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Particle dispersion in magnetohydrodynamic
turbulence at low magnetic Reynolds number

By D. W. I. Rousony, S. C. Kassinosz, |. Sarris { AND F. Tosci k

We report results from direct numerical simulations of inertial particle dispersion in
decaing initially isotropic magnetohydrodynamic turbulence at low magnetic Reynolds
number. Results are presentied from four simulations corresponding to spatially constart
external magnetic elds with strengths in Alfven units of 0, 1.248,12.494,and 62.452.
Each eld follows a step function in time. Before the step changein the magnetic eld
strength, passiwe particles weredistributed randomly and advancedin hydrodynamic tur-
bulencefor 0.5 eddy turnover times. All particle time constarts match the Kolmogorov
time scaleat the time of application of the magnetic elds. Turbulence statistics ob-
tained with the quasi-static MHD approximation for low magnetic Reynolds numbers
comparefavorably with fully coupled MHD simulations. It is demonstratedthat the two-
dimensional, three-componernt ow generatedby the strongest magnetic eld organizes
the particles into two-dimensional sheetswith zero curvature along the mean magnetic
eld lines.

1. Intro duction
1.1. Motivation

The dispersion of inertial particles in magnetohydrodynamic (MHD) turbulence is of
fundamental importance acrossa range of engineeringand sciertic o w problems. Engi-
neersdesigningmetal castingsneedto model the motion of impurities in order to cortrol
product quality. The high electrical conductivity of liquid metals o ers the possibility
of magnetic ow cortrol. Sciertists studying intergalactic matter and other dusty plas-
mas have an interest in determining how magnetic elds in rare ed plasmasin uence
immersed particle paths (cf. Cho et al. 2003). Such knowledge improves one's under-
standing of astronomical obsenations.

Over the past 15 years, an expanding volume of work has demonstrated that turbu-
lence dispersesinertial particles non-randomly, i.e., the particles concenrate preferen-
tially in certain coherent ow structures (Eaton and Fessler1994). When this behavior
is parametrized by the particles' aerodynamic responsetimes, two asymptotes exist. At
low responsetimes, particles act as ow tracers. Mass consenation argumerts for in-
compressible o w preclude tracers from collecting near a point. If a volume marked by
a collection of tracers shrinks in two coordinate directions, it must expand in the third
to satisfy the continuity condition. Turbulent stretching and folding of such volumes
ultimately leadsto random particle distributions analogousto the random di usion of
passiwe scalar quantities. At high responsetimes, the particles’ motions are insensitive to
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aerodynamic drag. Their trajectories are essetially ballistic with low amplitude random
pertubations imposedby the eddiesthey passthrough. Sudc particles exhibit random
spatial distribution.

Preferertial concerration occursfor particles with intermediate responsetimes compa-
rable to characteristic ow time scales.The spatial distribution of such particles exhibits
distinct voids and clusters acrossall length scales(Bec et al. 2006). Considerable evi-
dencesuggestshis phenomenonplays an important role in processesanging from spray
injection in diesel engines(Cao et al. 2000) to droplet growth by collisions in atmo-
spheric clouds (Shaw 2003). The vast majority of studiesin these and other elds use
one of three techniques: experimental measurement, Large-Eddy Simulation (LES), and
Direct Numerical Simulation (DNS). For many important applications, howewer, these
approadesprove infeasible at the Reynolds numbers of interest. Even mesoscalenodels
of weather, for example, treat cloud formation as a subgrid-scalephenomenonand at-
mosphericdata at the resolution required to study preferertial concerration are sparse.
In such situations, Reynolds-areraged Navier-Stokes (RANS) o er the only reasonable
alternative.

Unfortunately, current RANS models of particle dispersioncortain no structural infor-
mation about the particle spatial distribution. This situation mirrors the situation in uid
turbulence before the developmert of one-point turbulence structure tensors by Kassi-
nos and Reynolds (1994) and Kassinoset al. (2001). It seemsnatural then to consider
whether similar structure tensorscan be de ned for particle dispersion. The de nition
and dewelopmert of particle structure tensors might prove useful in two- uid models of
particle dispersionlike those preseried elsewherein theseproceedings.In such casesthe
particle structure tensorscan be de ned by direct analogy with their uid counterparts.

Magnetohydrodynamic (MHD) turbulence in liquid metals providesa usefultestbed for
dewveloping such models. Externally applied steady magnetic elds suppressuid velocity
gradients parallel to the magnetic eld vector (Knaepen et al. 2004). Su cien tly strong
magnetic elds drivethe turbulence toward a two-dimensional,three-componert (2D/3C)
state, essetially a random collection of vortices with coresoriented parallel to magnetic
eld vector. Thus, it is possibleto simulate a signi cant structural changein the ow
without imposing walls, mean strain, or mean rotation, ead of which would carry with
it grid and boundary condition complications.

Furthermore, liquid metal MHD confronts some of the same challengesas the other
o wsmertioned above. As reported elsewherdn theseproceedingstechniquesfor directly
measuringthe uid o w arestill under developmert and particle dispersionmeasuremets
can be expected to lag these developmerts. Simulation o ers the only opportunity to
study the details of the liquid motion and any immersed impurities. Unlike the other
applications mentioned, the strongly dissipative, high magneticdi usivit y of liquid metals
lowers the turbulence Reynolds number to a level amenableto DNS.

Numerousreseartiershave demonstrated correlations betweenparticle number density
and such o w variablesasthe instantaneousenstrophy, pressure,and variousinvariants of
the velocity gradiert tensor (cf. Squiresand Eaton 1991;Rousonand Eaton 2001). Most of
thesevariables play no direct role in RANS models of turbulence. Laying the foundation
for RANS predictions of preferertial concerration requires correlating particle number
density with structural descriptorsthat have proven usefulin RANS models.

1.2. Objectives

The primary objective of the current collaboration is to perform a DNS of initially
isotropic MHD turbulence with periodic boundary conditions under the in uence of
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a spatially constart external magnetic eld with step function behavior in time. The
magnetic eld vector, B, has cartesian componerts (0; O; B£%), wherethe superscript
indicates that the eld is generatedby an external source.The subscripts indicate that
the eld is in Alfven units and is aligned with the x3 axis. In Alfven units, the eld
vector is normalizedby © —, where and arethe electrical conductivity and magnetic
permittivit y, respectively.

We simulated four magnetic eld strengths chosento match three casesfrom Kassinos
et al. (2003). Since many hydrodynamic studies shov maximum preferertial concernra-
tion for particles with aeradynamic responsetimes near the Kolmogorov time scale,each
simulation tracked 32° particles with time constarts equalto the mean Kolmogorov time
scaleat the time of application of the magnetic eld. For ead simulation, we calculated
the total kinetic energy and the diagonal elemerts of the structure dimensionality and
Reynolds stresstensors.

A secondaryobjective of our collaboration wasto validate a novel set of software mod-
ules developed by Rouson et al. (2006). These modules separatethe statemert of the
physics from the numerics. One module represens the physics by expressingthe con-
tinuous Navier-Stokes equations. A unique feature of the object-oriented design of the
modules is that the cortinuous expressionsare approximated discretely in mathemat-
ical modules that do not share data with the physics module. The resulting problem
decomposition di ers signi cantly from traditional sciertic programming in which data
is passedto and returned from libraries. This decoupling of the data dependenciesbe-
tweenmoduleslendsitself to exible multi-ph ysics modeling. Section 3 providesthe rst
published validation of the Rousonet al. designstrategy.

2. Methodology
2.1. Mathematical model

IncompressibleMHD turbulence is characterized by three dimensionlessparameters.The
rst is the turbulence Reynolds number,

Re —; (2.1)

wherev is the root-mean-square uid velocity magnitude, L is the integral length scale
of the turbulence, and is the uid kinematic viscosity. The secondparameter is the
magnetic Reynolds number,

Re, L. 2.2)

where 1=( ) is the magnetic permeability of the uid and where and are the
electrical conductivity and magnetic permeability of the uid. The third parameter is
the magnetic interaction number, or Stuart number,

B2L

N vt (2.3)

where s the resistivity of the uid and B is the magnetic eld strength.

Given the above parameters, the ewolution of incompressibleMHD turbulence can be
determined by solving Maxwell's equationsfor the meanand uctuating magnetic vector
eld and the Navier-Stokesequationsfor the meanand uctuating velocity vector eld.
At sucien tly low magnetic Reynolds number, Re, << 1, the uctuating magnetic
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eld adjusts nearly instantaneously to changesin the uctuating velocity. As detailed
by Knaepen et al. (2004), Maxwell's equationsthen reduceto the so-calledquasi-static
form in which a Poissonequation can be written for the uctuating magnetic eld with
the forcing function calculated from the uctuating velocity eld. The resulting Poisson
equation can be solved formally so that the term coupling the velocity and magnetic
elds can be written explicitly in terms of the velocity alone. The magnetic in uence
then takesthe form of a body force in Navier-Stokesequations:

@u = 1 p uru+ rlu+ 1 2B% r)2u (2.4)
r u=0; (2.5)

where u(x;t) and p(x;t) are the uctuating velocity and pressure elds; is the mass
density; and r 2 represers the inverse of the Laplacian operator subject to periodic
boundary conditions. The magnetic in uence represened by the third right-hand side
term is negative-de nite in the kinetic energy balance. This term dissipates energy by
selectively damping velocity gradierts aligned with B 8.

The actual form of the Navier-Stokes equations solved in the current work is the
parallel velocity/v orticity componert form suggestedby Kim et al. (1987). In this form,
equations (2.4){(2.5) are di erentiated to obtain ewlution equationsfor one componert
of velocity and a parallel componert of vorticit y:

@ cuz=r[r (u ] r?u 1) ,+ r?r’u

+1ER 1), (2.6)

@22 1 (U D+ r2,+ i 2B )2,  (@27)

', @ui @,Us3 (2.8)

@, u1+ Qus= @,uU;z: (2.9)

This form eliminates the needto compute the pressureand reducesto two the number
of variables that must be advancedin time. It can also be shown that writing the non-
linear terms in the rotational form u ! discretely preseneskinetic energyin Galerkin
approximations to the primitiv e Egs. (2.4){(2.5) (Canuto et al. 1989). This property can
be presened in equations (2.6){(2.7) if the continuous operators usedto transform from
Egs. (2.4){(2.5) can be replacedformally by their discrete Galerkin counterparts at eah
stepin the transformation.

Giveninitial datau(x;tg), Egs.(2.6){(2.9) canbeadvancedin time. Upon advancingu,
and! ,, stepping forward again requiressolving Eqgs. (2.8){(2.9) for u; and uz. Averaging
the latter two equations over x; and x3 shows they provide no information about the
x1{x3 averageof u; and uz. Such information was lost in the di erentiations performed
to arrive at equations (2.6){(2.7). The lost information can be recovered by tracking the
x1{x3 averageof the original equations of motion (2.4){(2.5):

@Mis= hu !+ @, huig, (2.10)
@Misis= hu !)aig+ @, husip, (2.11)

where h |, represens averagesover x;{x3 planes.If Egs. (2.10){(2.11) are not solved
explicitly, then someassumption about their dependert variables must be implied or the
solution would be underconstrained.
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The particle equationsof motion are

dr

n (2.12)
dv 1 ]

e —p[u(r,t) v] (2.13)

where r and v are the particle position and velocity, respectively; , is the particle
aerodynamic responsetime, or time constant, and u(r;t) is the undisturbed uid velocity
in the neighborhood of the particle. Equation (2.13) is a statemert of Stokes' drag law,
which is the limiting caseof the Maxey and Riley (1987) equation of motion for particles
su cien tly small relative to the Kolmogorov length scaleand su cien tly denseparticles
relative to the carrier uid density.

2.2. Numerical methad

We approximate the governing partial di erential equationswith a semi-discreteFourier-
Galerkin spectral method, employing exact dealiasing via the 3/2 rule (Canuto et al.
1989). We advancethe resulting semi-discrete uid and particle equationswith the low-
storage,third-order Runge-Kutta (RK3) method described by Spalart et al. (1991). Their
method advanceslinear terms implicitly and nonlinear and inhomogeneouderms explic-
itly . For a solution vector U = fu,;! »;r;vg" , and di erential equation system

@U = L(U) + N(U); (2.14)

whereL corntains all linear terms and N cortains all nonlinear inhomogeneouderms, the
Spalart et al. (1991) algorithm takesthe form

U= up+ toaafL[ 1%+ qun]+ 1N[unlg; (2.15)
u®= U+ tha fL[ 2u%+ ou9+ SN[un]l+ 1N[uYg; (2.16)
Up+t = Up+  theg L[ 3up + 3UO[]+ BN[UOJ"' 2N[UO%]; (2.17)

where primes denote RK3 substepvaluesbetweenthe nth and (n + 1)th time steps,and
th+1 = th+1  tn. The coe cien ts in equations (2.15){(2.17) are

f 1; 20 39 f4=151-15/1=69 f 1; 2; 30; (2.18)
f 1; 2; 39 f8=155=12 3=4q; (2.19)
f 1 .9 f 17260, 5=12g: (2.20)

Since the viscous and magnetic terms are advanced implicitly , the nonlinear and inho-
mogeneouderms determine the stability of this method. Modi ed wavenumber analysis
provides the following theoretical stability limit:

CFL  (uaj* jusj+ jus) t= x 3 (2.21)

where x = 2 =N denotesthe uniform spacingof the N numerical quadrature points on
the interval [0;2 ). The results preserted in Section 3 were produced with the time step
adjusted eat stepto the maximum theoretical stable value for the ertire eld. Testswith
smaller time steps generatedno signi cant changesin the statistics of interest. Spalart
et al. (1991) reported being able to run at CFL number above the theoretical limit due
to the stabilizing e ects of viscousdissipation.

The primary value of working with the quasi-static MHD approximation is the ability
to run at the hydrodynamic stability limit. Our quasi-static DNS results closely match
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those of a fully coupled MHD solver at low magnetic Reynolds number even though the
quasi-static runs usedtime stepsthat were a factor of 20 larger.

In general,the time step also needsto be restricted according to the stability limit of
of the particle equationsof motion. An exact stability criterion for the particle equations
cannot be determined sinceu is an unknown function of particle position and time. An
approximate condition can be derived by consideringa particle in a uniform, steady ow
eld, which leadsto the condition

t= , < 2:51275 (2.22)

Rouson et al. (1997) found that in a DNS of channel ow, the uid stability crite-
rion (2.21) always proved more retrictiv e than the particle criterion (2.22). This is con-
sistert with the notion that the particle responsetime exceedshe smallestresohed time
scalesin the uid. The current DNS was performedwith the assumptionthat stable uid

time advancemen implies stable particle advancemen.

2.3. Parameters

The initial uid velocity for the quasi-static DNS is a solenoidalvector eld with random
phaseand the dimensional energy spectrum
3 = 4 5
E() B —5——(kzkp)"exp( 2(k=kp))=ko: (2.23)

where Eqt u;u; =2 is the turbulence kinetic energy k is the wavenumber, and k, is
wavenumber corresponding to the maximum of E. Henceforth, all values will be nor-
malized by E: and by L=(2 ), where L is the length of one edge of the cubical ow
domain.

Table 1 provides the magneto uid simulation parameters,including the magnetic eld
application time, to, and the number of grid points, N 2. We chosethe valuesin Table 1 to
match the quasi-static simulations of Kassinoset al. (2003). Likewise,the fully coupled
MHD simulations to be presenied in Section 3.1 match the lowest magnetic Reynolds
number casesconsideredby Kassinoset al. (2003), who labeledthese Casesl, 6, and 11.
We retain their numbering and add CaseO corresponding to no magnetic eld.

Table 2 provides the particle simulation parametersused for all cases,including the
time constart, ,, and the number of particles, Np. The particles are initially distributed
randomly in spacewith velocities matching the local uid velocity. They are then allowed
to mix by natural action of the turbulence for 0.5 eddy turnover times, corresponding to
1.67 particle time constarts, after which the external magnetic eld is applied.

3. Results
3.1. Turbulence statistics

Fig. 1 shaws the energydecay versustime for eat of the casessimulated. For validation
purposes,ead curve produced with the quasi-static DNS is comparedto results from a
fully coupled MHD code by Knaepen et al. (2004). Sincethe quasi-static approximation
is valid for magnetic Reynolds numbers Re,, << 1, ead fully coupled DNS is run with
Ren = 0:1. In addition to shawing the dissipative in uence of the external magnetic eld,
Figure 1 demonstratesthat the software developed for this project accurately predicts
the ewolution of the turbulence in the low magnetic Reynoldsnumber limit. For ead case
simulated, the two codes produce essetially identical results for purely hydrodynamic
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Parameter | Case0| Casel|Case6|Casell

0.003 | 0.003 | 0.003 | 0.003

(BX)?%= 0. 1.248 | 12.494| 62.452
to N.A. 0.5 0.5 0.5
Kp 3.0 3.0 3.0 3.0
N3 128 | 128 | 128 | 128

Table 1. Magneto uid simulation parameters for quasi-static DNS.

Parameter ’ Value

b 0.3
Np 32

Table 2. Particle simulation parameters for quasi-static DNS.

time

Figure 1. Energy decay: | Case 0 (Quasi-static); Case O (Fully coupled); Casel
(Quasi-static); Case 1 (Fully coupled); { { { Case 6 (Quasi-static); + Case 6 (Fully cou-
pled); { { Casell (Quasi-static); , Casell (Fully coupled).

decy (BSS = 0). Once eath magnetic eld is activated, the quasi-static simulation
adjusts slightly more rapidly, after which results of the two simulations approad ead

other asymptotically.
The most common RANS models solve transport equationsfor the turbulence kinetic
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Figure 2. Reynolds stressewvolution: Cases(a) 0, (b) 1, (c) 6 and (d) 11. ,Ri1;  , Ra;

, Ras.

energy its dissipation rate, and other scalar quartities. By de nition, scalars corntain
no directional information about the turbulence. Somedirectional information is con-
tained in models that solve transport equations for the Reynolds stresstensor, R. In
homogeneougurbulence, the cartesian componerts of R are

z

Rij Ej (K)dk; (3.1)

whereEjj  ui(k)u; (k) is the energy spectrum tensor. The directional information pro-
vided by R is the componertality of the turbulence. For example, if the u; componert
of the uctuating velocity vanishes,so doesR ;.

Figure 2 shows the ewlution of the diagonal elemens of R for eadh magnetic eld
strength simulated. For all cases,the three diagonal elemeris of R have magnitudes
comparableto eat other. At late times, the three elemens are closestto ead other in
the simulation with the strongestmagnetic eld. Thus, the turbulence appearsto remain
nearly isotropic when viewed through the lens of the Reynolds stresstensor.

Kassinoset al. (2001) de ned additional one-point structure tensorsthat provide di-
rectional information not cortained in R. For example, the structure dimensionality
tensor, D, describeshow the energy spectrum tensor varies along coordinate directions.
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In homogeneougurbulence, the cartesian componerts of D are

Z

k2
When, for example, the kinetic energy doesnot vary in the x3 direction, D33 = 0.

Figure 3 showsthe ewolution of the diagonal elemers of D. In CaseO with no magnetic
eld, the three elemens maintain similar magnitudes. With increasing magnetic eld
strength in the x3 direction, the D33 elemen is increasingly suppressedwhile D1; and
D,, approach ead other astime increases.Thus, the magnetic eld reorganizesthe
turbulence into an array of eddieswith axesof independencealong xs.

D Enn (K)ok; (3.2)

3.2. Preferential concentration

The certral question of the current study is whether the above data can form the basis
for predicting properties of the spatial distribution of inertial particles. Most studies of
particle dispersion to date have been more descriptive than predictive. High-resolution
DNS and LES studies generate detailed particle trajectories. The geometric properties
of these tra jectories are then calculated and compared with local ow variables. Miss-
ing from sud studies are models for predicting the expected geometrical features of
tra jectories without performing detailed particle tracking.

The above shortcoming proves particularly problematic in RANS models for two rea-
sons.First, most DNS and LES studiesof preferertial concernration calculate correlations
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Figure 4. x1{x2 projection of particle positions: Cases(a) 0, (b) 1, (c) 6, and (d) 11.

of particle number density with o w variablesthat arenot usedin RANS models. Second,
even detailed tracking of individual particles in RANS simulations cannot reproduce the
clustering generatedby coheren structures in the uctuating velocity eld.

As a rst steptoward providing the missingcapabilities, we presert visual evidencethat
the structure of the particle spatial distribution is related to the valuesof the structure
dimensionality tensor elemens. Figure 4 shaws particle positions projected onto an X {
X, plane at the end of eac simulation. Sinceall 32 particles are included, the apparert
voids represeit approximately cylindrical evacuated regions extending the ertire length
of the problem domain. Likewise, the thin clusters surrounding these voids represen
wavy sheet-like structures oriented everywhere orthogonal to x1{x, planes.

Figure 5 shaws all particle positions projected onto an x1{x3 plane at the sametime,
shawing no discernible structure, save for subtle bands where the aforemenioned sheets
intersect the projection plane. An x,{x3 plane would look similar to the x;{x3 plane.

These results correspond closely with the damping of the D33 componert of the di-
mensionality tensor. After that componert vanishes,the organized motions vary in x;
and x, only. Although the uz uctuating velocity componert remains and can therefore
in uence the degree of preferertial concernration, it haslittle e ect on the geometrical
structure of the preferertial concerration. It would seemreasonablethen to useD asa
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Figure 5. x1{x3 projection of particle positions: Cases(a) 0, (b) 1, (c) 6, and (d) 11.

predictor of the expected orientation of preferertially concerrated particle clusters and
to build this information into future RANS models for particle dispersion.

4. Conclusionsand future plans

We preseried results from four direct numerical simulations of particle dispersionin
initially isotropic MHD turbulence at low magnetic Reynoldsnumber. External magnetic
elds aligned with the x3 axis were applied via the quasi-static approximation. Each eld
was constart in spaceand followed a step function in time. The diagonal elemeris of the
cartesian Reynolds stresstensor maintain magnitudes comparableto eadt other through-
out the turbulence decay, whereasthe diagonal elemerts of the structure dimensionality
tensor, D, exhibit anisotropy. Speci cally, D33 vanishes,while D;; and Dy, approac
ead other. Visual evidencesuggeststhe anisotropy in D corresponds closelyto the pref-
erertial concerration of the particles in two-dimensional sheetsoriented orthogonal to
the x1{X, planesat leastin the caseof the strongest magnetic eld.

This paper providesthe rst published validation of a novel software designpattern for
multi-ph ysicsmodeling. This designpattern expresseshe governing di erential equations
in continuous form with no referenceto spatial discretization or time integration. Future
work will apply this designstrategy to addtional multi-ph ysics problems.
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Future e orts will involve de ning particulate-phase structure tensorsanalogousto the
uid-phase ones,exploring the relationship betweenthe structure tensorsfor eat phase,
and incorporating this information into RANS models for particle dispersion.
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