
structures - instead, after the linear growth phase,it is wound in the form of elongated
structures around the axis (Figs. 4,5). Note that thesestructures seemto be intermittent
in the axial direction, and hence,smaller domain lengths in the periodic direction could
a ect the ewlution. In the caseof an isolated vortex with no meanaxial velocity, tangen-
tial vorticity is known to form coherent rings in the periphery of the core (Melander et
al. (1993)). In the presen case,coherern spirals are found, with someof thesestructures
extending from near the core certerline to well outside the core radius. The presence
of counter-signed tangertial vorticity (more clearly seenin a higher turbulence case)
suggestsa medanism for enhancedradial transport of mean momertum by mutually
induced advection.

3.2.9q= 05
Figures 6-9 detail the ewlution of the axial and tangertial vorticity for the g = 0:5

case.Similar to the higher swirl case,growth of the helical instability is evident, but the
amplitude, growth rate, and speed of radial advection are much larger. As seenin Figs.
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(a) Axial velocity (b) Tangertial velocity

(c) Axial vorticit y (d) Tangertial vorticit y

Figure 10. Evolution of mean velocity and vorticit y for g = 0:5. t=T = f0; 1:3; 2:0; 2:9; 4:8; 8:99
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Figure 11. Evolution of mean circulation. For q= 0.5, t=T =
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7a, and 10c during the growth phase,the helical instability and its interaction with the
mean ow is strong enoughto strip the vorticity from the certerline and concerrate
it in helical lobes at the core periphery. Similar behavior has also been reported in
Delbende et al. (2005). Though the peak tangertial velocity continuesto decay (Fig.
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10b), the radially outward movemen of the peak axial vorticity (Fig. 10c) results in a
signi cant circulation overshoot (Fig. 11a) that grows in magnitude. Saturation of the
instabilit y is clearly marked by the breakup into ne scaleturbulence, at which point, the
circulation overshaot stops growing in magnitude and starts to spreadradially outward,
thus acting as an e cien t agent of angular momertum transport to the potential ow
region. Later, coherer structures of axial and tangential vorticit y are elongatedprimarily
in the streamwise and azimuthal directions, respectively. Ultimately , the counter-signed
axial vorticit y is either ingestedor expelled and the axial vorticit y distribution progresses
toward an equilibrium state with a near Gaussiandistribution (Fig. 10c).

4. Vortex dynamics

As seenin the previoussection,a key aspect of the evolution is the formation and trans-
port of courter-signed axial vorticit y. This issuewill be addressedwithin the framework
of vortex dynamics. It is important to recognizethat the presenceof mean courter-signed
vorticit y plays a critical role in the evolution becauseit signi es non-monotonicity of the
circulation, implying certrifugal instabilit y.

The initial base ow consistsof vortex lines that are helices (and running clockwise
in the negb’;\tive x direction, according to the presern sign convertion) of constart pitch
h = 2 g= . Therefore, vortex tubes are concertric cylinders. Note that for laminar
ow, the pitch increaseswith time accordingto the relation h(t) = h(0)(1 + 4 t), such
that the vortex lines tend to becomemore straight with time.

For purposesof investigation, a g = 0:6 vortex is consideredwith very low energy
initial perturbation (initial TKE 0:01 of that in the previous section). Formation of
counter-signed vorticit y requires that someof the vortex lines run opposite to the pre-
dominant direction in the tube. Figure 12 shows snapshotsof the ewlution of a vortex
tube formed by vortex lines originating from a circle of radius 0:9r.,. Axial vorticity
contours are shawvn on the surface of the tube, with the dark end of the spectrum cor-
responding to counter-signed vorticit y. At the earliest shonvn time, stretching and tilting
of the vortex lines, causedby the instabilities in the core, are evidert. This causesthe
vortex lines to bunch up in certain regions and spread out in others. It is also evidernt
(especially from Fig. 12b) that the bunched-up regions correspond to vortex lines that
aretilted more toward the horizontal (implying local intensi cation of the axial vorticit y,
or circulation overshwot) and the spread-out regions correspond to tilting toward the
vertical (ultimately resulting in counter-signed vorticit y). It is also seenthat the spread
out regionsare at a larger radius.

Ultimately , the self-induceddeformation of the tub e and its interaction with the helical
core-instabilities (Lessenet al. (1974)) causessome of the vortex lines to tilt opposite
to the stream (Fig. 12c) and courter-signed vorticit y is generated(Fig. 12d). Figure 13
shows an axial cut of the vortex tub e at a represertativ e location. The apparert v-shaped
deformation is assaiated primarily with the self-induced movemert of the bunched-up
vortex lines. The hypothesisis that this movemen plays a signi cant role in stripping
the vorticity from the certer-line by looping around the helical structures, resulting in
an e ectiv e radially outward movemert. The stripping of the core vorticity and the
magnitude of the counter-signed vorticity is more pronounced in the low-swirl cases.
This is perhapsa consequencef the pitch of the helicesbeing smaller and also because
the azimuthal vorticit y (which is primarily concenrated away from the certer) becomes
more dominant in dictating the dynamics of the vortex tube (Fig. 13b). Oncethe large-
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(a) tT=0.87 (b) tT=1.1 () UT=1.2

(d) UT=1.2

Figure 12. Vortex lines, tub e with contours of axial vorticit y (Figs. (a)-(c)) and iso-surface of
streamwise vorticit y Fig. (d) for g = 0:6 casewith low initial perturbation. Vortex lines running
right to left

(a) Axial vorticit y (b) Tangertial vorticit y

Figure 13. Sample streamwise cut of vortex tube for g= 0:6, very small perturbation,
t/T=1.2

scalestructures lose coherence there is no organized motion due to the looping vortex
sheet/lines.
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Figure 14. Reynolds normal stresses(normalized by v,) for g = 0:5. Dash-dot: WQug, Dash:
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Figure 16. Turbulence production and dissipation terms for q= 0:5
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5. Turbulence statistics

The growth and production of turbulent kinetic energyis determined by the compet-
ing medanisms of axial shearand di erential rotation. The dierential rotation tends
to tilt the radial componert of the vorticity azimuthally (Melander et al. (1993)) and
stretches the vortex laments in the azimuthal direction. These spiral structures (Fig.
9) (concertrated around the radial location of the circulation overshaoot) are primarily
responsible for the radial transport of angular momertum sincetheir orientation can be
seento generate negative fPu®. Note that the sign of the mean angular momertum is
also negative.

For all casesthe following characteristics of the turbulence statistics were qualitativ ely
similar (Figures 14-16 provide some instances. Note the change in horizontal scale for
the (@) and (b) part of the gures).

1. During the linear growth stage, the turbulence kinetic energy the three Reynolds
normal stresses,and the dissipation rate cortinue to grow, concenrated around an an-
nulus that movesradially outward. During the stabilization period, the previously men-
tioned peak values migrate bad toward the core certer-line.

2. The Reynolds shear stressestypically peak near/outside the core radius and are
usually small near the core certer-line. The peakvaluesare related to the presenceof the
spiral structures. The Qu?; ®u® componerts shoved anti-di usive cortributions near
the certer, exceptin the very early stages.The anti-di usiv e cortribution is related to
the increasein vorticit y near the certer-line during the return to equilibrium.

3. The radial normal stresswas found be larger than the other two componerts for
most cases.To a certain degree,this can be explained from the form of the production
terms in the respective transport equations (Chow et al. (1997)).

4. The main cortribution to the production of turbulent kinetic energyP = @u?%

Bulr % comesfrom the former term, exceptin the region exterior to the core,where
the latter term dominates and actually balancesthe dissipation.

5. Eventhough a circulation overshaot is generatedin all caseqFig. 11) sincethe ow
returs to equilibrium, there doesnot seemto be any scope for a similarity solution with
a circulation overshoot as suggestedby Govindaraju and Sa man (1971).

The rst three of the above obsenations have also been reported in Qin (1998), in
which a similar study was undertaken on a g= 1.0 vortex.

6. Summary and future work

The temporal ewlution of isolated turbulent Batchelor vortices was investigated over
a range of swirl nhumbers. The ow dynamics and momertum transport is seento be
dominated by helical structures. The looping of the vortex lines around these structures
tries to concerrate the vorticity away from the vortex certerline. Ultimately, the loss of
coherenceof the helical structures results in a stabilization of the ow eld. Future work
will focus on (a) helical wave decomposition, in order to examine the role of polarized
structures (Melander et al. (1993)), and (b) LES, to investigate Reynoldsnumber e ects.
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Appendix: Conserved quartities

It is well known that the integral angular momertum equation for mean axisymmetric
ow homogeneousn the axial direction is given by (for instance, Qin (1998))
|
Z H
@ "R, o
— rev dr — 6.1
@ . (6.1)

if R is su cien tly large and lim,, g r2@u® = 0, a fact that was con rmed by the com-
putations. Therefore, the net angular momertum is a ected only by viscosity and is
essetially consened for large Reynolds numbers. This leadsto the following question:
In the presenceof three-dimensional velocity perturbations, are there any other sud
consened quartities concerningthe perturbation itself?.

Assuming the velocity eld at any time instant can be represerted by the laminar
solution (denoted by subscript |) at that particular time and a “perturbation’,

fUV;Wa(x;r; 5t) = v ;0ov o g(r;t) + fu;vswg(x;r; ;t); (6.2)
the following exactrelations were derived:
" #
@ " F 2 2 3@ w
— <r<w>dr = rc<vw>+ <r°= — > 6.3
@ 0 @ r r=R ( )
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and " #
@)

—= <ru>dr = r<uv>+ <r—> : (6.4)

@ 0 @ r=R

R
where< p >= 02 pd . It was conrmed that the right hand sidesof both the above

equations were indeed zero, and therefore, the “perturbation' angular momertum and
axial momertum ux are consened, and do not depend on the viscosity.



