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Modeling quasi-two-dimensionalturbulence in
MHD duct ows

By S.Smolertsevy AND R. Moreauz

This study considersquasi-two-dimensional magnetohydrodynamic (MHD) owsin a
transverseuniform magnetic eld in which turbulent structures appear as columnar-like
vortices aligned with the eld direction. In such ows, viscousand ohmic lossesoccur
in the boundary layers at the ow-con ning walls perpendicular to the magnetic eld
(Hartmann layers). Two eddy-viscosity basedturbulence models capturing thesespeci ¢
ow features, zero- and one-equation, are introduced. The results are in fair agreemen
with the experimental data obtained earlier in the Magnetohydrodynamic Turbulence
(MATUR) experimert by Messadekand Moreau (2002) for free shear-layer MHD o ws.
We also perform a two-dimensional direct numerical simulation (DNS) of a duct ow
to addressspeci ¢ near-wall e ects assaiated with the interaction betweenthe vortices
generated in the internal shear layer and the MHD boundary layer at the duct wall
parallel to the magnetic eld. The DNS shows that under certain conditions, the near-
wall ow exhibits negative turbulence production. This may limit the applicability of the
eddy-viscosily conceptin MHD o ws.

1. Introduction

The presen study is motivated by the needfor developing turbulence modelsfor ows
in fusion applications. Turbulence modeling is one of the key elemers of Fluid Dynam-
ics and Computational Fluid Dynamics (Wilcox 1994). Numerous turbulence models
basedon the eddy-viscosily concept,including zero, one-, and two-equation models, are
available and widely usedin industrial, meteorological,and oceanographicalapplications
(Wilcox 1994, Pope 2000), but to a lesserextent in fusion applications, suc as breeding
blankets of a fusion power-reactor (Harms et al. 2000). In the blanket channels, an elec-
trically conducting lithium-containing uid owsin a strong plasma-con ning magnetic
eld, experiencingan electromagneticforce (Lorentz force), which appearsas a result of
the interaction between electric currents induced in the uid and the applied magnetic
eld. Such ows are known as magnetolydrodynamic (MHD) o ws (see, e.g., Moreau
1990). The underlying physics of modeling MHD turbulence is related to the predomi-
nant electromagneticdissipation mecanism (Joule dissipation), which enforcesa strong
ow anisotropy until the limit of quasi-two-dimensional (Q2D) turbulence is achieved.
In cortrast to ordinary uid o ws, modeling turbulence in MHD ows, especially in a
strong magnetic eld, hasnot yet beenfully considered.

MHD owsin a blanket are characterized by four dimensionlessparameters:the mag-
netic Reynolds number Ren,, Hartmann number Ha, Reynolds number Re, and the wall
conductanceratio Gy :
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Here, Bo, L, and U, are the applied magnetic eld, characteristic cross-sectionaldi-
mension, and the mean- ow velocity, while ¢, tw, w, , , and ;| are the magnetic
permeability, wall thickness, wall electrical conductivity, uid density, kinematic vis-
cosity, and the uid electrical conductivity correspondingly. Candidate liquids for use
in the blanket range from low conductivity molten salts, such as FLiBe or FLiNaBe
(1 10% S=m), to high electrical conductivity liquid metals, such as lithium or lead-
lithium alloy ( |  10° S=m). The Reynoldsnumber in molten-salt and liquid-metal ows
is very high (10*{10%), sothat instabilities are likely to develop and sustain turbulence.
On the cortrary, the magnetic Reynolds number in the blanket ows is much smaller
than unity, sothat the induced magnetic eld is negligibly smaller than the applied one.
In liquid-metal ows Ha  10%{10°, while Ha  10'{10? in molten-salt ows. This pa-
rameter plays an important role in MHD wall-bounded o ws, where the thicknessof the
MHD boundary layer at the walls perpendicular to the magnetic eld is proportional to
1=Ha. In particular, it implies that the key parameter in modeling MHD turbulence is
the ratio Re=Ha, which can be interpreted as the Reynolds number built through the
thicknessof the Hartmann layer (Morescoand Alb oussere 2004), or asthe ratio between
the inertia and Lorentz force. This study is limited to the particular caseof insulating
walls, i.e., ¢y, = 0.

The status of modeling MHD turbulence is illustrated in the Ha{ Re diagram (Fig. 1),
wherea straight line given by the equation Ha=Re = (Ha=Re)., separatestwo subregions
with substartially dierent properties. The critical value of Ha=Re has been evaluated
experimertally for di erent duct shapesand eld orientations (see,e.g., Branover 1978)
and recertly reexaminedby Morescoand Alb oussere (2004). In the subregionbelow the
separation line, the Joule dissipation reducesthe turbulence intensity in the magnetic
eld direction, while the ow in the perpendicular plane remains marginally a ected. As
aresult, the turbulent ow demonstratestransitional featuresfrom three-dimensionalto
Q2D turbulence as the magnetic eld increases.A number of e orts, including RANS
models (Kitam ura & Hirata 1978,Ji & Gardner 1997, Widlund et al. 1998, Kenjers &
Hanjalic 2000, Smolertsev et al. 2002), LES models (Shimomura 1991,Knaepen & Moin
2004, Kobayashi 2006), and DNS, (e.g., Lee & Choi 2001, Satake et al. 2002), have been
performed to addressMHD turbulent ows in this parameter subdomain. In terms of
fusion applications, these studies are mostly relevant to the molten-salt o ws but not to
the liquid-metal applications, where the Hartmann number is four orders of magnitude
higher.

In the subregion above the separation line, turbulence appears in the very specic
Q2D form. The conditions leading to Q2D MHD turbulence have been formulated by
Sommeriaand Moreau (1982). In Q2D turbulent o ws, turbulence structures appear as
big (comparable in sizewith the duct dimension) columnar-like vortices with their axis
aligned with the eld direction. Three-dimensionalfeatures can still be obsened in the
thin Hartmann layers, where all ohmic and viscouslossesoccur, while the in uence of
inertia is negligible. Such eddiesdo not induce much electric current and thus are weakly
a ected by a magnetic eld, persisting over many eddy turnovers, until being damped
via dissipating processesn the Hartmann layers. To our knowledge, until now only one
attempt has been made to implement a turbulence model relevant to strong magnetic
elds leading to Q2D MHD turbulence by Cuevas et al. (1997). It is a zero-equation
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Figure 1. Ha{Re diagram. Figure 2. Simple shear ow.

model with the eddy viscosity obtained from the renormalization group theory. However,
the model wasadjusted for a particular liquid-metal ow in the midplane of a rectangular
duct with electrically conducting walls and does not speci cally addressissuesof Q2D
turbulence.

The presen study focuseson MHD wall-bounded o ws when turbulence is essetially
Q2D and covers the range of parametersspeci c to the liquid-metal ows in a blanket.
The paper consistsof two major parts. In Section 2, two eddy-viscosity basedturbulence
models, zero- and one-equation, are rst introduced and then adjusted using the data
from the MATUR experiment (Messadek& Moreau 2002). In Section 3, a DNS of Q2D
MHD ows in a duct is performed on the basis of the \SM82" equations (Sommeria &
Moreau 1982) and the newly developed turbulence models are discussedin light of the
DNS data.

2. Turbulence modeling
2.1. Mean- ow equation

We consider ows of a viscous, incompressible, electrically conducting liquid in a rect-
angular duct acrossa uniform magnetic eld, assumingconditions leading to Q2D tur-
bulence.Such o ws demonstrate the Hartmann layers at the walls perpendicular to the
magnetic eld and the core, where the ow is essetially two-dimensional. The start-
ing point in the developmen of a turbulence model is the standard set of the MHD ow
equationsfor a Q2D o w of electrically conducting uid in a strong magnetic eld known
as\SM82" equations, rst formulated by Sommeriaand Moreau (1982), and then with
somevariations by Lavrentev et al. (1990), Behler (1996), and Smolensev (1997). The
equations can be obtained by integrating the original three-dimensional o w equations
along the magnetic eld lines. The result of the integration is a set of two-dimensional
equations for the instantaneous velocity eld u»i(x;t) (i=1, 2) formulated in terms of
the core variables:
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The subscript \ ? " indicates that in the modeled core, the velocity componert in the
magnetic eld direction is negligible and the ow occursin the plane perpendicular to
this direction. For the sake of simplicity, we limit ourselesto the caseof electrically
insulating walls, sothat the so-calledHartmann breaking time , which is the damping
time due to both ohmic and viscouslossesn the Hartmann layers, is given by (Sommeria

& Moreau 1982):

(2.1)

= 0 (2.2)

= Ha P=": (2.3)

Here, the Hartmann length b, which is a half-width of the channel, is used as a length
scale.This expressioncan be easily modi ed to take into accoun electrical conductance.

As a next step, all ow variables are decomposedinto meanand uctuating parts by
usingthe Reynoldsdecomposition: u,; = U, + ug 1P = Pot pg (capital letters are used
for the average eld, while the \prime" symbol denotes uctuations), and then Egs. (2.1)
and (2.2) are averagedin the ensenble averagesense.In ordinary hydrodynamics, the
averaged equations are known as the Reynolds-Averaged Navier-Stokes (RANS) equa-
tions. We usethe sameterm in the referenceMHD case,where the averagedequations
have beenobtained in the following form:

@QJ | 9'@J?i I C @ @, 0 0 Usi . 24
@ Ve & & e U > @
@i _
5 =0 (2.5)

The only, but important di erence with the corresponding non-MHD RANS equations
is the additional linear-dragterm U, = onthe RHS of Eq. (2.4), which mogglsthe gamp-

ing of turbulent vortices at the Hartmann walls. The Reynolds stress ugiugj still

appearson the RHS of Eq. (2.4) as an additional unknown, which needsto be modeled.
As in ordinary ows, we apply the Boussinesgapproximation, where a turbulent (eddy)
viscosity, ¢, isintroduced, such that the turbulent shearstressin a boundary-layer type
ow can be described as a product of ; and the cross-streammean velocity gradiert:

A = t%; (2.6)

Using relation (2.6), Eq. (2.4) can be rewritten in the following form:

@J?i+U?j@J?i: e, @ ( + t?)@J?i U?i:
@ @; @ @ @;

The essenceof RANS-basedturbulence modeling is obtaining closure relations for the
eddy viscosity. Special approades leading to reasonably simple closuresin the caseof
Q2D MHD turbulence are developed in the subsequeh sections.

2.7)
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2.2. Zero-equation model

Q2D turbulence usually arisesfrom the instabilit y of an internal parallel shearlayer (see,
e.g., Tsinober 1975). Therefore, to dewelop a closure relation for ,, rst consideran
elemerary problem for a simple shearlayer (Fig. 2). The velocity changesoccur in the y
direction, while a magnetic eld is applied in the z direction (perpendicular to the gure

plane). Two solid walls, which bound the ow in the z direction, are 2b apart. The shear
layer hasthe thickness and owesits existenceto the a priori given forcing velocity Us .
In a strong magnetic eld, the ow consistsof a core and two Hartmann layers at the

walls z= b The core velocity is governed by the following equation:
U, U, U
t? V - - o (2.8)
which is a particular caseof Eq. (2.7). An elemenary solution of Eq. (2.8) is
U N U
U= 20 Exp(y= @y OU = LIl Expy=" &)l y<o
(2.9)
Basedon Eq. (2.9), the thicknessof the shearlayer is
=P (2.10)

Therefore, providing that can be evaluated independenly, e.g. from experimerts, the
closurerelation for the turbulent viscosity is

t» = 0:25 2= : (2.11)
In accordancewith the common terminology used in turbulence modeling, expression
(2.11) represens a zero-equation model, since no di erential equations are used. The
following expressionfor the thickness of the shear layer entering Eqg. (2.11) has been
derived by Messadekand Moreau (2002) from their measuremets:

Ha 1=2

h Re
Here, h is the ow dimensionin the direction of the applied magnetic eld. It appears
that the law given by Eq. (2.11) is rather general provided that the Q2D turbulence
conditions can be established.

(2.12)

2.3. One-guation model

The obvious shortcomings of the zero-equationmodel (e.g., (» doesnot vary over the

duct cross-sectionalarea) can be overcome with one-equation models, in which ow

history e ects can be accourted for. Such modelsgjvolve g transport equation for the

turbulent kinetic energy per unit massK, = 0:5 ugiugj ‘We may expressthe eddy
viscosity asa product of the velocity scaleand the characteristic length scale.The natural

velocity scale,usedin practically all existing eddy-viscosiy basedmodels, is the square
root of K, , while the length scalecan be constructed as K> . Finally, the expression
for the eddy viscosity takesthe following form:

t=CKp : (2.13)
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Constant C in Eg. (2.13) needsto be evaluated from experimental data. Similar to the
most common formulation of Launder and Spalding (Launder & Spaulding 1974), the
desiredequation for K, hasbeenobtained herein the following form:

@, @, .

+ Usj = Pk + Di : 2.14

@ 2 @j K Ha ( )

The two terms on the left-hand side of Eq. (2.14) are the unsteady term and the con-

2
vection. The rst term on the right-hand side of Eq. (2.14), Px = ¢» @Jé?' , is the
j
turbulence production. The secondterm, Di = Q + 2 @ , is the di u-
@ K @

sion, which includes the molecular di usion and its turbulent courterpart. Here, g is
the model constart known asthe turbulent Prandtl number. The lastterm, p, = Ko =,
represening ohmic and viscouslossesat the Hartmann walls, is specic to Q2D MHD
turbulence. The Joule dissipation term doesnot appear on the RHS of Eq. (2.14), since
columnar-like eddy structures, assaiated with Q2D turbulence, do not induce an electric
current. The viscousdissipationterm, , which plays animportant role in modeling three-
dimensional turbulence, is not included either. Its absenceis justi ed by the fact that in
purely two-dimensionalturbulence, the direct energycascadetoward smaller scalesat the
rate doesnot exist (Kraichnan 1967). Rather, inverse energy cascadeoccurs by \v or-
tex cannibalization" everts until it is stopped by the dissipation lossesin the Hartmann
layers or due to geometrical restrictions. Therefore, the turbulent kinetic energy can be
calculated directly from Eq. (2.14) providing that ¢ has beenspecied. Here, we as-
sume g = 1:1 by analogywith one-equationmodelsusedin modeling three-dimensional
turbulence (see,e.g., Piquet 1990).

2.4. Comparison with experimental data

The models have been tested using experimertal data from the MATUR experimernt
(Messadek& Moreau 2002),whereaturbulent azimuthal o w is enforcedin the horizontal
cylindrical cell of mercury (11 cm radius, 1 cm height) by the action of a steady vertical
magnetic eld and a radial electric current (Fig. 3a). The location of the shear layer
and that of the maximum velocity in the cell are cortrolled by the internal electrode
embeddedin the bottom disk at the distance of 5.4 cm from the cell certer. The cell is
boundedat the top and bottom by non-conducting disks, which are the Hartmann walls.
Generation of turbulence occursin the internal shearlayer assaiated with the in ection
point in the \M-t ype" velocity pro le. The ow in the cell is cortrolled through changes
in Re and Ha by varying the electric current and the magnetic eld in a wide range,
over which turbulence exhibits two-dimensionalfeatures.

Figure 3b comparesthe MATUR experimernt data with the velocity pro les computed
numerically basedon the mean- ow equations formulated in Section 2.1 and using the
zero-and one-equationmodels preserted in Sections2.2 and 2.3. In the calculations, the
eddy viscosity wascorrectedby intro ducing a wall-damping factor f (r). The function f (r)
varies exponertially from zeroto one within the boundary layer at the cylindrical wall.
Intro ducing the wall-damping factor is necessaryto prevert the models from producing
false turbulence near the cylindrical wall, where ordinary three-dimensional turbulence
is suppressedby a strong magnetic eld. Constant C ertering expression(2.13) for
the eddy viscosity has beenadjusted to give the best t with the experimental data at
C = 0:03.Both modelsdemonstratea reasonablygood agreemem with the experimental
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Figure 3. (a) Sketch of the MATUR experiment. (b) Comparison betweenthe MATUR experi-
ment and modeling, using presert zero-and one-equationmodels.Bo = 5T; | = 10; 30; 50; 70A
(from the lower to the upper curve).

mean-\elocity pro les. However, the one-equationmodel o ers a few advantagesover the
zero-equationmodel, resulting in more realistic coordinate-dependert distributions of the
eddy viscosity.

3. Two-dimensional DNS of turbulent MHD ow in a duct
3.1. Problem formulation

In addition to the previously mentioned MATUR experiment, many other experimens
were performed under various ow conditions that evertually led to Q2D turbulence
(Kolesnikov 1972 and 1985, Reed & Picologlou 1989, Burr et al. 2000, Andreev et al.
2006). Buhler (1996) performed the rst numerical simulations for such a ow for a
duct with an electrically conducting strip embeddedin the duct wall. Flow instabilities
leading to turbulent-lik e ow patterns were also obsened in numerical computations for
duct ows in a fringing magnetic eld (Morley et al. 2004). In spite of their apparert
great diversity, in all the examplesgiven above, the Q2D MHD o ws sharea common
property. Namely, turbulence is generatedin the internal shearlayer assaiated with the
in ection point. It is therefore reasonableto focus on this common o w feature, rather
than examining details of a particular MHD duct ow. For this purpose,we considera
\generalized" MHD ow in a rectangular duct submitted to a uniform transverse mag-
netic eld. The duct cross-sectionaldimensionsare 2b (in the eld direction) and 2a.
The ow is driven by a pressuregradient and is opposedby a volumetric force, which
is responsible for forming the M-type velocity prole. Figure 4 shows schematically the
midplane of the ow. The volumetric force is applied over the whole channel length |. Its
distribution is sketched in Fig. 4, and is given through the following expression,which
parameterizesthe Lorentz force term:

Fo

FW =13 [sinh(yL—d):sinh({—")]m:

(3.1)
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Figure 4. Mid-plane of the Q2D turbulent MHD o w in a rectangular duct.

In the calculations preseried below, m = 10,d = 0, and yo=L = 1.
This referenceMHD ow problem is governed by the SM82 equations for the core
variables, which are written herein a dimensionlessform:

2
@+U@+V—: @+i @+@ E E U ii,
@ @& @ @& Re @? @2 Re b Fr Fo
@ @ @ _ @v @V Ha L ?

@,
@ @ @ @
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The half-width L was usedas the length scaleso that the Reynolds number and the
modi ed Froude number (Fr = UZ=F,L) are both built through L, while the Hartmann
number is built through the Hartmann length b. Equations (3.2) have beenrewritten in
the equivalent form in terms of the vorticity and the stream function, and then solved
numerically with a well-established {! approad (see,e.g., Tannehill et al. 1997) using
periodic boundary conditions at the ow inlet and outlet on a uniform meshwith 512

and 401 points in the x- and y-direction, correspondingly. For particular combinations
of the ow parameters,the ow becomesunstable and eventually turbulent.

3.2. Results and discussion

The purposeof this DNS was to addressthe issuesof interaction betweenthe \activ e"
internal shear layer and the \passive" boundary layer at the duct wall parallel to the
magnetic eld. When suth ows exhibit wall jets and M-shape mean-welocity pro les,
the turbulent shear-layer thicknessdependson both Ha and Re. The distance between
the shearlayer and the parallel wall is in turn dictated by the Hartmann number. Then,
generally speaking, the internal shearlayer cannot be treated asa purely free shearlayer,
especially at high Ha and Re. The near-wall interactions are particularly important from
the point of view of heat transfer when an external heat ux is applied to the wall.
If strong enough, these interactions may also signi cantly limit the applicability of the
turbulence models deweloped in the presen study, where the internal shear layer was
consideredwithout being a ected by the parallel wall. Note that the turbulent pulsa-
tions near the parallel wall were measuredby Burr et al. (2000), who obsened that,
depending on Ha and Re, the vortices in the near-wall region can rotate either clockwise
or counterclockwise and the instability is correspondingly assaiated with the inner or
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Figure 5. Vorticit y distribution in the reference ow: (a) wide duct, L=a = 0:1; and (b)
narrow duct, L=a = 0:2. Ha = 500, Re = 1000 Fr = 125 I=L = 50; and b=L = 0:2.

outer side of the high-velocity near-wall jet. Thesetwo regimeswere referredto as Type
| and Type Il instabilities.

In the presert DNS, the location of the shearlayer with respect to the parallel wall
can be changed easily by varying the parameters entering expression(3.1). Two cases
have beencomputed (Fig. 5) and their results comparedto reveal the wall e ect. In the
caseof a \wide" duct, the parameter L=a wassetat 0.1. In the caseof a \narrow" duct,
L=a = 0:2. The other parameters are the samein both cases:Ha = 500, Re = 1000,
Fr = 125,1=L = 50, and b=L = 0:2. In both cases,instabilities dewelop in the internal
shear layers, resulting in a double row of counter-rotating vortices whose characteristic
sizeis comparablewith the dimension2L. The vortices are regularly distributed in space.
Howewer, signi cant irregularities in the ow can be obsened in the form of \compound
vortex islands," where a few vortices group together to form a bigger structure. This is
a clear evidenceof the Q2D turbulent ow dynamics. In the wide duct o w, the vortices
remain localizedwithin the internal layer without interacting with the parallel boundary
layer at the duct walls. However, asexpected,in the narrow duct o w, sud an interaction
occurs. The result of this interaction is seenin Fig. 5b in the form of secondaryvortices,
which appear when a fast rotating primary vortex movesalong the near-wall boundary
layer. The obsened phenomenonresenbles Type | and |l instabilities in the Burr et
al. (2000) experimerts, where the vorticity sign near the parallel wall dependson Ha
and Re, and thus these experimertal obsenations can be attributed to the interactions
betweenthe near-wall liquid and the eddiesformed on the internal side of the near-wall
jet.

More interpretations of this phenomenonare basedon the statistically averageddata
shown in Fig. 6. The main di erences betweenthe narrow and wide duct o ws canbe seen
in the near-wall region. The wall e ect on the shear-layer ow is not preser in the wide
duct ow but is signi cant in the narrow duct ow. The most pronouncedfeature hereis
the negative turbulence production in the narrow duct nearthe walls. Negative turbulence
production meansthat the eddy viscosity (not shavn here), de ned in a formal way as
the ratio betweenthe Reynolds stressand the mean velocity gradiert, is also negative.
It should be mentioned that negative eddy viscosity near the parallel wall can also be
noticed in the Burr et al. (2000) experimerts (not recognizedin the original paper by the
authors themseles). This is additional evidenceof the fact that in any MHD duct ow
with the M-shape velocity pro le, the distinctiv e feature is the interaction of the primary
vortices with the boundary layer at the parallel wall. Negative eddy viscosity has also
beenobsenedin many other o wsand is typical of two-dimensionalturbulence (Tsinober
2001). This raisesthe following question: Is the presenceof some negative turbulence
production a limitation on the applicability of the turbulence models developed? Note,
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Figure 6. Turbulence statistics in the reference o w: (a) mean velocity pro le, (b) Reynolds
stress, (c) turbulent kinetic energy, and (d) turbulence production.

howewer, that this limitation is not relevant to the purely free shear-lajer ows, e.g.
MATUR, wherethe wall e ect is not important.

4. Conclusions

We have developed two eddy-viscosity basedmodelsfor MHD wall-boundedMHD o ws
in a strong magnetic eld when turbulence becomesQ2D. The modelsdi er from those
usedin modeling ordinary turbulent ows or in modeling MHD o ws where turbulence
is transitional from three- to two-dimensional. The di erences are related to the specic
features of Q2D turbulence, such as the absenceof the viscous and Joule dissipation
in the core and the localization of both viscousand ohmic losseswithin the Hartmann
layers. The absenceof the viscous dissipation in the core assaiated with the inverse
energy cascadeexplains why using zero- or one-equationmodelsis more reasonablethan
using the more popular two-equation models. To our knowledge, the presert models
are the rst onesresulting in good agreemem with the experimental data for the Q2D
MHD o ws obtained earlier in the MATUR experimert. All previous RANS models (such
those mentioned in Section 1) completely suppressturbulence in strong magnetic eld
conditions. The one-equation model has some advantages over the zero-equationmodel
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sinceit incorporatesthe ow history e ects via the transport equation for the turbulent
kinetic energy The models, however, exhibit the samelimitations typical to this classof
turbulence models for ordinary o ws. Moreover, as the presert DNS shows, the models
are not fully adequatein the caseof ows wherethe e ects due to the parallel wall are
important. The parallel wall e ects, asfound, are assaiated with the interaction of the
primary vortices generatedin the internal shearlayer with the ow in the adjacert MHD
boundary layer. This interaction results in negative turbulence production and negative
eddy viscosity near the corresponding wall, an e ect that cannot be described in terms
of the eddy-viscosily concept.
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