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Conditional-moment closure with di eren tial
di usion for soot evolution in re

By J. C. Hewsory, A. J. Ricksz, S. R. Tieszery, A. R. Kerstein{
AND R. O. Foxk

The conditional-momernt closure (CMC) equation for the ewolution of a large Lewis
number scalar, soot, is derived starting from the joint probability density function (pdf)
equation for the gas-phasemixture fraction, ¢, and the soot massfraction, Ys. Unlike
previous approadies starting with the joint pdf, the residual terms that result from
the typical closure models were retained. A new formulation of the one-dimensional
turbulence (ODT) model suitable for spatially ewolving o ws with buoyant acceleration
and radiativ e transport in participating media was employed to carry out simulations of
a prototypical ethene re. The resulting ODT ewlution of 4 and Ys was usedto assess
the signi cance of various terms in the CMC equation including the residual correlations.
The terms involving di erential di usion are found to be important along with the soot
sourceterms and the large-scaleewvolution of both 4 and Ys. Of particular importance in
the regionsin mixture-fraction spacearound the soot production and consumption is a
residualterm, not previously identi ed, related to the correlation betweenthe di eren tial
di usion and Ys. This term resultsin adi usion-lik e behavior of Y5 in the mixture fraction
coordinate that has an apparert Lewis number near unity. In scenarioswhere the large
Lewis number componert is a non-negligiblecomponert of the mixture fraction (i.e., large
soot loading), it is found easierto employ a mixture fraction neglectingthis componert.
Such a mixture-fraction variable has a chemical sourceterm, but this appears easierto
model than the dierential diusion and dissipation terms that result when the large
Lewis number componert is retained in the mixture-fraction de nition.

1. Intro duction

Soot plays a signi cant role in the hazard posedby hydrocarbon res. In res, heat
transfer by radiation is the dominant meansby which res spread and causedamage.
The primary source of radiant heat ux is thermal emissionsfrom soot. Furthermore,
the primary in-re sink for radiant ux is also soot. All soot is capable of emitting and
absorbingradiative ux, and the relative degreeto which any soot doesemit or absorbis
a function of the soot-temperature distribution. Therefore, the net radiative ux in res
dependson the quartity of soot present and its joint probability density function (pdf)
with temperature.

In turbulent res, knowledgeof the joint soot-temperature pdf is not readily obtained.
One classof approachesthat can be usedto approximate this quartit y is the consened-
scalar modeling approach. This approad is basedon the idea that the thermochemical
state can be referencedto a reducedset of variablesfor which the pdf is easierto predict.
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In non-premixed combustion, this reducedvariable is the mixture fraction, the fraction of
the local mixture that originated from the fuel source.If the pdf of the mixture fraction
can be obtained and if the temperature and soot can be obtained as a function of the
mixture fraction, then the joint soot-temperature pdf is obtained.

There are two generalframeworks for deriving consened-scalarmodeling approaces:
conditional momert closure (CMC) (Klimenko & Bilger 1999) and unsteady-laminar
amelet models (ULFM) (Pitsch et al. 1998)). In the limit in which all of the trans-
port coe cien ts are equal, both approachesare relatively straightforward and have been
employed successfullyin many studies. When speciesdi usivities di er, additional com-
plications arise in the formulation. A model for amelets with full dierential di usion
hasbeenderived by Pitsch and Peters(1998), but in the application to jet ames the best
agreemen with scalar elds was obtained by switching from full di erential di usion to
unity Lewis numbers at the end of the jet potential core (Pitsch et al. 1998). For CMC,
Kronenburg and Bilger (1997) dewveloped a model to accourt for the e ects of di eren tial
di usion basedon the analysis of direct numerical simulations. This model retains the
dierent diusivities of the species,but provides a restorative term that tends to move
speciespro les closerto that which would be obtained with equal di usivities; evaluation
of this term requiresthe solution of additional transport equationsfor ead di eren tially-
di using scalar. For ames with soot in which di erential di usion is important, results
have beenreported by both Pitsch et al. (2000) and Kronenburg and Bilger (2000). Here,
we reexaminethe modeling of di erential diusion and identify an alternate model for
addressingthe e ects of di erential di usion. This model doesnot require the solution
of an additional transport equation and further explains the transition to unity Lewis
numbers obsened by Pitsch et al. (1998).

To evaluate consened-scalar modeling approadces and to develop new closure mod-
els, we employ a new spatially-evolving formulation of the one-dimensionalturbulence
(ODT) model. Within the ODT model the reaction and di usion processegelevant to
the mixture fraction, enthalpy and soot ewolution are fully resolved, while the non-linear
turbulent advection is modeled as a stochastic processas described by Kerstein (1999).
The ODT model provides a data set for a priori evaluation of the terms in the CMC
equationsasit is derived here. Unique to ODT is the ability to spanthe range of length
scales(sub-millimeter to meters) and the range of time scales(sub-millisecond to sec-
onds) relevant to re problems. This large range of scalesarisesbecauseof the needto
resolve the ame-scale chemical sourceterms for soot while simultaneously allowing the
buoyant accelerationto drive the mixing processto fully turbulent ow and capturing
the obsened large-scaleewolution of soot and enthalpy in res.

2. Theory

In this sectionthe basic consenation equationsfor the soot evolution and the mixture-
fraction ewolution are provided in the form in which they areusedin the ODT simulations.
Basedon these equations, CMC equations are then derived.

2.1. St and mixture fraction evolution
Soot evolution is modeledusinga simpli ed two-equationtreatment that retains su cien t
physicsfor the presen purposes.Equations for the soot massfraction, Ys,
@Y s
@

+r (%Ys) r (DsrYs) r (D1Yer InT)= wg (2.1)
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and the soot number density, which ewvolvessimilarly, are ewlved. Here, is the density, »
is the velocity vector, D is the soot di usivit y, T is the temperature, Dt = 0:75=[ (1+
1=8)] is the thermophoretic di usion coe cient, isthe dynamic viscosity, t isthe
thermal accommalation coe cien t, and ws is the sourceterm for soot massfraction taken
from the empirical model of Fairweather et al. (1992). The sourceterms are evaluated
using a steady- amelet approximation basedon the mixture fraction and enthalpy.

The mixture fraction can be expressedin terms of the elemen mass fractions that
originated in the fuel stream. The gemen mass fraction is expressedin terms of the
speciesmassfractions, Y, as , = i”:1 ik Yi, wherek is an elemen and x is the
mass fraction of elemen k in speciesi. For the presen purposeswe employ elemenal
carbon and hydrogento de ne the mixture fraction sothat the mixture fraction is de ned
as = ( ¢+ n)= ¢ wherethe normalization by the fuel-stream valuesof ¢+ 4 is
denoted ¢.

A common diusion coecient, D , is selectedfor the mixture fraction, but not all
of the speciessharethis di usion coe cien t. Accounting for the di ering di usivities of
the various speciesleadsto a sourceterm in the mixture-fraction consenation equation.
Generally, the di erential-di usion sourceterm on the right-hand side is negligible in
hydrocarbon combustion. However, in res and other scenariosthe massfraction asso-
ciated with the particle phaseis a substartial fraction of the mixture fraction, soit is
necessanyto include this term. For the special casewhere = ¢+ Ys= ¢ and where ¢ is
the mixture fraction cortribution from the gaseousspeciesthat are all assumedto have
diusion coe cien ts D , the consenation equation for is

%+r () r (Dr )=r [(Ds D)fYs+ DtYsr InT]=+: (2.2)

It turns out that the CMC equations derived using this mixture-fraction consenation
equation are more challenging to model becauseof the di eren tial-di usion terms on the
right-hand side. The reasonfor thesedi culties will be discussedn Section4. Becauseof
thesedi culties, an alternativ e formulation basedonly on the gas-phasemixture fraction
is considered.The ewolution equation for ¢ is

@

@gﬂ (vg) T (D1 o= wg (2.3)
The soot sourceterm appearsin this equation, but it is found here that the modeling
of this term is more straightforward and accurate than the modeling of the di eren tial
di usion terms.

2.2. Conditional-moment closure equations for soot

There are two approacesto deriving the CMC equations. The method proposedorigi-
nally by Bilger (1993), decomposingthe variablesinto conditional meansand uctuations,
was employed by Kronenburg and Bilger (1997) to analyzedi erential di usion and then
to study soot ewolution in jet ames (Kronenburg et al. 2000).In the preser work, we de-
rive the CMC equation following the alternate method of Klimenko (1990) that is based
on the joint-pdf ewolution equation. The derivation from the joint-pdf equation yields
the unclosedterms in di erent forms that provide additional insight into the issuesthat
arisein di erential di usion.

The joint-pdf equation is obtained in a standard manner using the consenation equa-
tions for the soot and the mixture fraction; Klimenko and Bilger (1999) provide an
exposition for the equal-di usivit y, variable-density and inhomogeneous- av casefrom
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which the medanistic details can be obtained. The CMC equation for Ys is obtained
from the joint pdf by multiplying by Ys and integrating acrossall variables of the joint
pdf except for the mixture fraction to obtain an equation for the marginal pdf of just
the mixture fraction, f _, and the conditional soot massfraction

%H hwYsj if  =hwgj if, (2.4)
% Ds(r ¢)%Ys f,
+@@ h2D s(r Ysr g)j if
S L@ DI Vit
+@@ hwsYsj if | =

+hr (DrYer INT)j if
+r2 hDsYsj if 1 hr(DsY)j if  ;

where the notation < j > indicates conditional averaging with the sample-spacevari-
able (i.e., f  ( )). The terms on the right-hand side (r.h.s.) represer the conditional
averagesof contributions from the soot sourceterm, the product of the dissipation and
Ys, the 4-Ys crossdissipation, the di erential di usion, the sourceof ¢ from Eq. (2.2),
thermophoresisand the di usion of the pdf (two terms). Up to this point, Eqg. (2.4) is an
exact equation. Since the majority of the terms involve unknown correlations between
various variables, a useful form of the equation requiressomemodeling assumptions.The
conditional averagesof density, Ys, the scalar dissipation rate and the di usion velocity
are de ned for corvenience

=hji Qs=hsi = 2D (1 g)? M =hr (Dr gji: (25)

For the secondand third terms on the r.h.s., Klimenko and Bilger (1999) suggestthe
closures

Qs @s .
2Les Les @ °

The rst of theseis exactif there is no correlation betweenthe dissipation and the scalar
while the secondis exact if the scalar gradient is perfectly correlated with the mixture-
fraction gradient by r ¢ = r Ys@s=@. The analogousapproximations for the fourth
and fth terms are

D s(r g)zYs

h2D s(r Ystr g)j i

(2.6)

D Ds M Qs
D 2
hwsYsj i hwsj i Qs (2.8)

b [(D Dor glYsj i

2.7)

It is alsocommonto separatethe meanand uctuating componerts of the scalar ux
r hwsjif =r hvjiQs +r hvygjifg (2.9)

The terms on the last two lines of Eq. (2.4) are found to be small at reasonably large
Reynolds numbers and are not discussedfurther.
While the approximations in Eqgs. (2.6) and (2.7) are suitable for many cases,we in-
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vestigate here the degreeto which relaxing theseassumptionswill lead to improved pre-
dictions in the presen casewherethe scalar evolution is strongly a ected by di eren tial
di usion. In doing sowe intro duce three residual correlation terms:

@ Q
Rps = @2 D s(r g)zYs f 2Lessf g (2.10)
_ @ - @
Rcp = @ h2D s(r Ysr g)j if e @Sf . (2.11)
_ @ . D D M Q
Rpp = ) hr [ (D D glYsj if, 5 S 5 °f, 1 (212
Using Egs. (2.5){(2.12) in Eg. (2.4) along with the mathematical identit y
@ @ f
) Mfg:@Tg r D rf, ; (2.13)
the CMC equation for soot massfraction is
@nysj if . .
$+r hv iQsf, =hwsj if, (2.14)
f, @Qs
2les @32
@ f
@ 2 $ QS

D Ds @ fy @s
D @ 2 @
@ -
+@ hwej i Qsf | =+
Rps+ Rcp  Ropbp
r hwydj if
+hr (DtYsr INT)j if |
+r2 hD Ysj if, r hr(D Ys)jif,

3. The one-dimensionalturbulence model

The ODT model of Kerstein (1999)is employedto ewolve the mixture fraction (Eq. (2.3)),
enthalpy, soot massfraction (Eqg. (2.1)) and number density consenation equations over
larger length and time scalesthan accessiblewith direct numerical simulations while
simultaneously resolving the reaction and di usion processesThis is doneto create a
oweld relevant to buoyant res asa meansof estimating the relative cortributions of
the terms in Eq. (2.14) in re ervironments.

Within ODT a reaction-di usion equation is solved along a one-dimensionalcomputa-
tional domain that may bethought of asa material line through a ow eld. The reduction
of the computational domain to a single spatial dimension enablesthe resolution (along
that domain) of the full range of length scalesfrom the largest scalesof the re to the
Kolmogorov and Corrsin scales.A model is employed to mimic the nonlinear e ects of
three-dimensionalturbulent mixing. Despite of the reduction to 1-D of the computational
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Figure 1. The evolution of the horizontal ODT domain in the vertical direction results in the
depicted soot volume fraction (left) and temperature (right) elds for a single typical realization.

domain, ODT has beenshown to reproduce many characteristics of three-dimensional
turbulence (Kerstein 1999).

Turbulent mixing is mimicked in ODT by stochastic stirring everts calledtriplet maps,
rst introducedin the Linear Eddy Model of turbulent mixing, on a 1-D domain (Ker-
stein 1991). A triplet map increasesgradierts and transfers uctuations to higher wave
numbers without changing the integral uxes of consened scalarsor introducing dis-
cortinuities in the solution. Triplet maps are the ODT analog of eddiesin a turbulent
ow eld. To reproduce turbulent scalingsin ODT, map occurrencesare based on an
eddy-rate model. Eddy rates are calculated basedon the energy available in the ewlved
velocity and density elds (Kerstein 1999). ODT hasbeenapplied to reacting- ow prob-
lems by Echekki et al. (2001) and Hewsonand Kerstein (2001).

To ewlve the one-dimensionaldomain forward, a parabolic marching solution method
is employed. This provides a seconddimension of ewvolution that can be time or a second
spatial dimension; here spatial ewlution is employed as by Ashurst et al. (2003). The
spatially deweloping formulation is preferable for the presernt work becausethe longer
time scalesin the low velocity regionsare reproduced along with the ertrainment of air
at the edgesof the re. This resultsin a eld, depictedin Fig. 1, represening a planar-
symmetric reacting plume. While the resulting eld is two-dimensional,the ODT model
represens the nonlinear three-dimensionale ects through the action of the triplet maps.

A number of simplifying assumptionsare employed for the present work. The ow is
assumedto be steady and gradients in the vertical direction are assumedto be small
comparedto gradients in the lateral direction. The pressure eld is assumedto be con-
stant everywhere with a Boussinesqgacceleration model. These assumptionsare similar
to boundary-layer assumptionsand reducethe elliptic ow problem to a parabolic one.
For the present work the gas-phasecomposition is assumedto be a unique function of
g» providing the inputs to the soot sourceterms in Eg. (2.1). The soot di usivit y is
setrelative to the temperature-dependert viscosity by xing a soot Schmidt number at
Scs = 30. The mixture-fraction Schmidt number is unity sothat the soot Lewis number
is Leg = 30.

In addition to the ewolution of the enthalpy equation within the ODT model, the radia-
tivetransport equation is alsomodeledusing the discrete ordinates method to accourt for
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Figure 2. The (a) mixture-fraction pdf, f , is shown with (b) the conditionally averagedsoot
massfraction, Qs. Heights are 0.9 (dashes) 1.4 (solid) and 1.9 (dash-dot) source widths.

the redistribution of energythrough radiativ e transport. Both emissionand absorption
of soot are consideredwhile gas-phasecortributions are neglected.Becauseof the nature
of the simulation with only one line of the domain available at an instant, an averaged
radiation eld was computed basedon the soot and temperature elds of the previous
realizations of the simulation. This averagedradiation eld couplesto the ODT ewolution
through radiativ e absorption and emissionsourceterms in the instantaneous enthalpy
equation. Coupling the radiation solution in this manner enablesthe ODT ewolution to
proceedas a parabolic marching problem.

In the ODT simulations reported here, a re nominally 1 m in width at its baseis
simulated on a computational domain 5 m in width to a height of 7.5 m. The fuel is
ethene supplied at a constart mass ux rate of 60 g/m?/s to match typical re heat-
releaserates. An adaptive griding technique, basedon gradients of mixture fraction and
soot, is employedfor e ciency . The smallestlength scalesesolvedare 100 m in width,
which is approximately the smallestestimate for the soot dissipative scale(Corrsin scale),
and the averagevertical step sizeis lessthan 10 m. The results are ensenble averaged
over approximately 1000 realizations. Statistics are further spatially Itered to reduce
statistical noise using box lters certered in the domain of a width 0.24 m and height
0.12m; the scaleof these ltering boxesis limited by enthalpy variations due to radiation
in the transversetransverseand by the mixing of f  in the vertical direction. The ODT
domain is sampledtwernty times per realization for ead box, every 0.006m. Conditional
statistics are resolved to bins of width 0.01in .

4. Results

In this section, the generalcharacteristics of the simulation describing the soot evolu-
tion in res is presened followed by an analysis of the terms in Eq. (2.14). The results of
the ODT simulations are employed to conduct an a priori analysisto assesghe signi -
canceof theseterms and the quality of the proposedclosures.It is noted that the ODT
model provides a set of ewolution equations for which the non-linear advection terms
are represened by a model not in the sameform as the Navier-Stokes. Care must be
takenin assessingheseterms, hereprimarily represettied by thetermr  hwydj if | in
Eq. (2.14). Further, it isimportant to maintain consistencyby usingthe ODT-determined
valuesfor both f  and . Resultsare preseried hereonly in the vicinity of the certerline
and oneto two sourcewidths above the source.Earlier in the ewolution the turbulence
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is still deweloping, and later in the ewolution the majority of the rich regionshave been
mixed out sothat the results are lessinteresting. In Fig. 2, the mixture-fraction pdf and

the soot massfraction are shavn for three heights above the source.As the ow ewlves
(moving up from the source), the mixture is obsened to becomeleaner as rich pockets
are mixed out. Simultaneously, the soot massfraction just to the rich side of the ame

(g 0O1lto 0.15comparedto a stoichiometric value of 0.06) increases.The ewolution of
the soot is in qualitative agreememn with the obsened ewlution of soot over the scale
of the re (not shown) except that in the ODT simulation the results are resoled in

the mixture-fraction coordinate; resolution of scalarswith respect to the mixture frac-

tion is beyond current experimental capabilities in sooting ernvironments. The obsened
ewlution is a consequencef the relatively slow soot chemistry, the radiativ e heat losses
and the various meansof soot transport in mixture-fraction space.The focus hereis on

modeling the latter.

Before discussingthe di erent meansof soot transport in detail, the di usion coe -
cients appearing in Eq. (2.4) provide someimmediate guidanceasto the importance of
certain terms. In the secondand third terms of Eq. (2.4) the soot di usivit y appears,
implying that theseterms are reducedby a factor of 1=Les relative to the fourth term
in which the mixture-fraction di usivit y also appears. These terms are transformed by
Eqg. (2.6) into the secondterm on the r.h.s. of Eq. (2.14). For near-unity Lewis-number
species, this term is often of primary importance for transport relative to the mixture
fraction, but the opposite is true here becauseof the large magnitude of Les. These
sameterms in Eq. (2.4), through the use of Eq. (2.6), lead to the residual correlations,
Rps and R¢p, in Egs. (2.10) and (2.11) that have generally beenneglectedin rst-order
CMC. In fact, theseterms are the samemagnitude as the secondterm on the r.h.s. of
Eq. (2.14), but Rps and R¢p tend to balance eath other. This implies that even in
the presenceof di erential di usion wherethe closure hypothesispresered in Eq. (2.6)
results in substartial residuals, the net e ect is relatively small errors as suggestedby
Klimenko and Bilger (1999). Becauseall of these terms are inversely proportional to
Les, all of these cortributions are relatively small in the present case.Similarly small
are the thermophoretic contributions and the di usion of the pdf, the last three terms in
Egs. (2.4) and (2.14).

The major contributions to the ewolution of Ys in Eq. (2.4) comefrom the di erential
di usion of soot and the mixture fraction (fourth term on r.h.s.) and the soot source
terms (rst and fth terms on r.h.s.) as well as the vertical advective ux (left-hand
side or l.h.s). Through Egs. (2.7) and (2.12) and the application of the chain rule, the
di erential-di usion term is split into the third and fourth terms onthe r.h.s. of Eq. (2.14)
aswell asRpp . Each of theseterms is plotted in Fig. 3 for two averaging boxes (1.4 and
1.9 sourcewidths) and discussedin the following. The signi cance of theselocations is
that they represen a transition in the location of the pdf from being certered on the
soot-production region to being certered on the soot-oxidation region.

The di erential-di usion term in Eq. (2.4) is important becausethe mixture fraction,
and thus the ame, diuses more rapidly than the soot itself. This di usiv e motion of
the ame past soot leadsto the most substartial di usion-driv en transport in mixture-
fraction space.This is split into three terms on the r.h.s. of Eq. (2.14). The rst involves
@( f ,)=@? that is understood from the equation for f _ to be related to the evo-
lution of f | through termsliker (hvj if ) that alsoappearon the l.h.s. if the chain
rule is applied to the advective scalar ux term. This partially o sets the advective scalar
ux sincea large part of the ux is asseiated with the ewolution of f .
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Figure 3. The signicant terms in Eq. (2.14) are shown for a height of 1.4 sourcewidths (left)
and 1.9 sourcewidths (right). The dashedline is the vertical advective ux; the dash-dot line is
the ux of f , (r.h.s. term 3); the solid line with squaresis the soot sourceterm (r.h.s. term 1);
the solid line with circles is the soot sourceterm contribution to the mixture fraction evolution
(r.h.s. term 5); the solid line with triangles is the dieren tial diusion due to the evolution of
f , (rh.s. term 4); the solid line with diamonds is the di eren tial diusion due to uctuations
(Rop).

The secondterm involves @ f ,)=@ and @s=@. The rst of theseis a velocity
in the mixture-fraction coordinate so that the conbined term is a ux in the mixture-
fraction coordinate due to the cortraction of f , referredto asthe di erential di usion
dueto the ewolution of f  in Fig. 3. This haspreviously beenrecognizedby Pitsch (1998)
as being signi cant in transporting soot toward lean regions. At the height of 1.9 source
widths where the mean 4 is approading its stoichiometric value, this term increases
in importance and is among the most signi cant in bringing the soot into the highest
temperature regions.

The residual assaiated with the approximation for the di eren tial-di usion terms in
Eq. (2.7), Rpp, is also of the same order of magnitude as the original term. Thus,
all three of the residual correlations are of the same magnitude as the models for the
original terms. BecauseRpp has D in it, its signi cance is much greater than Rpsg
and Rcp and is discussedin greater detail here. In Fig. 4 the two sidesof Eq. (2.7)
are plotted along with their di erence, which appearsdi erentiated in Eq. (2.12). It is
clear that the approximation provided in Eq. (2.7) is poor, especially in the important
regions where soot is produced and oxidized and where the radiative source term is
signi cant. In Fig. 3 it is seenthat this poor approximation results in Rpp that is of
such a magnitude asto be one of the most signi cant sourcesin the CMC equation there.
The approximation in Eq. (2.7) is equivalent to a presumption that r [(D Ds)r ¢l
and Ys are independen, but Fig. 4 suggeststhat they are fairly well correlated. This
correlation is explained by understanding that a negative value for r  [(D Ds)r ¢l
implies that the mixture fraction of a uid elemen is getting leaner. It is reasonableto
presumethat a uid elemen that wasrich and is getting leaner will be assaiated with
larger soot concernration (and vice versa), at least in the near-stoichiometric regions
shawvn in Fig. 4. We have not measuredthe correlation coe cien t, but the di erences
betweenFig. 4 (a) and (b) suggestthat this correlation coe cien t may changethrough
the re.

BecauseRpp is indicated to be a signi cant term in the transport of soot in mixture-
fraction space,it is desirableto identify a suitable model. A model is suggestedby the
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Figure 4. Terms involved in transport due to dieren tial diusion. The Lh.s. of Eqg. (2.7) is
shown in solid, the r.h.s. is the dashedline and the di erence betweenthe two is the dash-dot
line. Heights are (a) 1.4 and (b) 1.9 source widths.

terms in Eq. 4.1
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Figure 5. Proposedmodel for Rpp. The L.h.s. of Eq. (4.1) is shown in solid, the r.h.s. is the
dashedline. Heights are (a) 1.4 and (b) 1.9 source widths.

nature of r [(D Ds)r g4l. This source of dierential diusion is strongest at the
highest wave numbers and can be expected to be short lived and of random sign. In
mixture-fraction space,this causes uid elemens to experience short-lived motions of
random direction in , suggestinga turbulent di usion process.This would be modeled
using the form of the secondterm on the r.h.s. of Eq. (2.14) sothat we propose

f, @Qs.
2leppy @2

Introduced here is an e ectiv e turbulent Lewis number assaiated with di usion in the
mixture-fraction coordinate dueto di erential diusion, Lepp . Setting Lepp.i = 1the
left and right side of Eq. (4.1) are plotted in Fig. 5. There is substartial noisein the
evaluation of the secondderivative, @Qs=@?2, but the results indicate that the model
for Rpp proposedin EqQ. (4.1) has the correct form. Further, the results indicate that
Leppt is closeto unity. This is particularly signi cant sinceit suggeststhat the model
is consistert with the obsenations that a unity Lewis number works well for species
subject to di erential di usion in turbulent o ws.In addition, this model doesnot require
the solution of an additional transport equation for every speciessubject to di erential
di usion as proposedby Kronenburg and Bilger (1997).

Also important in Fig. 3 are the two contributions of the soot sourceterms. These
act together to producethe soot and to move it to leaner regions becausethe gasphase
becomedeanerwherecarbon is transformed to socot (and vice versa). The sourceterms are

Rpp

(4.1)



CMC with di er ential di usion for soot 321

more signi cant lower in the ame wherethe dissipation rates are higher. The modeling
of the coupled sourcewith the scalar proposedin Eg. (2.8) is found to be accurate to
within a few percert.

Finally, the vertical ux of the soot is signi cant, showing the strong e ect of the
ewlution over the ertire re on the soot proles in the 4 coordinate. The scalar ux
uctuations, r hwyd if , » are small, at least in the region where the results are
preseried here. This is surprising since both Kronenburg and Bilger (1997) and Nilsen
and Kosaly (1997) found that this term was important for moving the di eren tially
di using scalarsbadk toward the equal-mixing line. Becauseof the di erent derivation of
the CMC equation employed here, it is possiblethat this e ect is retained in a di erent
term. Speci cally, the residual correlation terms Rps, Rcp and Rpp do not appear in
their derivations. Also, as noted by Kronenburg (1997), the evaluation of the scalar- ux
uctuations is challenging, and within the cortext of ODT it is even more so; this term
requires additional analysis.

In Sec.2.1 it was suggestedthat employing a mixture-fraction equation with a soot
sourceterm was preferablein the present scenario. This desenescommern. If Eq. (2.2)
was retained to de ne the ewlution of , the di erential-di usion term on the r.h.s. of
Eqg. (2.2) would result in aterm in the CMC equation of similar form to the fourth term
onthe r.h.s. of Eq. (2.4), exceptthat the soot gradients would appearand it is of opposite
sign,r [ (D Dg)r Ys]. This term is found to be almost aslarge as, and of opposite
sign to, the fourth term on the r.h.s. of Eq. (2.4); this indicates that the dierential
di usion is not determined by r [ (D Ds)r ] but by the dierence betweenr
[ (D Dgr Jandr [ (D Ds)r Ys], which just happensto ber [ (D Ds)r ¢l
as appearsin Eq. (2.4). Further, in every term wherer appearsin any form (i.e., the
scalar-dissipationrate as well as the di erential-di usion terms), the gradient would be
composedof the combined gradierts of 4 and Ys. With Les being large, the maximum
values for r Y5 are greater than those for r 4, and the cortribution of r Ys to all of
these terms is signi cant. The result is that scalar-dissipation rates needto be known
for the total mixture fraction, including the contribution from the soot, and also for just
g to estimate the di erential-di usion terms from Eq. (2.13). Becausethe simple model
suggestedin Eq. (2.8) for the cortribution of ws to the ewolution of ¢ works well, it is
found that the useof the gas-phasemixture fraction results in an easierclosure problem
than the useof the total mixture fraction.

5. Conclusions

The CMC equation for the ewlution of soot was derived starting from the joint-
pdf equation for ¢ and Ys and retaining residual terms assaiated with errors in the
typical closure models. The resulting CMC equation is compared with the results of
ODT simulations basedon a new spatially ewlving formulation. The terms involving
di erential diusion are found to be important along with the soot sourceterms and the
large-scaleewolution of both the mixture fraction and the soot. Of particular importance
in the regions of mixture-fraction spacearound the soot production and consumption
is a residual term, not previously identi ed, that comprisesthe correlation betweenthe
di erential diusion and the soot mass fraction. This term results in a di usion-lik e
behavior in the mixture-fraction coordinate that has an apparert Lewis number near
unity.

The results here also suggestthat when a large Lewis number componert is a non-
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negligible componernt of the mixture fraction, it may be easierto employ a mixture
fraction, like ¢, neglectingthis componert. Sudh a mixture fraction variable hasa source
term that can be closedwith the simplest of models.
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