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AdvancedRANS modeling of wingtip vortex 
o ws

By A. Revelly, G. Iaccarino A N D X. Wu

The numerical calculation of the trailing vortex shed from the wingtip of an aircraft
hasattracted signi�cant attention in recent years.An accurateprediction of the 
o w over
the wing is required to provide the correct initial conditions for the trailing vortex, while
careful modeling is also necessaryin order to account for the turbulence in the vortex
core. As such, recent works have concluded that in order to achieve results of satisfac-
tory accuracy, the use of complex turbulence modeling closuresand numerical grids of
considerablesize is an absolute necessity. In Craft et al. (2006) it was proposedthat a
Reynolds stress-transport model (RSM) should be used, while Duraisamy & Iaccarino
(2005) obtained optimal results with a version of the v2 � f which was speci�cally sen-
sitised to streamline curvature. The authors report grid requirements upward of 7 � 106

grid points, highlighting the substantial numerical cost involved with predicting this 
o w.
The computations here are reported for the 
o w over a NACA0012 half-wing with

rounded wingtip at an incidence angle of 10� , as measuredby Chow et al. (1997). The
primary aim is to assessthe performance of a new turbulence modeling scheme which
accounts for the stress-strainmisalignment e�ects in a turbulent 
o w. This three-equation
model bridges the gap betweenpopular two equation eddy-viscosity models (EVM) and
the sevenequationsof a RSM. Relative to a RSM, this new approach inherits the stabilit y
advantages of an eddy-viscosity scheme, together with a lower computational expense,
and it has already beenvalidated for a range of unsteady mean 
o ws (Revell 2006).

1. Intro duction
The wingtip vortex 
o w is a caseof particular relevancefor aviation regulations such

as landing and takeo� separation distancesbetweenaircraft. The characteristic swirling
trailing vorticesareknown to beparticularly hazardousto a lighter following aircraft, and
while strict guidelines are in place to specify safedistances, the satisfactory prediction
of these
o ws continues to challengeCFD techniques.

The study of trailing vortices is also pertinent to the development of novel wingtip
devices,or so called 'wingtip sails', which can deliver an improved aerodynamic perfor-
mance to the wing. An accurate design assessment could potentially be crucial within
the �ne economicmargins of the commercialaircraft industry. Thesephenomenaare also
directly relevant to the 
o w around consecutive blades on a helicopter rotor, where the
complex interaction of thesevortices is a major sourceof noiseand vibration.

The complexnature of the near-�eld region of a tip vortex is a combination of strongly
turbulent three-dimensionale�ects, multiple separationsand vortex interactions. Stream-
wise vorticit y separatesfrom the wing surfaceand rolls up into the primary tip vortex,
which subsequently combines with secondaryand tertiary structures, thus shifting the
path of the vortex core upwards and inboard (Thompson 1983). Early analytical work
by Batchelor (1964) showed that the axial velocity at the vortex core should increase
above the freestreamvalue asa result of radial equilibrium requirements, which was �rst
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Figure 1. A comparison of the spanwise numerical mesh taken just downstream of the trailing
edgefrom (left) a structured meshof 7:3� 106 cells; and (right ) an unstructured meshof 0:75� 106

cells; a factor of 10 less.

observed experimentally by Orlo� (1974). The experimental studies report a large reduc-
tion of turbulence levels within the vortex core, implying that the turbulent di�usion is
small. Over-prediction of the turbulent di�usion in CFD can dramatically increasethe
predicted decay rate of the vortex, and thus its estimated downstream in
uence (Zeman
1995).

The primary aim of this study is to validate the stress-strain lag misalignment model
for essentially steady 
o ws with strong streamline-curvature. Secondary to this objec-
tiv e is to test an advanced unstructured meshing tool, which has the potential to o�er
huge economiesin grid meshing(see�gure 1). Both thesegoalsserve a greater common
purpose,which is the delivery of practical and economicalternativ esto industrial users,
where time and cost constraints are paramount.

2. Turbulence modeling of trailing vortices
The high Reynolds numbers typical of these 
o ws render the cost of Large Eddy

Simulation (LES) prohibitiv e and has tended to encouragethe use of the more simple,
morestableReynoldsAveragedNavier Stokes(RANS) models.However the experimental
data of swirling 
o ws has shown that thesephenomenacannot be captured correctly at
this level. The trailing vortex is an example of a 
o w with strong streamline curvature,
a feature that is known to be inadequately represented by a linear EVM. Early attempts
to correct this weaknessfocusedupon the empirical length-scale-determiningequation,
but more recently it hasbecomeacceptedthat it is the stress-strainrate connectionitself
which requires attention.

The selectedturbulence model must be capableof resolving the complex wing bound-
ary layer as well as the swirling free shear 
o w downstream and as such it is perhaps
unsurprising that relatively few CFD studies of this casehave been reported. An early
attempt by De Jong et al. (1988) at computing the vortex wake employing a simpli�ed
time-marching approach showed limited success.The �rst fully 3D fully-elliptic study
was made by Dacles-Mariani et al. (1995), who useda structured grid of 1:5 � 106 nodes
and selectedthe basicmodel of Baldwin & Barth (1990). In this more recent work the au-
thors highlighted the needto modify the turbulence model to prevent excessive di�usion,
which essentially corresponds to a curvature correction.

In a EuropeanUnion collaborative research project involving this testcase,it wasseen
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that of a large selection of turbulence models, only the Reynolds stress models were
consistently able to reproduce the correct axial-velocity overshoot (Haase et al. 2006).
While the linear EVMs greatly overpredicted the decay rate of the vortex, several other
eddy viscosity schemeswith `curvature-sensitive' terms performed reasonably well; the
LLR � k � ! model of Rung & Thiele (1996) and the CEASM of L•ubcke et al. (2002)
are two such models. A range of numerical grids were used(4:2 � 106 � 7:3 � 106 cells),
and a strong grid sensitivity was clearly observed. The most accurate results were found
when the largest grid wascombined with the non-linear Reynoldsstress-transport model
of Craft et al. (1996a), the results of which are reported in the more detailed study of
Craft et al. (2006).

The work by Duraisamy & Iaccarino (2005)on this caseproposeda curvature correction
for the original v2 � f model of Durbin (1991), whereby the eddy-viscosity coe�cien t,
C� , wasreplacedby an algebraicexpressionsensitive to invariants of strain and vorticit y.
The authors reported that the characteristic axial-velocity overshoot abovethe freestream
value was picked up only when the correction was applied, and a good agreement with
mean velocity and turbulent quantities were observed. In this work the authors used a
numerical grid containing approximately 9:3 � 106 cells.

The increase in computational power over the last decadeis re
ected in the trend
towards larger numerical grids, with the recent work by Duraisamy & Iaccarino (2005)
reporting grid-independent solutions. The most recent work on this caseis an LES study
by Uzun et al. (2006) who computed the 
o w at the lower Reynoldsnumber of 0:5 � 106

in order to reduce the computational cost to an acceptablelevel. Despite this measure,
a numerical grid of 26:2 � 106 nodes was required, and the authors report using 124
processorsfor between 23 � 57 days dependent upon the processorspeed. In addition,
the reduction of Reynolds number is seento have a considerablee�ect on the predicted
results. While the scaleof this work is impressive it serves to underline the substantial
costsassociated with using LES for 
o ws of this nature.

3. The Cas model
3.1. Background

The present work seeksto validate a new turbulence modeling approach, originally de-
veloped for unsteady mean 
o ws (Revell et al. 2006). The new approach builds upon
existing two equation models with a third transport equation that is sensitive to the lo-
cal stress-strainmisalignment of meanunsteady turbulent 
o w. The new model considers
a parameter, Cas , representing the dot product of the strain tensor Sij , and the stress
anisotropy tensor aij as follows:

Cas = �
aij Sijp
2Sij Sij

, Sij =
1
2

�
@Ui

@x j
+

@Uj

@x i

�
, aij =

ui uj

k
�

2
3

� ij (3.1)

where Uj is the mean velocity vector, ui uj is the Reynolds stress tensor, k, is the
turbulent kinetic energyand � ij is the Kronecker delta. The quantit y Cas projects the six
equationsof the Reynolds stresstransport onto a single equation. With respect to Non-
Linear Eddy Viscosity Models (NLEVM) or Explicit Algebraic Reynolds StressModels
(EARSM), the novelty of the present model lies in incorporating time dependent and/or
transport e�ects of the turbulent stresses.

Both the stress anisotropy and strain rate are 3 � 3 symmetrical tensors, and the
associated eigenvectorsare therefore real and orthogonal. The anisotropy tensor haszero
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� 1 � �
1 � 3 � �

3 � 4 � 5 � cas

� 0:70 � 1:90 0:267 0:1625 0:75 1:60 0:2

Table 1. Coe�cien ts of the Cas equation

trace and is dimensionlessby de�nition, whereasthe strain rate tensor is an inversetime
scaleand has zero trace only in the condition of incompressibility, which is assumedfor
this work. As previously stated, an EVM assumesthat thesetwo tensorsare aligned.

The alignment for all quasi-2D 
o ws is representable by a single dimensionlessscalar.
Three scalar values are necessaryto de�ne the stress-strain misalignment in a fully 3D

o w, but in such cases,it is argued that at least somebene�t will be gained from the
scalar measuredescribed above. Analysis of the tensorial alignment between the strain
rate tensor Sij and the turbulent stressanisotropy tensor � aij hasbeenusedextensively
to gain an insight into complex energy transfer mechanisms(A minus sign is associated
with aij to provide a direct assessment of the in
uence of alignment upon production of
turbulent kinetic energy.), and also in the development of subgrid-scalestressmodels in
LES (eg. seeBergstrom & Wang 2005).

An early attempt to account for the stress-strainmisalignment wasproposedby Rotta
(1979),who proposeda simpli�ed tensorial eddyviscosity formulation to account for these
e�ects in 3D thin-shear boundary layer 
o ws. Although it does not directly deal with
the issueof misalignment, the more recent lag model of Olsen & Coakley (2001) couples
a baseline two equation model with a third transport equation for the eddy viscosity,
� t . This modi�cation enablesrelaxation e�ects to be captured and therefore prevents
the eddy viscosity from responding instantaneously to changesin the mean strain rate
�eld, and some improvements over the baseline two equation model are observed for
non-equilibrium 
o ws.

3.2. Implementation

The strategy adopted within the present work is to develop a transport equation that
could be solved to obtain valuesfor the parameter Cas . The resulting valuescould then
be usedin the evaluation of production of turbulence kinetic energyPk , within an EVM
framework, in order to capture someof the features of stress-strain misalignment, but
at a much smaller computational cost than employing a full stresstransport model. For
details on the derivation seeRevell (2006). The �nal implemented form of the transport
equation is given as follows:

DCas
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where" is the rate of dissipation of k, the strain invariant kSk =
p

2Sij Sij , the vorticit y
tensor 
 ij = 1=2(@Ui =@x j � @Uj =@x i ), the strain rate parameter � = k kSk =" and the
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model constants are given in Table 1. Since 3.2 is derived directly from an RSM, the
constants of the selectedpressure-strainmodel are retained and so in general, there is
no requirement to calibrate theseconstants. It should be noted that when 3.2 is coupled
with the baselinek � ! SST model, it becomesnecessaryto use " = 0:09k! in order to
obtain a value for " in Term 1.

The advection of the rate of strains in Term 6 of 3.2 is calculated explicitly as follows,
where the superscript n refers to the calculation timestep, the size of which is denoted
as � t:

DSij

Dt
=

Sn
ij � Sn � 1

ij

� t
+ Uk

@Sn
ij

@xk
(3.3)

Equation 3.2 is not in closed form as a model for aij is still required. This can be
obtained from any existing NLEVM, and in the present work the model of Craft et al.
(1996b) has beenselectedfor this purpose.

The current versionof the Cas model requiresspecial treatment in the near-wall region
as a consequenceof the modeling of the pressure-strain terms which are used in the
derivation of 3.2. For high Reynolds number 
o ws of the kind consideredin the present
work, the simplest treatment consists of preventing the model from acting in regions
where viscouse�ects are expected to be dominant.

4. Numerical setup

In this work the calculationswereperformedusingthe in-houseCFD code,Code Saturne
from EDF (Archambeau2004).This is an unstructured �nite-v olumecodebasedon a col-
located discretization for cells of any shape. It solves turbulent Navier-Stokesequations
for Newtonian incompressible
o ws with a fractional step method basedon a prediction-
correction algorithm for pressure/velocity coupling (SIMPLEC) and a momentum in-
terpolation to avoid pressureoscillations. A number of turbulence models are available
including the Shear Stress Transport (SST) of Menter (1994) and the Reynolds stress
transport model of Spezialeet al. (1991) (SSG) which are usedin this work. The current
form of the transport equation for Cas described in the previous section has been fully
implemented into Code Saturne.

The fully implemented SST model requiresonly small modi�cations to incorporate the
Cas model. Initially , the modi�cation was intended to be applied to the production rate
of turbulence kinetic energy term only, but it can be applied in a more coherent manner
by meansof a simple modi�cation to the turbulent eddy viscosity as follows:

� t = k min
�

1
!

;
0:31

kSk F2
;

Cas

kSk

�
(4.1)

where ! is the turbulent frequency and F2 is a blending function which takesa value
� 1 across most of the boundary layer, dropping to 0 near the top and in the free-
stream (seeMenter 1994for details). The value of Cas in 4.1 is limited to � 0:31 for the
calculation of the production terms, while when evaluating di�usion terms, the absolute
value, jCas j, is usedto avoid negative valueswhich could lead to numerical di�culties.
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Figure 2. Evolution of meanvelocity and turbulen t kinetic energy. RANS calculations initialized
from DNS valuesat t=T = 2:0 ( ). Results for t=T = f 2:9; 4:8; 8:9g: DNS; RANS
models

5. Validation case:isolated vortex
Before attempting to compute the wingtip 
o w, the caseof the temporal evolution of

an isolated turbulent Batchelor vortex is investigated. The idealized axisymmetric �eld
is fairly representativ e of the mean 
o w �eld of practical trailing vortices.



Advanced RANS modeling of wingtip vortex 
ows 79

0 1 2 3 4 5 6
r/r co

-0.04

-0.02

0

0.02

0.04

0.06

Figure 3. Budget of Cas model showing most signi�can t contributions at t=T = 2:9, with
Term numbering referring to 3.2: Term 2; Term3; Term 5; Term 6;

Transport of Cas

5.1. DNS of Batchelor vortex

During their work in the CTR Summer Program 2006, Drs. Duraisamy and Lele have
carried out Direct Numerical Simulation (DNS) of Batchelor vortex 
o ws. Their primary
motivation was to gain a clearer understanding of the temporal evolution of vortices
which are normal mode unstable (i.e. swirl number, q < 1:5). They examinethe complex
evolution of helical instabilities, noting that thesecasesarecharacterisedby a steepinitial
growth of the turbulent kinetic energy, followed by saturation and eventual decay.

The initial base
o w condition for tangential velocity, v� and axial velocity, vx , is given
by:

v� = �
vo

r
p

�

�
1 � e� �r 2

�
; vx = �

vo

q
e� �r 2

; (5.1)

where � = 1:25643 so that the initial vortex core-radius is r co = 1. Time is non-
dimensionalisedby the `turnover time' T = 2� v0=rco, and the Reynoldsnumber (de�ned
as 2� v0=

p
�=� ) is set to 8250(corresponding to q = 0:5). They useda domain of width

15r co and a meshsizeof 18:87� 106 cells.
It is beyond the abilit y and requirements of a turbulence model to correctly compute

the complex interactions of the helical structures described by the DNS, and so the focus
of this validation work is put on the decay phaseof the vortex evolution. Indeedit is these
sameissuesinvolved with the decay of the isolated vortex which dictate the performance
of turbulence models in the wingtip vortex case,where cost constraints require the use
of RANS.

5.2. Results

The time evolution of an isolated vortex is calculated using a 2D squaregrid of 80 � 80
cells, with a spanwise extent of 10r co. Periodic boundary conditions were used in the
axial 
o w direction and symmetry conditions were used in the directions normal to the
axial 
o w. This is somewhatdi�eren t to the conditions speci�ed in the DNS calculations,
wherea more complex matching procedurewasusedin order to account correctly for the
vanishing of the vorticit y at the boundaries.

Results are displayed in �gure 2 for the three RANS models: a) the SSG Reynolds
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Figure 4. The unstructured mesh used in this work: a X Y plane and two Y Z planes. Total
no of cells = 746; 695

stressmodel, b) the standard SST model and c) the new SST-Cas model. In each case
the calculations wereinitialized using DNS data from the results for q = 0:5 at t=T = 2:0,
at which point the instabilities areseento besaturated, and the mean
o w is subsequently
seento revert back to equilibrium.

It is seenfrom �gure 2a, that the Reynolds stressmodel appears to do a reasonable
job of capturing the slow decay of both the axial and tangential velocity components.
The tangential component appears to fall to zero too fast beyond r =rco > 5 but this is
observed in the results from all three RANS models, and is most likely due to either an
insu�cien t domain, or inadequateboundary conditions, or both. The predicted levels of
k closeto the vortex core are in reasonableagreement with the DNS, although there is
no peak observed between1 < r =rco < 2.

The predictions from the standard SST model in �gure 2b are considerablyworsethan
the RSM, with the vortex appearing to decay at a greater rate. It can also be seento
spread out more from the plots of U� , which is an indicator of excessive di�usion. In
corroboration with this observation, the levels of turbulent kinetic energy predicted by
the SST are higher than the DNS levels, which would lead to overpredictions of both
production Pk and the turbulent di�usion.

The results returned from the SST-Cas model are broadly in agreement with the RSM
predictions, and it appears that an improved modeling of Pk leads to a more accurate
prediction of the levels of k and thus the mean velocities.

The budget of the transport equation for Cas is shown in �gure 3 at t=T = 2:9, where
the Term numbering refersto 3.2. Terms1 and 4 have beenomitted for clarit y sincethey
are almost zero acrossthe vortex. The dominant Term 3 is related to the production
term, and appears to be concentrated around an annulus that moves radially outward
with time. Term 6 is the other dominant term, which peaksat a point closerto the core
of the vortex. It is important to note that no numerical di�culties are experiencedin the
calculation of Term 6, which is often expected to be problematic particularly in regions
where the mean velocity gradients are large.

In conclusionit appearsthat the SST-Cas model should be suitable for the prediction
of the mean 
o w in the wake of the Bradshaw wingtip, and in particular it should be
able to correctly predict the decay rate of the trailing vortex.
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6. The Bradshaw wingtip
6.1. Casedetails

The experiment of Chow et al. (1997) corresponds to a rounded NACA0012 wing of
40 chordlength, c, and 30 span in a wind tunnel section of 32" � 48". The chord based
Reynolds number is 4:6 � 106, the Mach number is approximately 0:1 and the angle of
attack is 10� . The freestreamturbulent intensity is set at 0:02, and in the experiment,
the 
o w is tripp ed at the leading edge so that the 
o w can be consideredto be fully
turbulent.

6.2. Numerical setup

The fully unstructured meshusedfor the calculation in this work contains a total of just
under 750; 000 cells, and maintains a cross-streammeshspacingof 0:003c in the vortex
coreas recommendedby Duraisamy & Iaccarino (2005). A perspective view of this mesh
is shown in �gure 4 where the cell distribution is displayed over three slicesthrough the
domain.

The mean
o w wascomputed with two RANS models: the original SST model and the
new SST-Cas model. A fully central di�erencing schemewasemployed for the momentum
equations.It wasnecessaryto usean upwind schemefor the start of the calculation, soas
to aid convergence.A timestep of 0:001s was usedto ensurethat the maximum Courant
number was below 1 at all times. Around 10; 000 timesteps were required to obtain fully
convergedsolutions. The additional computational expense,per timestep, of the SST-Cas

model over the SST model was 15� 20%.

6.3. Results

Figures 5 and 6 display a comparison of the two RANS models with the experimental
data for mean axial velocity and mean cross-
ow (tangential) velocity respectively.

In �gure 5a the rapid decay of the axial velocity predicted by the SST model is evident.
The core value is already much lower than the experimental value by x = 0:24c down-
stream of the trailing edgeand by x = 0:67c the axial velocity has all but disappeared
o� the scaleshown.

Figure 5b shows the corresponding results from the SST-Cas model and it is possible
to seethat there is a higher value of axial velocity at the core at x = 0:24c than with
the standard SST. Despite this, the predicted peak value is noticeably less than that
reported in the experiment (�gure 5c). However the main di�erence between the two
RANS models is viewed in the plots of the planes at x = 0:44c and x = 0:67c. While
the SST model predicts that the vortex decays, the SST-Cas model reproducesthe axial-
velocity overshoot discussedin Section 1. Lower turbulent viscosity in the vortex core
region servesto reducethe production of turbulent kinetic energyand also the turbulent
di�usion of momentum. This prevents a premature decay of the core axial velocity to a
value well below that found in the free-stream.

Valuesof Cas in this region are closeto zeroand eventually reach small negative values
at the vortex core. This implies a negative production term, which acts as a meansof
back transfer of energy from the turbulence to the mean 
o w.

Figure 6 reports similar �ndings although the improvement of the SST-Cas over the
SST is lessmarked. It appearsthat the peakcross-
ow velocities are not particularly well
resolved with respect to the experimental data. One explanation for this can be obtained
from �gure 4: it is possiblethat the at somepoint along the path of the trailing vortex,
the region of peak cross-
ow velocity passesthrough a region of coarsegrid cells in the
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a) SST model

b) SST � Cas model

c) Expt. of Chow et al. (1997)

Figure 5. Contour plots of mean axial velocity, Ux , at three planesdownstream of trailing edge:
from left to right, x=c = f 0:24; 0:44; 0:67g. Eight contours at regular intervals from 0:8 to 1:75.

unstructured mesh.In this event it is likely that a reducedpeak value would be expected
to be passeddownstream.

It has already been noted from �gures 5 and 6 that the results reported at the �rst
plane x = 0:24c are not in perfect agreement with the experimental data. This may have
more to do with mesh re�nement around the wingtip itself, since in somelocations the
near-wall meshis lessthan optimal.

7. Conclusion
This is ongoing work and despite a few unresolved issues,someearly conclusionscan

be found. The use of the SST-Cas model appears to o�er some advantages over the
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a) SST model

b) SST � Cas model

c) Expt. of Chow et al. (1997)

Figure 6. Contour plots of mean cross-
ow velocity at three planes downstream of trailing
edge: from left to right, x=c = f 0:24; 0:44; 0:67g. Eight contours at regular intervals from 0:0 to
1:2.

standard SST model for the prediction of the correct decay rate of a vortex, both in the
2D validation caseand the 3D casein the wake of the wingtip. The Cas model brings
additional modelling to the SST model via the eddy viscosity, and thus the production of
turbulent kinetic energy, and this appearsto prevent the overprediction of k in the vortex
core. The characteristic of fast decay of standard EVMs is avoided, and instead, results
are seento be similar to those found when using Reynolds stresstransport models.

The modeling schemefor Cas presented in this work remains in its infancy and much
further work would be required before an optimal form could be con�dently applied to
a range of 
o ws. One such area is the issue of how to deal with Cas near to a solid
boundary.

These are the �rst calculations on a fully unstructured mesh reported for this 
o w,
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and further testing is necessaryto ensurethat a grid-independent solution is reached. In
particular, further work will investigate mesh re�nement near to the airfoil surfaceand
around the trailing vortex itself.
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