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Subgrid-scalemodeling in solar convection
simulations

By M. S. Mieschy, N. N. Mansour AND T. Hartlep

The relatively quiescen core of the sun is surrounded by an envelope of highly turbu-
lent convection. High-resolution numerical simulations in spherical-shellgeometrieshave
revealed much about the nature of this convection zone, but global simulations cannot
resolve all of the dynamically active scales.Someversionof subgrid-scale(SGS) modeling
is essetial. Previous SGSmodels have employed crude eddy viscositiesand di usivities.
Here we intro duce more sophisticated SGS modeling strategiesinto global solar corvec-
tion models and report preliminary results. The new SGS models include a standard
Smagorinsky model (constant Cs) aswell asa dynamic Smagorinsky model.

1. Introduction

It is well known that the sun is powered by nuclear fusion. Throughout most of the
solar interior, the energy releasedby fusion reactions in the solar core is transported
outward by radiation as photons diuse through the solar plasma on a time scale of
millions of years.In the outer 30% by radius of the solarinterior (r 0.7{1 R whereR
is the solar radius), the plasma opacity increasesand radiativ e transport becomesless
e cien t. Here thermal cornvection ensuesand transports heat to the surface of the sun,
whereit is radiated into space.This is the solar corvection zone,which, asthe driver of
the solar dynamo, is ultimately responsible for solar variabilit y and spaceweather.

Modeling solar convection is a formidable challenge. The solar envelope is spherical,
rotating, stratied, and magnetized. Abrupt changesin the strati cation give rise to
relatively small-scalegranulation near the surface and convective penetration into the
stably-strati ed radiativ einterior underlying the corvection zone.The rangeof dynamical
scalespreser is tremendous;from the depth of the convection zone,2 10'° c¢m to the
viscousdissipation scale,which is estimated to be of order 1 cm (see,e.g., Miesch 2005).
The Reynolds number varies acrossthe corvective ervelope, but is everywhere greater
than 102

As turbulence researtiers can readily appreciate, this system is beyond the reach of
direct numerical simulation (DNS). The bestwe can hope for is a Large-Eddy Simulation
(LES) that explicitly resolesthe largest scalesof motion while taking into accourt the
in uence of unresoled scalesthrough an appropriate subgrid-scale(SGS) model.

A new global solar cornvection code wasintroducedin 1999that is designedfor e cien t
performance on scalable parallel computing architectures (Clune et al. 1999). This has
since becomeknown as the ASH (anelastic spherical harmonic) code, a moniker that
re ects the anelastic equations of motion and the pseudo-sgctral algorithm.

By substartially increasingthe resolution relative to previous global solar convection
models, ASH simulations have provided unprecedeted insights into the intricate corvec-
tiv e patterns that are likely to exist in the deepsolar convection zone,into the subtleties
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of turbulent transport processesand mean o ws, and into the ampli cation and orga-
nization of magnetic elds through hydromagnetic dynamo action (Miesch et al. 2000,
2006; Elliott et al. 2000; Brun & Toomre 2002; DeRosaet al. 2002; Brun et al. 2004;
Browning et al. 2006). ASH has also been used to simulate turbulent cornvection and
dynamo processesn A-type stars (Browning et al. 2004;Brun et al. 2005).

Direct comparison with obsenations is not easy as we cannot obsene the solar in-
terior. Howewer, the techniques of helioseismologyallow us to infer ows and thermal
structure below the solar surfacethrough frequency shifts in global acoustic oscillations
and through travel-time variations in local acoustic wave elds (Christensen-Dalsgaard
2002). This is a young but vibrant discipline. ASH simulations provide essetial inter-
pretive support and guidanceto ongoing helioseismicmissionssuc asNASA's Solar and
Heliospheric Obsenatory (SOHO) and Solar Dynamics Obsenatory (SDO), the latter
to be launched in 2008.

Despite these successesASH simulations su er from crude modeling of unresoled
processesCurrent SGS models are di usiv e in nature with a speci ed viscosity and
thermal diusivit y that depend on the radial dimensionr, but are xed in time. Al-
though ASH simulations have achieved higher resolution than previous simulations of
global-scalesolar convection, the cortribution of SGS processess still signi cant.

As an example, considerthe solar internal rotation prole. Doppler measuremets of
the longitudinally-a veragedlongitudinal (zonal) velocity at the surface of the sun have
long indicated that the angular velocity near the solar equator is about 30% larger than
it is near the poles. Helioseismicinversions have revealedthat this di erential rotation
persiststhroughout the convection zone (Thompson et al. 2003).

The solar di erential rotation is thought to be maintained by Reynolds stressesassai-
ated with the global-scaleconvection. Reynoldsstressesparoclinicity, and Coriolis forces
also establish an axisymmetric meridional circulation that advects angular momertum,
altering the mean rotation prole. In order to achieve a statistically steady state, these
two processesnust balance such that

r-frs= r Fuc ; (1.1)

whereFrs and Fy, ¢ arethe time-averaged uxes of speci ¢ angular momertum induced
by Reynolds stressesand meridional circulation respectively (see,e.g. Miesch 2005). In
global corvection simulations Frs includes cortributions from both the resohved ow
and from SGS motions that must be modeled. Inaccurate SGS models would upset the
dynamical balance expressedby Eq. (1.1). It is our goal to either minimize the SGS
componert or at leastto properly model it to give a more realistic estimation of Frs.

More generally, reliable SGSmodelswould allow usto better assesshe coheren struc-
tures thought to be presen in the solar corvection zone and to better capture their
assaiated turbulent transport and hydromagnetic dynamo processes.

In this summer program we have implemented two new SGSmodeling proceduresinto
the ASH code. The rst is the well-known Smagorinsky model in which the turbulent
viscosity is taken to be proportional to the strain rate of the resolved velocity eld
(Smagorinsky 1963; Pope 2000). The secondis a dynamic Smagorinsky model in which
the proportionality factor is allowed to vary in spaceand time and is computed based
on the transport properties of the resolved ow (Germano et al. 1990,1991; Moin et al.
1992). The physical basisand the numerical algorithm of the ASH code will be discussed
in Section2 and our SGSmodeling strategieswill be described in Section 3. Preliminary
results will be presentied in Section 4.
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2. The ASH code

The ASH code solvesthe equationsof uid motion under the anelastic approximation,
which may be regardedas a compromisebetweenfully compressibleand Boussinesgap-
proaches.The compressibleuid equationsare linearized about a hydrostatic spherically-
symmetric referencestate, assumingthe Mach number of the motions is small and the
badkground strati cation remainsnearly adiabatic (see,e.g.,Miesch 2005).Both assump-
tions are well justied in the deep solar corvection zone. The rst-order perturbation
equationsare

r(w)=0 (2.1)
n %+(vr)v = rP gfr 2 wv)+r ; (2.2)
nf %+v rs = "‘f‘vr§+r Fh+ (2.3)

wherev isthe uid velocity relativeto aframerotating at anangular velocity of and “is
the meandensity strati cation. The equationsare expressedn sphericalpolar coordinates
r, ,and with corresponding unit vectors ®, *, and ". The referencestate density,
temperature, pressure,and speci ¢ entropy are denoted as », T, P, and S, whereas |,
T, P, and S denote perturbations. Dimensional cgsunits are usedthroughout, with the
referencestate and the gravitational accelerationg obtained from a solar structure model.
A linearized ideal gas equation of state is assumedsud that

P S
ATE G 24
where = Cp=Cy and Cp and Cy are the specic heats per unit massat constart

pressureand volume respectively.

SGSmotions are represenied by the SGSstresstensor |, to be discussedin x3. Since
the SGSmodelswe considerare dissipative in nature, there is alsoa corresponding viscous
heating rate  in the thermal energy equation (2.3). The di usiv e heat ux Fy is given

by
Fh= Cpr T+T + ~fr s+§ (2.5)

where | is the radiativ e di usivit y obtained from a solar structure model. Whereasthe
radiativ e di usivit y operateson the temperature gradient, the SGSthermal di usivit y

+ operates on the ertropy gradiernt as is appropriate for heat transport by thermal
cornvection.

The masscortinuity equation (2.1) allows for a badkground density strati cation (es-
sertial for solar applications) but Iters out high-frequency acoustic waves that would
otherwise sewerely limit the time step. The ASH code has the capability of solving the
magneto-tydrodynamic equationsof motion, but in this paper we neglectmagnetic elds.

Egs. (2.1){(2.5) are solved using a pseudo-sgctral method with spherical harmonic
basis functions in the horizontal dimensionsand Chebyshev basis functions in the ra-
dial dimension. Nonlinear and Coroilis terms are advanced by meansof a second-order
Adams-Bashforth schemewhile the remaining linear terms are advancedthrough a semi-
implicit Crank-Nicolson scheme. The cortinuity equation (2.1) is satis ed identically by
expressingthe mass ux in terms of stream functions Z and W de ned such that

v (ZR)+rr wry (2.6)
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The ASH code is written in Fortran 90 and parallelized using the MessagePass-
ing Interface (MPI). It has achieved high performance on a variety of scalable paral-
lel computing architectures including the SGI Altix system at NASA Ames Researt
Center (Columbia), the Compaq AlphaServer at the Pittsburgh Supercomputing Cen-
ter (Lemieux), and the IBM Powerd+ systemat the San Diego Supercomputing Center
(DataStar).

3. SGSmodeling
3.1. Basic strategy
We assumethat SGStransport is di usiv e in nature, sothe elemerts of the stresstensor
may be written as
i (1) k= 20§ (1=¥)(r v) 5] 3.1

where S;; is the strain rate tensor and the turbulent viscosity is assumedto be of the
form

Nr o
=, WL g (3:2)

The rst term on the right-hand side of Eq. (3.2) increaseswith radiusr for > 0
and is independert of time. This is the form of the viscosity pro le usedin all previous
ASH simulations with the exception of those reported in Young et al. (2003), which was
a preliminary investigation of the Smagorinskymodel. The value of ( may be estimated
from mixing-length theory but in practice it is chosento be the smallestvalue that yields
a well-resolved solution. Here we take = 1.

The secondterm on the right-hand-side of Eq. (3.2) was intro duced by Smagorinsky
(1963) and is discussedfor example by Pope (2000). It is derived by assuming that
the production of turbulence by shearlocally balancesdissipation, neglecting rotation,
strati cation, and compressibility. In Eq. (3.2) Cs is referred to as the Smagorinsky
coe cien ty, jSj = (2S; Sj )2 is the strain rate, and  is the geometric mean of the
e ectiv e grid spacingin the three spatial dimensions:

2r2 . 1=3
T L(L+1) ’ (3.3)
where  is the radial grid spacingand L is the maximum degreeof the spherical har-
monic expansions.

The Smagorinsky model is implemented by specifying the value of Cs. In this paper
we use Cs = 0:0289, which is the value derived by Lilly for homogeneous,isotropic,
incompressibleturbulence (seePope 2000). Alternativ ely, the value of Cs may be calcu-
lated dynamically basedon the local transport properties of the resolved o w. In x3.2we
describe how we accomplishthis.

Sincethe trace of the right-hand-side vanishes,Eq. (3.1) only strictly providesa model
for the tracelesspart of the SGS stresstensor. A separate model may in principle be
applied for the trace componert, gk, which re ects the kinetic energy of the SGS mo-
tions. However, ¢k may be neglectedif its magnitude is much lessthan the gaspressure

y Cs is sometimesalso referred to as the Smagorinksy constant but this is misleading termi-
nology here becausein the dynamic model described in x3.2 Cs varies with spaceand time.
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assaiated with the resolved motions. We assumethat this is the caseand set = 0in
the remainder of this paper.

3.2. Dynamic calculation of Cg

The Smagorinsky expressionin Eq. (3.2) is a model of advective momertum transport
by unresolved motions. To show this explicitly, we may regard the velocity eld of the
simulation, v, asa ltered versionof the full velocity eld v sudthat v = hv i, with the
brackets denoting a low-pass Itering operation that removesstructure on scalessmaller
than the grid spacing. Then, if we neglectthe ( term, Egs. (3.1) and (3.2) imply

=" vy, vy = 2€s 2iSj[Sy  (A=3)(r v)] : (3.4)
Eq. (3.4) may be derived by applying the ltering operation to the equations of motion
for v asdescribed in Appendix A. It is assumedhere that commutation errors may be
avoided or neglectedand that the ltering operation incorporates a Favre-type density
weighing (see Appendix A).

If Eq. (3.4) is a reliable represertation of SGSstressesthen an analogousmodel may
also apply to the resolwed scales.This is the rationale behind dynamic modeling. If we
referto the rst ltering operation asthe grid Iter, we may introduce a secondlow-pass
Iter, which we referto asthe test Iter and which operateson the resolved velocity eld

v. We may again decomposethe velocity eld and in analogywith Eq. (3.4) we can write
D E h [

T, =% vy hii, hvi, = 2°Cs (2S] S§ (1=3)(r hvi,) ; (3.5

I g t
where <> ; denotesthe application of the test Iter,  is its characteristic smoothing
scaleand S; and jSj represen the strain rate tensor computed using hvi,.

Whereasthe test Iter is an explicit operation on the resolved velocity eld, the grid
Iter is implied by Egs. (2.2) and (3.1). The SGS velocity remains unde ned; we only
needto know its assaiated Reynolds stress,which is given by Eg. (3.4).

In this paper the test Iter is taken to be a spherical harmonic cuto in which all
spherical harmonic modes of degree”™ > L, are setto zero. No explicit Iltering is per-
formed in the radial dimension. The cuto wavenumber is setto Ly = L=2, wherelL is
the maximum resolved wavenumber. This method of ltering has beenusedsuccessfully
in channel ow (Germano et al. 1991;Moin et al. 1991)in which ltering wasdonein the
streamwise and sparwise directions but no explicit ltering wasdonein the cross-stream
direction.

Applying the test Iter to Eq. (3.4) and subtracting it from Eq. (3.5) yields

Lij = 2’(:3 tZM ij ; (36)
where
Lhij =Tij hiji = ’\.I"MiVjit I’Niith\/jit (37)
i
Mi =jS S (1=3)(r hviy) hiS [S;  (1=3)(r V)Ii, (3.8)
and = = . The tensorsL; and M can be computed from the resolved velocity

eld soEq. (3.6) may be solved for Cs. Howeer, there are two complications. First, Eq.
(3.6) is a tensor equation and ead tensor elemert may in generalgive a di erent value
for Cs. Second,M j is a non-linear product of derivativesand may be expectedto be
highly intermittent in spaceand time. If it approades zero at any point, dividing Eq.
(3.6) by M j; would not give a reliable result for Cs.
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Figure 1. The radial velocity near the top of the shellis shown in an orthographic projection for
(a) CaseR (Cs = 0) and (b) CaseDS att = 5:5and t = 3:6 respectively. Bright and dark tones
denote up o w and down o w respectively. The north pole is tilted 35 toward the line of sight
to illustrate the disparity between polar and equatorial convective patterns. The corresponding
eddy viscosity in CaseDS is also shown (c). Peak radial velocity amplitudes in theseimagesare
of 1order 50m s ! (a, busethe samegray scale) and the peak value of s in cis 3.2 10'? cm?
s

The rst complication may be overcomeby selectingthe value of Cs that minimizes

the squareddi erence

Q=(Lj 2€s My)? (3.9)
summedover all the matrix elemens. This was rst suggestedby Lilly (1992). By setting
@=@s = 0 we obtain
1 LiMy .
ZAM ij M ij '
whereagaina summation overi and | is implied. At this value of Cs it is straightforward
to shav that @Q=@2 > 0 soQ is indeed minimized.

The secondcomplication referred to above regarding the intermittency of M j; may
be avoided by averaging the numerator and denominator of Eq. (3.10) before dividing
them. In this paper we average over horizontal surfacesso Cs is a function of radius
and time alone. Similar approades have been used previously in channel ow where
averaging of the numerator and denominator was performed over planesparallel to the
boundaries (Germano et al. 1991; Moin et al. 1991). The rationale behind this is that
these dimensionsare relatively homogeneouscomparedto the dimension perpendicular
to the boundary. In the sun there is somelatitudinal dependenceof the ow structure,
but this can be neglectedas a lowest-order approximation for SGS motions.

Eq. (3.10) remains unchanged even if the trace of the SGS stresstensor ¢k is non-
zero becauseM yx = 0. More generally, a separatedynamic procedure may be usedto
determine k. This will be consideredin future work.

Cs {= (3.10)

4. Preliminary results

Fig. 1la-b comparesthe convection patterns in a referencesimulation (Case R) with
no Smagorinsky componert to a similar case(DS) that includes dynamic modeling. In
CaseR the eddy viscosity at the top of the shellis ¢ = 2:2 10 cm? s ! accordingto
Eqg. (3.2) with Cs = 0. In CaseDS the time-independert viscosity componert has been
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Figure 2. (a) Instantaneous power spectra of the uctuating (non-axisymmetric) velocity com-
ponernt near the top of the shell in CasesR and DS, summed over longitudinal wavenumber
m. The radial level and time is that shown in Fig. 1. (b) Amplitude of the Smagorinsky eddy
viscosity componert in CasesDS (t = 1) and S (t = 20) as a function of radius, averaged over
horizontal surfaces. Also shown in (b) is the background viscosity component proportional to
o™ ! (dotted line).

reducedto o = 10 cm? s ! and Cs has beencomputed dynamically as described in
x3.2.

Both simulations wereinitiated from the samestate at t = 0. At t = 5:5 (Fig. 1la) Case
R is similar to the initial state whereasCaseDS is signi cantly dierent by t = 3:6 (Fig.
1b).

The striking asymmetry betweenup o ws and down o ws evidert in Fig. 1 arisesfrom
the density strati cation and the dramatic variation in convective patterns with latitude
arisesfrom rotation. At high latitudes, narrow down ow lanes form an interconnected
network surrounding broader, weaker up o ws. Near the equator, the down o w lanesalign
in a north-south orientation in order to minimize the inhibiting in uence of Coriolis forces
(see,e.g., Miesch 2005).

The down o w lanesare generally more turbulent than the up o ws and this is re ected
in the horizontal structure of the eddy viscosity shovn in Fig. 1c. Down ows are fed
by horizontally converging o ws near the top of the shell that acquire cyclonic vorticit y
due to Coriolis forces. Shearingand vortex stretching instabilities within the down o ws
further enhancetheir turbulent nature.

The corvective patterns in CasesR and DS are similar, although the down o w lanes
in the latter are somewhatsharper and the scaleof the down ow network is somewhat
smaller. This is further demonstrated in Fig. 2a which comparesthe velocity spectra
in thesetwo cases.Both spectra peakat ", 10 but CaseDS has more power at high
wavenumbers. CaseDS may alsobe marginally closerto power-law behavior which might
signify a self-similar inertial rage. However, the presenceof an inertial rangeis di cult to
establish here due to the limited resolution; lessthan one decadeis represerted beyond

p-

Fig. 2b shows the Smagorinskycomponert of the turbulent viscosity s in CaseDS as
a function of radius, averagedover horizontal surfaces.Also shown is ¢ for a simulation
in which Cs is xed at 0.0289and o= 2 10 cm? s 1. In the latter case,which we
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referto as CasesS, the spatial dependenceof g is dueentirely to the strain rate jSj which
peaksnear the middle of the convection zone.By contrast, s in CaseDS is much more
strongly peaked near the top of the cornvection zonedue to the radial dependenceof Cs.

The meanamplitude of the Smagorinskyviscosity componert in caseDS is comparable
to the ¢ componert, although ¢ canberoughly an order of magnitude larger in localized
areas(cf. Fig. 1c). In CaseS, ¢ is an order of magnitude larger than in CaseDS and it
dominatesthe total viscosity exceptin localizedareas.Evertually we wish to substartially
reduce o such that ¢ dominates but preliminary attempts to do this have resulted in
numerical instabilit y.

5. Summary and conclusion

We have implemented two new SGS modeling strategies into numerical simulations
of global-scalesolar corvection. The rst is a corvertional Smagorinsky model in which
the turbulent viscosity is proportional to the strain rate of the resolved o w. The second
strategy is a dynamic Smagorinsky model in which the coe cien t of proportionality Cg
is allowed to vary with radius and time and is computed basedon the e ectiv e turbulent
viscosity of resolved small-scalemotions. The resulting turbulent viscosity peaksstrongly
in down o w laneswhere vorticit y and shearare maximized and near the top of the shell
where velocity amplitudes are greater as a result of the density strati cation.

Preliminary results look promising; the largest scalesare lessviscousthan in previous
models and power is spread over a wider range of wavenumbers for a given spatial reso-
lution. This brings us closerto solar conditions where the Reynolds number is extremely
large (Re  10%). However, our current simulations S and DS are not numerically sta-
ble for long durations so they should be viewed as tentativ e. Further work is neededto
identify and correct the sourceof instabilit y.
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Appendix A. LES Itering and commutation errors

If we decomposethe velocity eld into resolved and SGS componerts asin x3.2, then
the non-linear advection terms in the ewolution equation for the full velocity eld v may
be written as

A@ [ N PR N P .
a (v-r)v +:::=r (MA)+ 0 (A1)
where

Aj =vy (A 2)



SGSmadeling in solar convection 119
Now we de ne a Favre ltering operation on an arbitrary variable f as(Moin et al. 1991)

_Mir

9 n ;

H i

(A3)

where <>, denotesa lIter assaiated with the spatial resolution. In the ASH code,
<>, is a spectral cuto Iter with spherical harmonic basis functions in the horizontal
dimension and Chebyshev basisfunctions in the vertical dimension.

Applying the grid Iter to Eq. (A 1) yields

— =7 "hAig + 4= Mver)v+r + (A4)
wherev = hv i  and

=l ("A)i, r  "bAQ, (A5)
is the commutation error. Apart from , Eq. (A 4) is equalto Eq. (2.2) with

ij = N Vi Vi ViVj (A 6)

g
as expressedn Eq. (3.4).

Commutation errorsarisefrom both the sphericalgeometryand the presenceof bound-
aries. In a pseudo-sgctral method they may also arise from the nature of the basis
functions such asthe Chebyshev polynomials usedin ASH.

For illustration we considerthe casein which <> | is a spherical harmonic Iter with
acuto wavenumber L. The commutation error may be estimated by rst expressingan
arbitrary function f by meansof a spherical harmonic series:

f(r; ;)= *l:o ;n:Of\m MYm(s5 ) (AT)
where Y., ( ; ) is a spherical harmonic of degree’ and order m. The triangular trunca-
tion m " in Eg. (A 7) provides uniform resolution over horizontal surfaces.

Now we may operate on f with a linear dierential operator D in the horizontal
dimensions.The result will have its own seriesrepresetation which is in generalin nite
even if the seriesfor f is nite:

g=Dffg= Ly moofm(MDfYm(;)9= Y meoGm(NYm(: ) © (A8)
The spectral coe cien ts are given by
Z, Z
Om = gY, (5 )sindd
0 0 z,7
= Ly mocpfromo DfYomo( ; )gYm(; )sindd ; (A9)
0 0

where Y., is the complex conjugate of Y-y, .

Sofar we have not applied any ltering. If weapply aspectral cuto Iter after applying
the derivative operation D, then the spherical harmonic coe cien ts of g will be given by
Eq. (A 9) but g, will bezerofor * > L. If insteadwe apply the lter beforethe derivative
operation, then the g, will in generalform an in nite seriesbut the summation over *©
on the right-hand side of Eq. (A 9) will only extend to L rather than 1 .
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The commutation error for this operation, p(7; m) may then be expressedas

op(;m)=tDffgi, Dfhfi.g
Z, Z
= Ls mosofromo DfYomo( ; )gYrm(; )sin dd : (A10)
0 0

The commutation error only dependson the SGScomponert of f, ™ > L, which will
be small if most of the energyis in the resolved modes. Furthermore, many operations
such as@ =@ and sin @ =@ are local in spectral spacein the sensethat D f Y-, g only
involvesmodesbetween™ 1and’ + 1. Thus, for theseoperators, the commutation error
will vanish for the resolved velocity eld where ™ < L due to the orthogonality of the
spherical harmonics. We have focused here on the horizontal grid ltering but similar
argumerts apply to the radial grid ltering and the test ltering.

Commutation errors are only relevant when justifying Egs. (3.4) and (3.5) which relate
the stresstensors j; and T; to sub lter-scale velocity correlations. As demonstrated
in this appendix, these equations are only strictly valid if commutation errors can be
neglected. Howewer, Egs. (3.4) and (3.5) may alternatively be taken at face value, as
SGS models in their own right. Then explicit Itering of the momertum equations is
unnecessaryand commutation errors do not arise.
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